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Summary

Quantum computers promise to simulate chemical systems more efficiently than traditional

numerical methods by avoiding the exponential computational complexity these numerical

approaches encounter. However, existing quantum algorithms impose heavy demands on

both quantum and classical computation, exceeding the current technological capabilities of

quantum hardware and hindering their full potential. This thesis aims to address some

of these challenges by proposing three resource-efficient quantum algorithms, targeting key

problems in quantum chemistry, including ground state energy estimation, quantum state

preparation and quantum dynamics. The proposed algorithms introduce new concepts and

novel techniques that leverage existing quantum algorithms and numerical methods to optimize

resource usage. Specific examples include variational perturbation methods that allow quantum

computers to estimate correlation energies using mean-field quantum states, techniques for

efficiently preparing fermionic states with specific many-body interactions, and innovative

adaptations of quantum time-propagation algorithms for efficient estimation of dynamical

quantities. Implemented on both numerical simulations and current quantum hardware, these

proposed quantum algorithms demonstrate practical applicability and offer a foundation for

future algorithmic innovations in quantum chemistry.
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Chapter 1

Introduction

Quantum mechanics lies at the foundation of all modern chemistry, but we have yet to efficiently

use it to accurately predict chemical properties of compounds. As Dirac noted, atoms or

molecules containing more than one electron have resulted in equations too complicated to

be solved by analytical means [1]. The advent of modern computers allows these equations

to be numerically solved up to a desired precision, given sufficient resources [2]. However, the

computational complexity of simulating such chemical systems scales exponentially with system

size, limiting the efficient simulation of quantum mechanics to small chemical systems [3, 4].

Quantum computers hold promise for solving complex many-body problems in quantum

chemistry more efficiently than classical computers. This potential is driven by two core

motivations. First, the size of the quantum computer required to store the wavefunction of

a chemical system can be shown to scale at most linearly with the chemical system size. Thus,

quantum computing overcomes the problem of requiring exponential amounts of classical storage

in ordinary computers [5, 6]. Second, quantum algorithms have been shown to provide a provable

1



Chapter 1. Introduction

Figure 1.1: An illustrative overview of this thesis, highlighting the elements of classical
and quantum computing, quantum physics and chemistry. Central to the graphic is an
amalgamation symbolizing the synergistic interplay among these disciplines in the development
of quantum algorithms for quantum chemistry applications, the core focus of this thesis.
Corners: Flaticon.com, Center: DALL-E 3, A smooth, quantum mechanical intelligence icon,
easy-peasy.ai.

exponential speedup in performing quantum time evolution over its classical counterparts [7–10].

These motivations foster confidence in quantum computing to overcome the limitations of

classical computers, enabling potential applications in solving many-body problems in quantum

chemistry [11]. As a result, many quantum algorithms have recently emerged as alternatives

to traditional computational chemistry methods, aiming to efficiently solve quantum dynamics

and eigen-structure of chemical systems [12–16].

Before discussing the development of quantum algorithms for quantum chemistry, this

chapter provides an overview of this thesis in four sections. Section 1.1 summarizes the current

technological capabilities of quantum computers. Section 1.2 briefly introduces fundamental

computational problems and traditional tools in quantum chemistry. Section 1.3 reviews

development of quantum algorithms in solving the quantum dynamics and eigen-structure of

chemical systems. Finally, Section 1.4 details the scope and outline of this thesis, setting the

stage for my research work. Fig 1.1 illustrates the core elements of this thesis.

2



Chapter 1. Introduction

1.1 Quantum Computers

Between the 1980s and 1990s, there was an emerging radical idea of developing a specialized

and controllable quantum system, or a quantum computer, to simulate other kinds of quantum

systems [7, 17–19]. Inspired by the discovery of quantum algorithms offering speedups not only

in quantum simulation [8–10], but also in prime factorization [20], database search [21], and

solving linear equations [22], there has been a long-standing effort to create a fully operational

quantum computer [23–26]. Quantum computers can be broadly classified into analogue and

digital types. An analogue quantum computer is a special-purpose quantum system that

accurately simulates specific quantum models, such as the Ising or Hubbard models, through

precise control of its natural quantum evolution [10, 18, 27, 28]. Conversely, a digital quantum

computer implements arbitrary operations using a universal set of well-engineered quantum

operations, quantum gates, that can simulate various quantum systems and run arbitrary

quantum algorithms [8, 29]. So far, analogue quantum computers have had limited applications

in quantum chemistry due to engineering challenges in simulating Coulomb interactions [30–32].

This thesis shall describe work done using digital quantum computers, which provides greater

suitability in simulating arbitrary chemical systems [33, 34]. The term ‘digital’ will be omitted

henceforth for brevity unless clarity necessitates its use.

Since the early 1990s, many quantum computing hardware systems have emerged with a

strong focus on scalable platforms capable of controlling hundreds of qubits and beyond. These

platforms includes utilizing superconducting circuits [35, 36], trapped ions [37, 38], neutral

atoms [39–41], silicon [42, 43], photonics [44–48] as physical implementation of qubits. To

protect the quantum information against noise, numerous Quantum Error Correction (QEC)

methods have been devised to detect and correct phase and bit-flip qubit errors using multiple

3



Chapter 1. Introduction

sets of entangled physical qubits [49–53]. A Fault-Tolerant Quantum Computing (FTQC) [54]

device featuring a full implementation of QEC would enable the implementation of any quantum

circuit with arbitrary quantum gate depth [55–57].

In recent years, rapid development in quantum hardware has culminated in several

intermediate-scale demonstrations of QEC using superconducting circuit [58, 59], neutral-

atom [60], trapped-ion [61] and silicon [62] platforms. Although these demonstrations have

shown promising scaling capabilities to have more error-corrected qubits and gates, however,

it remains a challenging engineering endeavor to build a large-scale practical quantum

computer [63].

Quantum computers without any implementation of QEC are known as Noisy

Intermediate-Scale Quantum (NISQ) devices [64]. They are highly susceptible to quantum

noise from their external environment leading to decoherence or the loss of quantum information.

To mitigate the effects of quantum noise, two primary strategies are available [65–67]. The

first strategy focuses on minimising the usage of noisy quantum resources. This includes

reducing the number of qubits needed by exploiting system symmetries [68–70], decreasing

the number of noisy quantum measurements by grouping observables into sets of commuting

observables [71–78] or employing the method of classical shadows [79–81], and minimizing the

number of noisy quantum gates and gate depth through efficient quantum circuit compilation

techniques tailored to specific quantum platforms [82–86]. The second strategy involves

mitigating quantum errors by recovering the noiseless results from the noisy measurement data

via classical post-processing [87–89].

4



Chapter 1. Introduction

1.2 Quantum Chemistry

Quantum chemistry is the study of chemical systems that models atoms and molecules as a

collection of nuclei and electrons within the framework of quantum mechanics. Its goal is to

accurately calculate and predict chemical properties, such as equilibrium geometries, reaction

energies, vibrational frequencies, reaction rates, solubility, acidity or basicity, just to name a few,

without relying on empirical measurements. To achieve this, one needs to solve for quantum

time-evolution of the wavefunction of the chemical system |Ψ(t)〉 which is governed by the

non-relativistic Time-Dependent Schrödinger Equation (TDSE),

i∂t |Ψ(t)〉 = Ĥm |Ψ(t)〉 , (1.1)

where Ĥm is the Hamiltonian of the chemical system, with atomic units ~ = 1 used throughout

this thesis. Then, any property of the chemical system can be calculated as a dynamical

expectation value 〈Ψ(t)| Ô |Ψ(t)〉 of a corresponding observable Ô representing the quantity of

interest.

There are generally two main approaches to solving TDSE. The first approach involves

propagating the wavefunction in time from an initial state. This approach encompasses various

numerical methods including those that approximate the formal solution e−iĤt |Ψ(0)〉 [90] and

those that transform the TDSE into a soluble system of linear equations or coupled linear

Ordinary Differential Equations (ODE) via finite difference approximation [91–94]. As well

as perturbation methods [95], time-dependent variational methods [96–99] and time-dependent

variational Monte Carlo [100, 101]. While the first approach is effective for simulating low-

dimensional systems in condensed matter, the second approach, which solve for eigenstructure

5
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of the chemical system, is more appealing. It allows for a more comprehensive interrogation

of the quantities of interest mentioned earlier. The stationary states or eigenstates |Ψε〉 and

eigenenergies ε of the chemical system are governed by the Time-Independent Schrödinger

Equation (TISE),

Ĥm |Ψε〉 = ε |Ψε〉 , (1.2)

The time-evolved solution can then be constructed by taking an appropriate linear combination

of the eigenstates.

A widely used approximation to reduce computation complexity in solving TISE of the

chemical system is the Born-Oppenheimer (BO) approximation [102]. Based on the observation

that the nuclei are much heavier than the electrons, the BO approximation treats the chemical

system as a separable system between the nuclei and electrons. As a result, the method of

obtaining full chemical eigenstates becomes a two-step process. In the first step, the nuclei are

assumed stationary at a fixed set of spatial coordinates and the TISE of electrons is solved

to obtain the electronic eigen-energies and eigen-states. This first step is then repeated for

different nuclei coordinates that correspond to various spatial configurations of the chemical

system. The resulting set of electronic eigen-energies then forms the potential energy surface

for the system of nuclei. In the second step, this potential is used in solving the TISE of nuclei

which yields the full chemical eigen-solutions.

In quantum chemistry, significant attention is devoted to solving the TISE of electrons,

known as the electronic structure problem [13, 15]. This is because the efficiency and accuracy

of any chemical simulation hinge on the many-body treatment of electronic system [103]. The

incomplete treatment of the instantaneous Coulomb interaction between any two electrons, or

6
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electron correlations, have been attributed to be the largest source of error in all quantum

chemical calculations [104, 105]. While many-body methods such as mean-field Hartree-Fock

(HF) theory [106], Coupled-Cluster (CC) [107], Configuration Interaction (CI) [108, 109] exist,

they often yield inaccurate results due to poor treatment of electronic correlations [110, 111].

For instance, HF theory wrongly predicts that noble gas atoms do not attract each other at

any temperature and should not be able to liquefy [112]. Nonetheless, HF theory provides a

fundamental starting point to systematically capture electronic correlation through post-HF

methods [113].

The most accurate post-HF approach is Full Configuration Interaction (FCI), which

exactly represents the electronic wavefunction as a linear combination of all possible excited

electronic configurations generated from the HF wavefunction [108]. However, the factorial

computational scaling of FCI with the system size renders it computationally intractable except

for very small molecular systems. The largest FCI calculation attempted on a classical computer

to date is an electronic ground state energy estimation of an isolated propane molecule C3H8,

requiring at least 20 terabytes of memory size and 5 days of calculation runtime [114]. In

quantum computing terms, modeling the propane electronic wavefunction corresponds to about

46 qubits minimally.

To put this into perspective, the commonly touted “killer” quantum chemistry

application for quantum computers requires a minimum of roughly 200 qubits to model the

electronic wavefunction of catalytic sites of nitrogenase enzyme [34]. Understanding how

nitrogenase converts nitrogen to ammonia is crucial, as it may lead to an improvement in the

energy efficiency of fertilizer production which currently consumes 2% of the world’s annual

energy supply [115, 116]. Unfortunately, simulating nitrogenase is beyond the reach of classical

7



Chapter 1. Introduction

Chemical Systems Sizes 
in No. of Qubits (Log-Scale)

Simple: Hydrogen Molecule, Lithium Hydride, 

Biological: Amino Acids, Proteins, Enzymes,  

 Qubits: Largest Possible Classical Memory on Earth
 *About  Atoms as Bits.

Min: 
Qubits

Min: 
Qubits

 Qubits: Largest Simulation on Classical Computer
 *FCI Ground Energy Estimation of Propane.

Min: 
Qubits

Industrial: Hydrocarbons, Alcohol, Catalysts, Batteries, 

Figure 1.2: The typical minimum range of chemical system sizes of various types, measured
in the number of qubits required for quantum computation, assuming minimal basis set and
without considering any spatial or spin symmetries. The scale spans from simple chemical
systems, to industrial chemicals, and extends to complex biological systems. The largest
simulation on a classical computer to date involves estimating the FCI ground state energy of
a propane molecule with 46 qubits [114]. The theoretical maximum classical memory capacity
on Earth is about 150 qubits, where approximately all 1050 atoms are treated as bits.

computing as it exceeds the hard limit of about 150 qubits or roughly 1032 terabytes of memory

when all 1050 atoms available on earth are used as bits for classical memory. Fig 1.2 depicts

typical minimum range of chemical system sizes of various types, measured in the number of

qubits required for quantum computation.

1.3 Quantum Computational Chemistry

Quantum computing promises to overcome the limitations of classical computing by naturally

simulating TDSE using Hamiltonian simulation algorithms [8, 10, 117–119]. These algorithms

aim to propagate an input wavefunction with a quantum circuit that approximates the

quantum time propagator e−iĤt. Notable examples of Hamiltonian simulation includes
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the Trotter-Suzuki decomposition [8, 9, 120–124], Split-Operator method [125–127], linear

combination of unitaries [128, 129], quantum walks [130, 131], quantum signal processing [132],

qubitization [133]. Thus, Hamiltonian simulation is widely considered to have many practical

applications in solving the quantum dynamics of complex many-body systems in physics and

chemistry [13–16], such as simulating fermion or electron dynamics [134, 135] and chemical

reactions [127, 136].

TISE can also be solved on the quantum computer via Quantum Phase Estimation

(QPE) [134, 137]. QPE utilizes qubit-controlled versions of the time propagator e−iĤt from

Hamiltonian simulation algorithms and inverse quantum Fourier transformation to estimate the

eigen-phases e2πiεj with high probability, offering an exponential speedup in estimating eigen-

energies compared to its classical counterparts [29]. Therefore, QPE is useful for predicting

electronic structure of chemical system, with broad applications in quantum chemistry [138].

However, QPE relies on a quantum state preparation subroutine that reliably generates good

quantum ansatz with high overlaps with the corresponding eigenstate |εj〉 such as Adiabatic

State Preparation (ASP) [138–140] and Quantum Imaginary-Time Evolution (QITE) [141].

This requirement represents a significant bottleneck, as generating quantum eigenstates without

prior knowledge of their structure is a fundamentally hard problem [4]. This implies that

ASP will require deep circuits in the adiabatic limit to obtain accurate solutions [138–140],

whereas QITE will require a substantial number of measurements [141], thereby negating

the exponential speedups provided by QPE [142]. Additionally, both QPE and Hamiltonian

simulation algorithms assume the use of a FTQC device, as the quantum circuit depth grows

polynomially with system size, requiring QEC to ensure accurate results. Thus, these algorithms

are currently unsuitable for NISQ devices, even for modest sized molecules [143].

9
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For Solving

Quantum Time-Evolution

For Solving

Eigenvalues / Eigenstates

Requires

FTQC Devices
Hamiltonian Simulation

Quantum

Phase Estimation (QPE)

Suitable for

NISQ Devices

Variational

Quantum Simulator (VQS)

Variational

Quantum Eigensolver (VQE)

Table 1.1: Basic quantum algorithms for general quantum computational chemistry tasks.

Major efforts in developing NISQ-friendly algorithms for quantum chemistry have

largely relied on a hybrid quantum-classical framework [144]. This approach flexibly allocates

computation between quantum and classical computers, leveraging various NISQ strategies

to minimize noise effects. Variational Quantum Algorithms (VQA) represent a popular

hybrid method, with numerous experimental demonstrations on NISQ devices [88, 145–159].

VQAs generally involve a parameterized quantum ansatz that is easily prepared on a

quantum computer, with the ansatz parameters optimized using a classical computer based on

variational principles to obtain the desired quantum state. Two prototypical examples of VQAs

are Variational Quantum Simulator (VQS) [160–166] and Variational Quantum Eigensolver

(VQE) [167, 168]. While VQS aims to approximate the quantum time-evolution solution using

quantum dynamical variational principles [96, 97, 117], VQE seeks to approximate the system

eigenstate using a variational energy function to estimate the corresponding eigenenergy [144,

167–169]. Tab. 1.1 presents basic quantum algorithms for quantum computational chemistry.

Efficient preparation of high-quality ansatz states is crucial for many-body applications

of quantum computing [66, 142]. Widely-used fermionic ansatzes typically fall into two broad

classes: hardware-efficient ansatzes and problem-inspired ansatzes. The first class employs

hardware-native gates to minimize the quantum circuit depth of the quantum circuit [149], but is

10
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challenging to optimize [170] and may not accurately represent the desired electronic state [169].

The second class incorporates the system’s physics explicitly. For instance, the shallowest

problem-inspired ansatz for electronic structure problems to date is the mean-field HF state.

This state can be prepared using a linear depth circuit with a linear qubit chain connectivity [171,

172] and has seen successful NISQ demonstrations in evaluating HF energies of hydrogen chains

and the diazene cis-trans isomerization barrier [157]. While HF states fail to capture electronic

correlation and are efficiently simulatable on classical computers, they serve as useful starting

points for preparing classically-intractable correlated electronic ansatzes inspired by post-HF

methods in traditional computational chemistry. Examples of post-HF ansatzes include Unitary

Coupled Cluster (UCC) [173–178] and Local Unitary Cluster Jastrow (LUCJ) ansatz [179] which

are prepared by applying number-conserving multi-electronic excitation operators to an initial

reference HF state.

However, problem-inspired correlated ansatzes often require deep entangling circuits

that scale polynomially with system size. This exacerbates quantum noise effects and leads

to the barren plateaus problem [180, 181] where gradients of the parameter optimization

landscape become exponentially flat as problem size increases, making optimization difficult. A

popular approach to mitigate this issue is the Adaptive, Problem-Tailored Variational Quantum

Eigensolver (ADAPT-VQE) [182]. ADAPT-VQE dynamically grows the ansatz by adding one

electronic excitation operator at a time, thereby modifying the parameter landscape to avoid

local minimas and vanishing gradients [183]. Despite these advancements, the preparation

and optimization of correlated ansatz in VQA remain challenging on NISQ devices due to the

need for deep entangling circuits [157, 171–173, 175–178]. As a result, state-of-the-art NISQ

demonstrations are limited to shallow problem-inspired circuit ansatzes with fewer than one
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hundred qubits [184, 185]. This limitation makes it currently impossible to study chemically-

relevant molecular systems, which often require hundreds of qubits and beyond [143, 186].

Moreover, while NISQ strategies that mitigate the effects of quantum noise have

enabled many NISQ demonstrations of quantum simulation of simple chemical systems [88,

145–159], scaling them up for larger, chemically-relevant systems may not be feasible with NISQ

devices [14, 143]. This infeasibility is often due to the heavy problem approximations and the

unsustainable use of classical computing resources undertaken such strategies when mitigating

quantum noise, thus compromising simulation accuracy and efficiency. Nevertheless, developing

NISQ quantum applications remain crucial, even in the absence of FTQC devices, as they can

be valuable in other aspects of quantum chemistry that do not require high simulation accuracy

and precision, thereby motivating further research in quantum computational chemistry [187].

For example, recent NISQ demonstrations have shifted focus from exact chemistry calculations

to more manageable tasks such as quantum benchmarking using small molecules [154, 188],

modeling a chain of hydrogen atoms as half-filled Hubbard chain [189], and calculating upper

electronic ground energy bounds of Iron-Sulfur cluster [190]. These approaches accommodate

larger chemical systems while working within the limitations of NISQ devices.

1.4 Scope and Thesis Outline

This thesis aims to address several quantum computational chemistry challenges for both

FTQC and NISQ algorithms by proposing three new quantum algorithms and demonstrate

their potential on various electronic chemical systems. Chapter 2 briefly reviews fundamental

quantum chemistry concepts and introduces basic methods to represent electronic wavefunctions

as qubits and manipulate them to imbue electronic correlations, which will be used throughout
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this thesis. The subsequent paragraphs describe the challenges and the proposed algorithms for

the subsequent chapters of this thesis.

First, implementing VQA on NISQ devices to estimate electronic correlation energy of

chemical systems is challenging due to the need for deep entangling circuits ansatz, where the

circuit depth scales polynomially. Chapter 3 proposes a new VQA algorithm, the NISQ Orbital-

Optimised Second-order Møller-Plesset Perturbation (NISQ-OMP2), which uses multiple NISQ-

friendly linear-depth HF ansatzes to estimate ground state electronic correlation energies via

perturbation theory up to the second order. This enables NISQ devices to reproduce equilibrium

molecular energies and capture perturbative electronic correlation effects at longer molecular

bond distances.

Second, existing problem-inspired correlated ansatzes that aim to capture electronic

or fermionic correlations often have deeper circuits than HF ansatzes. Chapter 4 proposes

an alternate paradigm for correlated state preparation using Givens rotations, which perform

rotations within a two-dimensional fermionic subspace of a larger Hilbert space. This approach

provides a shallower, yet scalable approach to prepare correlated states with an overall

polylogarithmic two-qubit gate depth scaling in the number of qubits.

Third, despite exponential speedups in quantum time-evolution tasks, there remains

a computational bottleneck in extracting desired quantum properties at intermediate time

steps due to wavefunction collapse [191] and no-fast-forwarding theorem [9, 192]. Chapter 5

introduces a hybrid quantum-classical simulator, the Resource-Efficient Quantum-Assisted

Simulator (QAS), enabling classical computers to leverage FTQC devices to overcome this

bottleneck. This approach is more resource-efficient in simulating large systems initialized in
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an unknown superposition of a few system eigenstates.

Finally, Chapter 6 concludes this thesis with a summary of the proposed quantum

algorithms and their results. Emerging research opportunities in quantum computational

chemistry are discussed in light of the rapid progress in quantum computing hardware.
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Chapter 2

Background

Quantum chemistry explores the behavior of electrons in atoms and molecules through the

principles of quantum mechanics. Central to this field are electronic wavefunctions, which

describe the probability amplitude distribution of electronic states in a chemical system, and the

electronic Hamiltonian, which represent the sum of all energy operators affecting the electrons.

To delve deeper into the electronic structure of chemical systems, methods such as Hartree-

Fock (HF) and post-HF methods are employed to approximate the electronic wavefunction

with various levels of electronic correlation effects. Recently, quantum computing has emerged

as a promising tool to tackle these complex problems more efficiently by representing electronic

wavefunctions as qubit states. Quantum algorithms can be utilized to simulate time-evolution

of electrons and electronic correlations in the electronic wavefunction.

This background chapter has five sections that review the fundamental quantum

chemistry concepts and methods. Section 2.1 formally describes the electronic structure

problem. Section 2.2 introduces spin-orbitals, which are one-electron wavefunctions used to
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construct approximate electronic wavefunctions. Section 2.3 reviews the HF method, which best

approximates the electronic wavefunction while neglecting electronic correlations. Section 2.4

discusses the exact form of electronic wavefunction and the correlation energy neglected by the

HF method. Finally, Section 2.5 explores techniques for mapping electronic wavefunctions and

observables into qubit wavefunctions and Pauli operators for quantum computation.

2.1 Electronic Structure Problem

Electrons are the primary focus in the study of atoms and molecules, as the accuracy of

any quantum chemical simulation heavily depends on the many-body treatment of electronic

interactions. The focus is on solving the Time-Dependent Schrödinger Equation (TDSE) and

the Time-Independent Schrödinger Equation (TISE) of the electrons in the chemical system,

which will enable the estimation of its quantum dynamic properties.

Atoms and molecules are simply modelled as a system of d electrons and dnuc nuclei. Fine

structure effects including relativistic effects, spin-orbit coupling, Lamb shift due to quantization

of the electric field, and hyperfine splitting due to proton-electron spin interactions are assumed

absent for all discussion in this thesis. Such assumptions are good approximations for light

systems up to size of a sodium atom, where fine structure effects have negligible corrections

on electronic structure. Using Hartree atomic units, which shall be assumed throughout this

thesis, the Planck constant, electron charge, electron mass and the Bohr radius are set to unity,

~ = qele = mele = ao = 1. Let r̂ = {r̂µ : µ = 1, . . . , d} and R̂ = {R̂J : J = 1, . . . , dnuc} be the

position operators of the corresponding electrons and nuclei, respectively, qJ be the J th nuclear

charge and mnuc,J be the J th nuclear mass. A diagrammatic model of a Hydrogen molecule H2

is shown in Fig. 2.1
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H H

Origin

1 2

R̂1 R̂2r̂1 r̂2

|R̂1 − R̂2|

|R̂2 − r̂1|
|R̂2 − r̂2||R̂1 − r̂1|

|R̂1 − r̂2|

|r̂1 − r̂2|

Figure 2.1: Diagrammatic model of Hydrogen molecule H2 with two protons labelled as “H”
and two electrons labelled as “1” and “2”. r̂1, r̂2, R̂1 and R̂2 are the position operators of the
corresponding electrons and nuclei.

The atomic/molecular Hamiltonian Ĥm(r̂, R̂) is expressed as the sum of the kinetic

energy operators of the electrons K̂ele, nuclei K̂nuc and the Coulomb potential operators between

pairs of electrons V̂e-e(r̂), pairs of a electron and a nucleus V̂e-n(r̂, R̂) and pairs of nuclei V̂n-n(R̂),

that is

Ĥm(r̂, R̂) = K̂nuc + K̂ele + V̂e-e(r̂) + V̂e-n(r̂, R̂) + V̂n-n(R̂), (2.1)

K̂nuc = −
dnuc∑
J=1

∇2
J

2mnuc,J
, (2.2)

K̂ele = −
d∑

µ=1

∇2
µ

2 , (2.3)

V̂e-e(r̂) = 1
2

d∑
µ,ν=1

1
|r̂µ − r̂ν |

, (2.4)

V̂e-n(r̂, R̂) = −
d,dnuc∑
µ,J=1

qJ∣∣∣r̂µ − R̂J

∣∣∣ , (2.5)

V̂n-n(R̂) = 1
2

dnuc∑
J,K=1

qJqK∣∣∣R̂J − R̂K

∣∣∣ . (2.6)
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Simulating both the electrons and nuclei together presents significant challenges. A

common approximation to simplify this problem is the Born-Oppenheimer approximation, which

enables nuclei and electrons to be treated independently [102]. This approximation is justified

by the observation that protons and neutrons are roughly 1800 times heavier than electrons.

Thus, in a chemical system with momentum distributed equally among its constituents, the

nuclei – which consist of many protons and neutrons – move much slower relative to electrons.

Therefore, the atomic/molecular wavefunction |Ψm(r̂, R̂)〉 can be approximated as a separable

wavefunction, represented as a Kronecker product of the nuclei |Ψnuc(R̂)〉 and electronic

|Ψele(r̂, R̂)〉 wavefunctions,

|Ψm(r̂, R̂)〉 = |Ψnuc(R̂)〉 ⊗ |Ψele(r̂, R̂)〉 . (2.7)

As a result, the atomic/molecular Hamiltonian Ĥm(r̂, R̂) = K̂nuc + Ĥele(r̂,R) is effectively split

into two separate parts: the kinetic energy of the nuclei K̂nuc and the electronic Hamiltonian

Ĥele(r̂,R) = K̂ele + V̂e-e(r̂) + V̂e-n(r̂,R) + V̂n-n(R), (2.8)

for a fixed set of nuclear coordinates R and the TISE of the chemical system in Eq. (1.2)

decouples into two independent eigen-equations, simplifying the simulation of chemical systems,

Ĥele(r̂,R) |εele(r̂,R)〉 = εele(R) |εele(r̂,R)〉 , (2.9)
[
K̂nuc + εele(R̂)

]
|εnuc(R̂)〉 = ε |εnuc(R̂)〉 . (2.10)

The problem of finding the electronic eigenstates |εele(r̂,R)〉 and eigenenergies εele(R)
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in Eq. (2.9) is commonly referred to as the Electronic Structure Problem. In this context, the

Coulomb potential between nuclei V̂n-n(R) in the electronic Hamiltonian Ĥele(r̂,R) effectively

becomes a constant value, which can be omitted in actual electronic structure calculations as

it only amounts to a constant shift in the final electronic eigenenergies. The solved electronic

eigenenergies εele(R) for various nuclei coordinates R form a Potential Energy Surface (PES)

εele(R̂) for the nuclear system. This PES is then used in the TISE of the nuclei to describe

the vibrational, rotational and translational eigenmodes of the chemical system. For a rigorous

discussion of the Born-Oppenheimer approximation, readers may refer to Sutcliffe [193] and

Mayer [194].

2.2 One-electron Wavefunction and Slater Determinant

The electronic wavefunction |Ψele(r̂)〉 describes the probability amplitude of the electronic

states in the chemical system. Typical approaches of describing electronic wavefunction

include using position or momentum basis or using the eigen-energy basis of the electronic

Hamiltonian. However, these descriptions can be cumbersome and impractical to describe larger,

complex chemical systems, especially those lacking spatial symmetries. Instead, the electronic

wavefunction is often expressed in terms of spin-orbitals, which are one-electron wavefunctions in

quantum chemistry terminology. This approach allows for a systematic manipulation electronic

correlations in electron wavefunction, facilitating practical and manageable calculations for

chemical systems.

The spin-orbitals |χ (x̂)〉 can be described as a Kronecker product of the spatial

wavefunction |ϕ (r̂)〉, also referred to as the orbital, and the electron spin |↑↓ (ω̂)〉, where

the operator x̂ denotes both the position r̂ and spin-1
2 ω̂ operators of an electron. Let
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p, q, r, s ∈ {1, . . . , N} be the indices denoting generic spin-orbitals

|χp (x̂)〉 =


|ϕp (r̂)〉 ⊗ |↑ (ω̂)〉 even p,

|ϕp (r̂)〉 ⊗ |↓ (ω̂)〉 odd p,

(2.11)

These spin-orbitals |χp (x̂)〉 are always assumed normalised but are generally not orthogonal,

that is their inner product 〈χp|χq〉 is described as follows,


〈χp|χq〉 = 1 p = q,

0 6 〈χp|χq〉 6 1 p 6= q,

(2.12)

where the position-spin operator x̂ has been dropped for brevity.

The orbitals |ϕp (r̂)〉 used to describe a single electron in an atom or a molecule are

referred to as atomic and molecular orbitals, respectively. Atomic orbitals, as illustrated in

Fig 2.2, are typically expressed as a separable product of the spherical and radial wavefunctions.

The wavefunction separability is possible due to spherical symmetry of the attractive nuclear

potential and the absence of electronic interactions. The spherical part is composed of linear

combinations of spherical harmonics special functions which generates the standard “s, p, d,

f” sub-shells in chemistry. The radial part consists of linear combinations of parameterized

analytical functions, such as Hydrogenic, Slater [195] or Gaussian-type functions [196].

Considerable efforts in early days of quantum chemistry were dedicated to developing useful

atomic orbitals sets for various elements, basis sets sizes and purposes. These sets are now

readily available for advanced quantum chemistry calculations [186]. Readers interested in

techniques used to develop these atomic orbitals may refer to Helgaker et al. [197].
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1s

2s 2p

3s 3p 3d

Figure 2.2: Probability density plots of atomic orbitals up to the third principal quantum
number. Darker regions indicate higher probability of finding an electron and vice versa.
Orbitals: BotRejectsInc, Mathematical plots of hydrogen atomic orbitals, cronodon.com, 2023.

Compared to atomic orbitals, molecular orbitals are relatively more challenging to

describe because the quantum problem of an electron in three or more attractive nuclear

potentials has no analytical solution. Thus, molecular orbitals are approximated as Linear

Combination of Atomic Orbitals (LCAO). Given an atomic basis set {|ϕA
p 〉 : p = 1, 2 . . . , S} of

size S, a set of molecular orbitals {|ϕM
q 〉 : q = 1, . . . , N} of size N can be constructed as follows,

|ϕM
q 〉 =

S∑
p=1

Cpq |ϕA
p 〉 , (2.13)

where Cpq are the LCAO coefficients to be determined.

Electrons are indistinguishable particles, thus the electronic wavefunction |Ψele〉 obeys

electron exchange symmetry, where the electronic probability density function |Ψele|2 remains

invariant under the exchange of the spatial and spin coordinates of any two electrons. According
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to the spin-statistic theorem, which shows that half-integer spin particles are fermions with

anti-symmetric wavefuntions under particle exchange. This means that electronic wavefunction

changes sign upon the exchange of two electrons. This leads to the Pauli-Exclusion Principle

(PEP) that maintains the anti-symmetric nature of the electronic wavefunction that are

expressed in terms of spin-orbitals. PEP states that no two electrons with the same spin

state can occupy the same orbital state simultaneously.

For example, the simplest electronic wavefunction that describes a system of non-

interacting electrons, which satisfies PEP, is an anti-symmetrized Kronecker product of d-

occupied out of the N spin-orbitals, known as the Slater determinant |ψSD〉 [198],

|ψSD〉 = 1√
d!

∣∣∣∣∣∣∣∣∣∣
|χ1 (x̂1)〉 · · · |χd (x̂1)〉

... . . . ...

|χ1 (x̂d)〉 · · · |χd (x̂d)〉

∣∣∣∣∣∣∣∣∣∣
(2.14)

= |χdχd−1 . . . χ2χ1〉 . (2.15)

2.3 Hartree-Fock Theory

Hartree-Fock (HF) theory is a fundamental method in quantum chemistry and often serves

as the first step towards more accurate methods that capture electronic correlations. It aims

to optimise all N spin-orbitals such that the corresponding Slater determinant is the most

dominant in a desired exact electronic eigenstate [199]. While HF methods for approximating

excited eigenstate exist [200], this section will focus on the traditional HF method for electronic

ground state.
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The HF method aims to variationally optimize a set of spin-orbitals χ = {|χp〉 : p =

1, . . . , N} such that the d spin-orbitals with the lowest energy form a Slater determinant |ψSD〉 as

in Eq. (2.15). This optimization minimizes the expectation value of the electronic Hamiltonian

〈ψSD| Ĥele |ψSD〉, subject to the orthonormality constraints on the chosen spin-orbitals. The

minimum expectation value achieved and the corresponding single Slater determinant are

referred to as the Hartree-Fock energy EHF and the reference Hartree-Fock ground state |ψ0〉,

respectively.

The expectation value 〈ψSD| Ĥele |ψSD〉 can be compactly written in terms of the spin-

orbitals using Slater-Condon rules [198, 201] that express integrals in the coefficients of one and

two-body operators using an orthonormal set of spin-orbitals,

〈ψSD| Ĥele |ψSD〉 = EH + EJ + EK , (2.16)

where EH is the core energy that contains kinetic and attractive Coulombic nuclear potential

energy, mainly described by the one-electron core integral hpq ,

EH =
∑
j∈occ

hjj , (2.17)

hpq =
∫

dr̂χ∗p (r̂)

−1
2∇

2 −
dnuc∑
J=1

qJ
|RJ − r̂|

χq (r̂) . (2.18)

with indices i, j denoting occupied orbitals. EJ is the Coulombic repulsion potential energy

between two electrons occupying two spin-orbitals. EK is the electron exchange energy

correction to Coulombic repulsion due to the anti-symmetry of the electronic wavefunction.
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Both EJ and EK contain the two-electron repulsion integral hpqrs,

EJ = 1
2
∑

i,j∈occ
hijij , (2.19)

EK = −1
2
∑

i,j∈occ
hijji, (2.20)

hpqrs =
∫

dr̂dr̂′χ∗p (r̂)χr (r̂) 1
|r̂− r̂′|χ

∗
q

(
r̂′
)
χs
(
r̂′
)
. (2.21)

Using the method of Lagrange multipliers, consider the following Lagrangian L with

varying spin-orbitals χp → χp + δχp,

L = 〈ψSD| Ĥele |ψSD〉 −
∑

i,j∈occ
εij (〈χi|χj〉 − δij) , (2.22)

where the orthonormality constraint on the spin-orbitals is imposed in the second term. Setting

the first variation in the Lagrangian in Eq. (2.22) to zero,

δL = 0, (2.23)

yields the condition for optimization. However, the solution to Eq. (2.23) is not unique, as there

is a degree of flexibility in the spin-orbitals. There exist mixtures of spin-orbitals up to a unitary

transformation which do not change the energy of the Slater determinant 〈ψSD| Ĥele |ψSD〉. By

allowing both unitary and orthogonal transformation on all N spin-orbitals, a unique set of

transformed spin-orbitals can be found. As such, Eq. (2.23) results in the following canonical

Hartree-Fock eigenvalue equation

F̂ |χp (x̂)〉 = εp |χp (x̂)〉 , (2.24)
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where the Lagrange multiplier matrix ε becomes diagonal with eigenvalues εp, which are the

optimized orbital energies corresponding to the optimized transformed spin-orbitals |χp (x̂)〉.

F̂ is an effective one-electron Hamiltonian, also called the Fock operator. The Fock operator

F̂ can then be expressed as the sum of the core operator ĥcore and the Hartree-Fock potential

operator ν̂HF,

F̂ = ĥcore + ν̂HF, (2.25)

where ĥcore represents the sum of kinetic and nuclear potential operator of each electron and

ν̂HF represents the averaged Coulombic potential of all other electrons or a mean-field of all

electronic interaction experienced by each electron, that is,

ĥcore = −1
2∇

2 −
dnuc∑
J=1

qJ
|r̂−RJ |

, (2.26)

ν̂HF =
∑
j∈occ

∫
dr̂′χ∗j

(
x̂′
)(1− P̂x̂,x̂′

|r̂− r̂′|

)
χj
(
x̂′
)
. (2.27)

where P̂x̂,x̂′ is an exchange operator that swaps the spatial and spin coordinates of any two

electrons.

The Hartree-Fock potential ν̂HF depends on the occupied spin-orbitals that need to be

determined, making the Hartree-Fock equation in Eq. (2.24) a non-linear eigenvalue equation.

There are generally two approaches to solving the Hartree-Fock equation. The traditional

approach is an iterative method known as the Self-Consistent-Field (SCF) method [202]. The

second approach forgoes the method of Lagrange multipliers and instead implements a unitary

transformation on an initial orthonormal set of spin-orbitals to directly minimize the expectation

value and find the Hartree-Fock energy [202, 203]. While the direct minimization approach

appears straightforward and provides mathematical guarantees of convergence to extremal
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points, the traditional SCF method is usually preferred in practice. There exist efficient SCF

methods that can quickly converge to a good solution in many practical cases given a good initial

guess for the spin-orbitals, often guided by chemist’s intuition [204–207]. As such, the direct

minimization approach is typically employed as a last resort for complex electronic structures

where SCF methods generally fail.

2.4 Exact Electronic Wavefunction and Correlation Energy

Slater determinants serve as the basis for the exact description of the electronic wavefunction.

To obtain a complete orthornormal set of Slater determinants {|ψp〉}, one starts with the

reference Hartree-Fock ground state |ψ0〉. Recall that |ψ0〉 is a Slater determinant formed by

d-occupied spin-orbitals with the lowest orbital energies that is obtained using the Hartree-Fock

method discussed in Section 2.3. Then, one generates new Slater determinants by systematically

replacing the occupied spin-orbitals in |ψ0〉 with any remaining unoccupied or virtual spin-

orbitals. The generated Slater determinants are called excited determinants as the replacement

of occupied spin-orbitals with virtual ones is analogous to electron excitation. They can be

grouped based on the number of spin-orbitals replaced: singly-excited |ψaj 〉, doubly-excited

|ψabij 〉, and so forth, where indices a, b denote virtual orbitals. Using these Slater determinants

as basis, the exact electronic wavefunction |Ψele〉 can be expressed as follows,

|Ψele〉 = c0 |ψ0〉+
∑
j∈occ,
a∈vir

caj |ψaj 〉+
∑

i<j∈occ,
a<b∈vir

cabij |ψabij 〉+ . . . . (2.28)

Since each Slater determinant is defined by the “configuration” of the spin-orbitals it consists

of, this approach of constructing the exact electronic wavefunction |Ψele〉 using various Slater

determinants as a basis is known as Configuration Interaction (CI) [109].
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Correspondingly, the Hamiltonian operator can be discretized into a Hamiltonian matrix

H with elements 〈ψp| Ĥele |ψq〉, where |ψp〉
{
|ψ0〉 , |ψaj 〉 , |ψabij 〉 , . . .

}
. Suppose the Hamiltonian

matrix H is diagonalized such that it yields the electronic eigenenergies, the difference between

the exact ground electronic energy ε0 and the Hartree-Fock energy EHF is known as the

correlation energy

Ecorr = ε0 − EHF, (2.29)

which represents the energy due to the electronic correlation neglected by the Hartree-Fock

method. As the spin-orbitals set size N is finite, both the exact ground electronic energy ε0

and the Hartree-Fock energy EHF values can only be approximated, with a larger N generally

leading to a better approximation of the correlation energy Ecorr.

In the CI approach, there are a total of
(N
d

)
possible Slater determinants for a basis. If

all Slater determinants are considered in the CI approach, it is referred to as Full CI (FCI) and

the corresponding correlation energy Ecorr calculation will be the best possible approximation

to the exact electronic correlation for the corresponding spin-orbitals set. However, since the

total number of Slater determinants scales exponentially with the number of spin-orbitals N ,

both the classical computational runtime and memory requirements for the FCI approach to

estimate the correlation energy Ecorr also scales exponentially. As a result, only a tiny fraction

out of the
(N
d

)
determinants can be considered within resource limitations, restricting accurate

studies of large atoms and molecules.
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2.5 Qubit Representation of Electronic Wavefunction

Quantum computing provides an alternative to classical computing by physically manipulating

wavefunctions of multiple qubits to generate desired quantum states for measurement. However,

qubits are distinguishable quantum systems with two-definite energy levels, which differ from

electrons that are indistinguishable particles with spin and position coordinates. Therefore, it is

necessary to map an electronic wavefunction and its observables to the wavefunction of multiple

qubits and Pauli operators for quantum computation.

Before various mapping techniques can be described, the electronic wavefunction must

first be re-expressed in a suitable form that can be algebraically manipulated similarly to how

qubit wavefunctions are manipulated using Pauli operators. This can be accomplished using

the second quantization formalism, where creation â†p and annihilation âp operators with the

following anti-commuting relations

{â†p, â†q} = {âp, âq} = 0, (2.30)

{â†p, âq} = δpq, (2.31)

are defined to act on arbitrary Slater determinants to create and annihilate spin-orbitals |χp〉,

respectively. For example, the reference Hartree-Fock ground state |ψ0〉 can be obtained by

applying the corresponding creation operators onto a fermionic vacuum state |vac〉 that contains

no electrons,

|ψ0〉 =
∏
j∈occ

â†j |vac〉 , (2.32)

The singly-excited |ψaj 〉 and doubly-excited |ψabij 〉 determinants can also be obtained by applying

one-body â†pâq and two-body â†pâ†qârâs fermionic operators to the reference Hartree-Fock ground
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state |ψ0〉, respectively,

|ψaj 〉 = â†j âa |ψ0〉 , (2.33)

|ψabij 〉 = â†i â
†
j âaâb |ψ0〉 . (2.34)

In addition, the electronic Hamiltonian Ĥele can be expressed using the one and two-body

fermionic operators,

Ĥele =
N∑

p,q=1
hpq â
†
pâq + 1

2

N∑
p,q,r,s=1

hpqrsâ
†
pâ
†
qârâs, (2.35)

where hpq and hpqrs are one-electron core integrals and two-electron repulsion integrals defined in

Eq. (2.18) and Eq. (2.21), respectively.

These fermionic operators can be then constructed by the Pauli operators using

any desired fermion-to-qubit mapping, thereby enabling the qubit representation of the

electronic wavefunction. A popular fermion-to-qubit mapping is the Jordan-Wigner (JW)

transformation [5], where the fermionic operators are mapped accordingly as

âp = −1
2
(
⊗p−1
q=1Ẑq

)
⊗
(
X̂p + iŶp

)
,

â†p = −1
2
(
⊗p−1
q=1Ẑq

)
⊗
(
X̂p − iŶp

)
, (2.36)

where Ẑp, X̂p, Ŷp are Pauli operators acting on the pth qubit. As a result, the electronic

Hamiltonian Ĥele transforms into a Pauli Hamiltonian

Ĥp = α0 +
∑
p=1

σ∈{Z,X,Y }

ασp σ̂p +
∑
p,q=1

σ∈{Z,X,Y }

ασpσq σ̂pσ̂q + . . . . (2.37)
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where σ̂p ∈ {Ẑp, X̂p, Ŷp}.

Intuitively, JW transformation allows each qubit to represent the occupancy level of

a spin-orbital, with the pth Pauli-Z eigenstates |0p〉 and |1p〉 representing the unoccupied

and occupied pth spin-orbital, respectively. As a result, each computational basis state can

roughly correspond to a Slater determinant, which is advantageous for quantum computational

chemistry. [15, 16]. A disadvantage of JW is that parallel fermionic operators may no longer be

implemented in concurrently on a quantum circuit, increasing circuit depth. This disadvantage

is due to the extensive strings of Pauli-Z operators in the JW mapping that serve to maintain

the parity of the fermionic operator. Alternative fermion-to-qubit mappings such as Parity

and Bravyi-Kitaev [6, 208] aim to minimize the length of these Pauli strings, which can help

reduce circuit depth of the fermionic operators [209]. However, these alternatives sacrifice the

intuitive representation, as the computational basis will no longer directly correspond to a Slater

determinant, which makes manipulating correlation difficult. Therefore, JW mapping will be

used throughout this thesis in the interest of clarity.
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Variational Quantum Algorithm for

Estimating Correlation Energies

using Perturbation Theory

This chapter adapts the material published in:

• C. H. Chee, A. M. Mak, D. Leykam, P. K. Barkoutsos, and D. G. Angelakis, “Computing

electronic correlation energies using linear depth quantum circuits”, Quantum Sci.

Technol. 9, 025003 (2024).

3.1 Introduction

The efficient computation of molecular energies is an exciting application of quantum computing

for quantum chemistry. A popular quantum algorithm is the Variational Quantum Eigensolver
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(VQE) algorithm, which aims to prepare a quantum circuit ansatz that minimizes a variational

function dependent on a set of predefined ansatz parameters [167, 168]. State-of-the-art VQE

algorithms use deep entangling quantum circuit ansatzes to accurately represent electronic

wavefunctions and capture electronic correlations.

However, current quantum computers are susceptible to quantum noise and decoherence,

thus they are known as Noisy Intermediate-Scale Quantum (NISQ) devices. This restricts many

NISQ demonstrations of VQE algorithms to small, hardware-efficient quantum circuits, limiting

their application to small molecules [145, 147, 149, 157]. Scaling up these successful NISQ

demonstrations to larger molecular systems presents significant challenges. Firstly, capturing

the electronic correlations in wavefunctions often requires deep and entangling quantum circuits.

Such circuits have two-qubit gate depths that typically scale polynomially with N the number

of qubits representing the molecular system, making them prohibitive on NISQ devices [173,

175]. Secondly, the number of classical parameters required to accurately estimate electronic

correlation energies can be massive, complicating the ansatz optimization process. Thirdly, the

number of non-commuting observables that need to be measured to estimate molecular energies

scales quartically O(N4) with system size, rendering quantum measurements highly impractical

for sizeable molecules [14]. Although recent advances have aimed at mitigating these issues by

reducing the number of ansatz parameters [178, 182] and measurements needed for energy

estimation [210, 211], NISQ implementations of VQE still suffer from quantum noise, which

affects the accuracy of electronic correlation energy estimations for larger molecular systems.

To overcome these challenges, this chapter proposes a novel NISQ-friendly algorithm

that variationally estimates the ground electronic correlation energy perturbatively up to the

second order. This approach employs multiple shallow parameterized Hartree-Fock (HF) states,
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with quantum circuit depth scaling linearly with the number of qubits, and is locally optimized

using a classical optimizer. The algorithm will be demonstrated on various small molecules,

using both numerical simulations with incorporated quantum noise models and commercially

available cloud NISQ devices. The results show that NISQ devices have the potential to

accurately reproduce equilibrium molecular energies and capture the perturbative electronic

correlation effects at longer bond distances. Although total number of shallow circuits required

for the proposed NISQ-friendly algorithm scales O(N5), they can be implemented in parallel

on many NISQ devices available on cloud platforms. In addition, the use of shallow circuits

facilitates the study of larger molecular systems compared to other alternative variational

quantum approaches, where deep quantum circuit depth required would typically exceed the

constraints of NISQ devices.

Before detailing the proposed approach, several basic quantum computational techniques

useful for solving the electronic structure of chemical systems will be introduced and reviewed.

Section 3.2.1 describes the Hartree-Fock Method implemented on a quantum computer using

unitary orbital rotation operators. Section 3.2.2 describes various quantum computational Post

Hartree-Fock methods including the Full Configuration Interaction, Unitary Coupled Cluster

and Many-Body Perturbation Theory. Lastly, Section 3.2.3 describes a method of efficient

estimating electronic energy on a quantum computer. Techniques introduced in this section

will be useful for the NISQ-friendly algorithm proposed in this chapter.
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3.2 Quantum Computational Techniques for Electronic

Structure

3.2.1 Hartree-Fock Method and Unitary Orbital Rotation

The HF wavefunction, introduced in Section 2.3, is a single Slater determinant approximation to

an electronic wavefunction. The HF method optimises the HF wavefunction to best approximate

an exact eigenstate of the electronic system. For instance, the reference HF ground state |ψ0〉

in Eq. (2.32) is a single Slater determinant approximation to the exact ground state. Using

the Jordan-Wigner (JW) fermion-to-qubit mapping described in Section 2.5, the reference HF

ground state |ψ0〉 with N optimized molecular orbitals and d electrons can be prepared on a

quantum computer with N qubits initialized in the zero state |0〉 as,

|ψ0〉 =
d∏
j=1

[
−1

2
(
⊗j−1
q=1Ẑq

)
⊗
(
X̂j − iŶj

)]
|0〉 (3.1)

'
d∏
j=1

X̂j |0〉 , (3.2)

where ' denotes equality up to an overall unobserved global phase. The Pauli-Z eigenstates of

each qubit represents the occupation of the optimized molecular orbitals, and the qubit number

is ordered by their respective orbital energies, starting with the lowest.

This representation is flexible; using any other set of molecular orbitals would not

change the qubit state in Eq. (3.2), as long as consistency is maintained throughout the

computation. This flexibility is useful in quantum computational chemistry, where the initial

set of orthonormal molecular orbitals may not be optimized. If so, an orbital optimization can
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be performed on the HF wavefunction |ψHF(κ)〉 that minimizes the total electronic energy,

|ψHF(κ)〉 = Û(κ) |0〉 s.t. min
κ

(
〈ψHF(κ)|Ĥelec|ψHF(κ)〉

)
, (3.3)

using a general unitary orbital rotation Û(κ) for a complex skew-Hermitian parameter matrix

κ† = −κ,

Û(κ) = exp

 N∑
p,q=1

κpqâ
†
pâq

 . (3.4)

This generates singly-excited determinants in the electronic wavefunction, which according to

the Brillouin’s theorem, do not contribute to electronic correlation [199]. This approach is

similar to the direct minimization from the numerical HF methods described in Section 2.3.

The shallowest quantum gate decomposition of unitary orbital rotation Û(κ) consists of

N + 1 layers of single and two-qubit gates,

Û(κ) =
N∏
p=1


N∏

odd,r=1
P̂r(α(p)

r )P̂r+1(α(p)
r+1)Û rr+1(θ(p)

r,r+1)


N∏
q=1

P̂q(α(0)
q ), (3.5)

as shown in Fig. 3.1, with real rotation angles θ(p)
r,q and α(p)

r . The quantum gates are the single-

qubit phase gates P̂r(αr) that act on the rth qubit, with the following matrix representation in

computational basis {|0〉 , |1〉}

P̂r(αr) =

1 0

0 exp(iαr)

 , (3.6)

and the general fermionic single-excitation rotation gates Ûpq (θpq), that act on all qubits between

and including the pth and qth qubits, represent a simple rotation mixture of the pth and qth
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0 1 2 3 4 5 6

Figure 3.1: Standard quantum gate decomposition of a 6-qubit example of unitary orbital
rotation Û(κ) in Eq. (3.4). Gate qubit labels and the angles are omitted to improve readability.
Yellow P̂ and purple Û gates refers to the single-qubit phase gate and two-qubit neighbouring
fermionic single-excitation rotation gate in Eqs. (3.6)and (3.8), respectively. Numbers on the
left and top of the circuit are the qubit and gate layer indexes, respectively.

molecular orbitals,

Ûpq (θ) = exp
[
θpq
(
â†pâq − â†qâp

)]
(3.7)

= exp

−iθpq2
(
X̂pŶq − ŶpX̂q

) p−1∏
r=q+1

Ẑr

 . (3.8)

If the skew-Hermitian parameter matrix κ in the unitary orbital rotation Û(κ) were to be

real-valued, then the phase gates P̂ would be redundant as there would be no complex values,

allowing them to be removed from the quantum gate decomposition of the unitary orbital

rotation in Fig. 3.1.

The shallow gate decomposition of Û(κ) in Eq. (3.5) follows from the optimal QR

decomposition of its 2D matrix form U = exp(κ) represented in the fermionic single-excitation

basis â†pâq. It decomposes U into a unique product of neighbouring complex Givens rotation

matrices G(θr,r+1, αr, αr+1) from linear algebra,

36



Chapter 3. Variational Quantum Algorithm for Estimating Correlation Energies using
Perturbation Theory

G(θr,r+1, αr, αr+1) =

exp (iαr) cos(θr,r+1) − exp (iαr+1) sin(θr,r+1)

exp (iαr) sin(θr,r+1) exp (iαr+1) cos(θr,r+1)

 (3.9)

=

cos(θr,r+1) − sin(θr,r+1)

sin(θr,r+1) cos(θr,r+1)


exp (iαr) 0

0 exp (iαr+1)

 . (3.10)

This can be recognized as a quantum gate sequence Ĝ(θr,r+1, αr, αr+1) that represents a complex

Givens rotation G(θr,r+1, αr, αr+1) in the fermionic single-excitation basis,

Ĝ(θr,r+1, αr, αr+1) = Û rr+1 (θr,r+1) P̂r(αr)P̂r+1(αr+1). (3.11)

Applying Ĝ(θr,r+1, αr, αr+1) on the left of Û(κ) effectively performs a Givens rotation

G that mixes the rth and r + 1th rows of matrix U . Similarly, applying Ĝ† on the right of

Û(κ) effectively performs a conjugate-transposed Givens rotation G† that mixes the rth and

r + 1th columns of U . Thus, by carefully zeroing out the lower triangle elements of U in a

zig-zag manner as shown in Fig. 3.2, and alternating between mixing rows and columns for each

diagonal line, until the Û(κ) eventually diagonalizes. This results in a sequence of multiple Ĝs

which represents an inverse gate decomposition of Û(κ) as shown in Eq. (3.5).

The QR decomposition starts by zeroing out the bottom-left most element UN,1 by

mixing the 1st and 2nd columns with a conjugated-transposed Givens rotation G† with angles

θ1,2 = tan−1 |UN,1|
|UN,2| , α1 = − arg(UN,1) and α2 = − arg(UN,2). This corresponds to applying

P̂ †1 (− arg(UN,1)), P̂ †2 (− arg(UN,2)) and Û1,†
2

(
tan−1 |UN,1|

|UN,2|

)
on the right of Û(κ) in order.

Next, move up to the next element UN−1,1. Note that this element is different from the

initial value as it was mixed by other elements in the previous step. We zero out this element
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⇤ ⇤ ⇤ ⇤ ⇤ ⇤
⇤ ⇤ ⇤ ⇤ ⇤ ⇤
⇤ ⇤ ⇤ ⇤ ⇤ ⇤
⇤ ⇤ ⇤ ⇤ ⇤ ⇤
⇤ ⇤ ⇤ ⇤ ⇤ ⇤
⇤ ⇤ ⇤ ⇤ ⇤ ⇤Start

A

B

C

D

Red : Mix Neighboring Rows
Blue: Mix Neighboring Columns

End

Figure 3.2: The optimal QR decomposition zig-zag route of zeroing elements along the diagonal
lines A,B,C,D of the 6-qubit unitary orbital rotation matrix U in the fermionic single-excitation
basis â†pâq.

UN−1,1 by mixing theN−1th andN−2th rows with the Given rotationG with angles θN−2,N−1 =

tan−1 |UN−1,1|
|UN−2,1| , αN−2 = − arg(UN−2,1) and αN−1 = − arg(UN−1,1). This corresponds to applying

P̂N−1(− arg(UN−1,1)), P̂N−2(− arg(UN−2,1)), ÛN−2
N−1

(
tan−1 |UN−1,1|

|UN−2,1|

)
on the left of Û in order.

Then, repeat the steps above for all matrix elements along the zig-zag path, alternating

mixing of the row and column for every diagonal line, until all the lower triangle matrix elements

of U are zeroed out. In the end, operator Û(κ) and corresponding matrix U become a complex

diagonal matrix with a unit magnitude, which can be represented as a single layer of phase

gates, and the QR decomposition is complete. Finally, the gate decomposition of the unitary

orbital rotation in Eq. (3.5) is obtained by unravelling the gate sequence in order, which results

in the quantum circuit shown in Fig. 3.3.

As a simple example, consider a 4-mode complex unitary orbital rotation Û(κ) such that

the U matrix in the fermionic operator basis â†pâq happens to be a 4× 4 normalized Hadamard

matrix,
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Start End

A

B

C

D

Diagonal

where,

Figure 3.3: Quantum gate decomposition of a 6-qubit unitary orbital rotation operator Û(κ)
after QR decomposition as shown in Fig. 3.2. Green Ĝ gate represents the quantum gate
sequence given in Eq. (3.11). Note that this quantum circuit is exactly equivalent to that in
Fig. 3.1.

U = 1
2



1 1 1 1

1 −1 1 −1

1 1 −1 −1

1 −1 −1 1


. (3.12)

Then, applying the QR decomposition approach described in Section 3.2.1, the unitary orbital

rotation can be decomposed into the following quantum circuit as shown in Fig. 3.4.

While the QR decomposition described above yields the shallowest possible circuit with

a two-qubit fermionic single-excitation rotation gate depth of exactly N [212], the amount of

classical preprocessing required to obtain the gate rotation angles scales quadratically O(N2).

The reason is that every element in the lower triangle of U along the aforementioned zig-zag

path is zeroed serially, which can be a significant bottleneck if N is large. This bottleneck

can be resolved by adopting a different zeroing route in QR decomposition that allows for

parallel Givens rotations, that is by considering mixing only columns or mixing only rows

without alternating between them. This alternative approach reduces the classical preprocessing

scaling to linear scaling O(N), but at the cost of doubling the overall two-qubit fermionic

single-excitation rotation gate depth [172, 213]. This method was recently demonstrated on
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0 1 2 3 4

Figure 3.4: Quantum gate decomposition of 4-mode complex unitary orbital rotation matrix in
Eq. (3.12). The yellow and purple gates are the phase and fermionic single excitation rotation
in Eqs. (3.6) and (3.8), respectively

a superconducting NISQ device to evaluate HF energies of hydrogen chains and the diazene

cis-trans isomerization barrier on NISQ hardware [157]. In this proposal, the shallow QR

decomposition is preferred for preparing HF states to minimizing the overall gate depth for

NISQ computation, thereby minimize the effects of quantum noise.

3.2.2 Post Hartree-Fock Methods

Full Configuration Interaction

Post Hartree-Fock methods encompass various approaches developed to accurately compute

the electronic correlation energy, typically following a HF calculation. As mentioned in

Section 2.4, the exact electronic wavefunction can be represented as a linear combination of all

possible excited electron configurations generated from the HF wavefunction, referred to as Full

Configuration Interaction (FCI). The FCI wavefunction |ψFCI〉 can be prepared on a quantum

computer by applying specific sequence of fermionic single Ûpq (θ) and double-excitation gates

Ûpqrs (θ) are denoted as Ûµ = {Ûpq , Ûpqrs },

|ψFCI〉 =

(Nd )∏
µ=1

Ûµ(θµ)

 |ψ0〉 . (3.13)
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For the proof and construction of the sequence order to parameterize the exact electronic

wavefunction, interested readers are referred to [175, 214]. Crucially, the source of electronic

correlation lies in the use of the fermionic double-excitation rotation gate

Ûpqrs (θ) = exp
[
θ
(
â†pâ
†
qârâs − â†sâ†râqâp

)]
(3.14)

= exp
[
−iθ8

(
X̂rŶsX̂pX̂q + ŶrX̂sX̂pX̂q + ŶrŶsŶpX̂q + ŶrŶsX̂pŶq − X̂rX̂sŶpX̂q

−X̂rX̂sX̂pŶq − ŶrX̂sŶpŶq − X̂rŶsŶpŶq
) s−1∏
j=r+1

Ẑj

q−1∏
k=p+1

Ẑk

 , (3.15)

assuming 1 ≤ s < r < p < q ≤ N , to generate doubly and higher excited determinants in the

electronic wavefunction. Unfortunately, the factorial number of fermionic excitation gates in

the FCI state Eq. (3.13) is required to exactly represent an electronic wavefunction. Thus, it

becomes computationally costly for both quantum and classical devices except for very small

molecular systems.

Unitary Coupled Cluster

An alternative approach is to truncate the sequence in Eq. (3.13) down to a manageable size

that is polynomial in the number of qubits, known as the trotterized Unitary Coupled Cluster

Singles and Double excitation (UCCSD) approach. The term Coupled Cluster (CC) refers to

a numerical post-HF method of solving for electronic eigenstates expressed in an exponential

ansatz |ψCC〉,

|ψCC〉 = exp(T̂ ) |ψ0〉 , (3.16)
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with a so-called cluster operator T̂ ,

T̂ =
nexc∑
k=1

T̂k, (3.17)

T̂k = 1
(k!)2

∑
j1,j2,...,jk∈occ
b1,b2...,bk∈vir

tb1,b2...,bkj1,j2,...,jk
â†b1 â

†
b2
. . . â†bk âjk . . . âj2 âj1 , (3.18)

where tb1,b2...,bkj1,j2,...,jk
are amplitude coefficients to be solved, and |ψCC〉 converges to FCI state |ψFCI〉

with an increasing number of excitations nexc [107].

The Unitary Coupled Cluster (UCC) is a unitary extension of the CC approach, where

the ansatz is modified as follows,

|ψUCC〉 = exp(T̂ − T̂ †) |ψ0〉 , (3.19)

which can be prepared on a quantum computer using the first-order Trotterization

approximation. This approximation decomposes exp(T̂ − T̂ †) into fermionic nexc-excitation

operators, in a heuristic order, to create a trotterized UCC ansatz. Truncating to single

and double-excitation operator produces a trotterized UCCSD ansatz, which requires at

least O(N3∼5) two-qubit gate depth, posing a challenge for implementation on currently

NISQ devices [173]. Various strategies have been proposed to reduce overall circuit depth of

the trotterized UCCSD ansatz including the use of shallower non-fermionic qubit excitation

operators [152, 215] and adaptive generation techniques that builds the ansatz from a pool

of excitation operators [182]. However, these heuristic strategies lack a systematic approach

to approximate electronic correlation, making it difficult to interpret and predict results for

similar chemical systems. Additionally, they often lack rigorous convergence guarantees and

quantum resource estimates, making them unreliable for simulating larger chemical systems.
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Many-Body Perturbation Theory

This section demonstrates how the deep, entangling quantum circuits and heuristic methods

employed by the UCC ansatz in the previous section can largely be avoided by employing

many-body perturbation theory. As first proposed by Møller and Plesset [216–218], the exact

ground state energy can be expressed in terms of orders of the HF states and energies,

allowing the use HF quantum circuits to estimate correlation energy. Formally, in many-body

perturbation theory, the electronic Hamiltonian Ĥele in Eq. (2.35) is partitioned into two parts:

an unperturbed mean-field Hamiltonian F̂ and the remaining perturbation term, referred to as

the correlation operator V̂ ,

Ĥele = F̂ + V̂ . (3.20)

The mean-field Hamiltonian F̂ is second quantization of the Fock operator in Eq. (2.25),

F̂ =
N∑

p,q=1
εpδpqâ

†
pâq. (3.21)

Indices p, q denote the general molecular orbitals, which are eigenstates of Fock operator

obtained after applying the HF method introduced in Section 2.3. The eigenvalues of the

Fock operator are the orbital energies

εp = hpp +
∑
j∈occ

(
hjppj − h

pj
pj

)
, (3.22)

where the hpq and hpqrs are the one-electron core and two-electron repulsion integral from

Eqs. (2.18) and (2.21), respectively. Indices i, j denote the occupied molecular orbitals.

The perturbation expansion for the exact ground state energy up to second order gives
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the second-order Møller-Plesset (MP2) energy

EMP2 = E(0) + E(1) + E(2), (3.23)

E(0) = 〈ψ0|F̂ |ψ0〉 , (3.24)

E(1) = 〈ψ0|V̂ |ψ0〉 , (3.25)

E(2) =
∑

a<b,i<j

∣∣∣〈ψ0|V̂ |ψabij 〉
∣∣∣2

εi + εj − εa − εb
, (3.26)

where indices a, b denote virtual orbitals. The zeroth-order energy E(0) in Eq. (3.23) is

numerically calculated as the sum of all occupied orbital energies εi. The first-order energy

E(1) in Eq. (3.23) is the mean-field electron interaction energy of the reference HF ground

state |ψ0〉. The sum of the zeroth and first-order energies constitutes the HF energy. The

second-order energy E(2) in Eq. (3.23) is the first perturbative approximation to the electronic

correlation energy, expressed in terms of the off-diagonal elements of the perturbation V̂ with

respect to the reference ground |ψ0〉 and the doubly-excited |ψabij 〉 HF states. Third and higher-

order perturbative terms can be obtained using higher-order corrected wavefunctions which are,

however, more difficult to realize than HF wavefunctions on NISQ devices [219]. Such higher-

order terms provide no guarantee of convergent behavior and may yield oscillatory or erratic

corrections to the correlation energy [217, 220]. It is notable that other works have used MP2

as a classical pre-processing step for quantum algorithms [144, 169, 174, 176, 221].

3.2.3 Hamiltonian Factorization for Efficient Energy Measurements

Measuring the electronic energy of the quantum ansatz is accomplished by estimating the

expectation value of the electronic Hamiltonian. However, applying the JW fermion-to-qubit

mapping results in O(N4) Pauli strings of quantum measurements, making direct energy
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estimation impractical beyond the smallest molecules [71]. To resolve this bottleneck, it was

proposed to use a low-rank tensor factorized form of the electronic Hamiltonian [222–225] to

effectively reduce the O(N4) down to O(N) number of Pauli measurements [210],

Ĥele = Û
(
κ(0)

) N∑
p=1

gqn̂p

 Û † (κ(0)
)

+
O(N)∑
l=1

Û
(
κ(l)

) N∑
p,q=1

g(l)
pq n̂pn̂q

 Û † (κ(l)
)
, (3.27)

where n̂p = â†pâp are the fermionic number operators and Û
(
κ(l)

)
are the unitary orbital

rotations as given in Eq. (3.4). Each summation term in Eq. (3.27) is a linear combination of

orbital-transformed number operators Û
(
κ(0)

)
n̂pÛ

†
(
κ(0)

)
and Û

(
κ(l)

)
n̂pn̂qÛ

†
(
κ(l)

)
. Under

the JW mapping, the number operators become a linear combination of Pauli-Z strings as

n̂p =
(
1 + Ẑp

)
/2. Thus, all number operators within each summation term in Eq. (3.27) can be

simultaneously estimated on a quantum computer using a single set of bitstring measurements.

This effectively reduces the number of quantum measurements from O(N4) to O(N) and is

referred to as the Basis Rotation Grouping scheme [210].

To obtain the low-rank tensor factorized form of electronic Hamiltonian, the electronic

Hamiltonian Ĥele in Eq. (2.35) needs to be rewritten into the so-called chemist notation,

Ĥele =
N∑

p,q=1
T pq â

†
pâq + 1

2

N∑
p,q,r,s=1

V pq
rs â

†
pâqâ

†
râs, (3.28)

where the fermionic operators are rearranged from â†â†ââ to â†ââ†â in the second term. As a

result of this reordering of the fermionic operators, the usual one-electron integrals hpq and two-

electrons integrals hpqrs change slightly to become T pq and V pq
rs , respectively. Here, it is assumed
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that real orbitals are used, such that V pq
rs possesses an eight-fold permutational symmetry,

V pq
rs = V sr

qp = V pq
sr = V qp

rs = V qp
sr = V rs

qp = V rs
pq = V sr

pq , (3.29)

which enable a symmetric factorization of V pq
rs under a Cholesky decomposition [226],

V pq
rs =

O(N)∑
l=1

wlv
(l)
pq v

(l)
rs , s.t. v(l)

pq = v(l)
rs . (3.30)

Thus, the two-body Coulomb term can be rewritten in terms of one-body fermionic terms â†pâq,

1
2

N∑
p,q,r,s=1

V pq
rs â

†
pâqâ

†
râs = 1

2

O(N)∑
l=1

wl

 N∑
p,q=1

v(l)
pq â
†
pâq

2

. (3.31)

Finally, a QR decomposition is performed on the matrices T and v(l), which is akin to

performing a unitary orbital rotation Û (κ) to diagonalize the sum of one-body fermionic terms

∑N
p,q=1 v

(l)
pq â†pâq into a diagonal sum of number operators n̂q. Thus,

1
2

O(N)∑
l=1

wl

 N∑
p,q=1

v(l)
pq â
†
pâq

2

=
O(N)∑
l=1

Û
(
κ(l)

) N∑
p,q=1

g(l)
pq n̂pn̂q

 Û † (κ(l)
)
, (3.32)

N∑
p,q=1

T pq â
†
pâq = Û

(
κ(0)

) N∑
p=1

gqn̂p

 Û † (κ(0)
)
, (3.33)

where the coefficients wl are absorbed into g(l)
pq which contains the diagonalized elements of v(l).

Interested readers may refer to [224] for a more detailed derivation.
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3.3 Variational Quantum Algorithm using Perturbation Theory

3.3.1 Idea: Perturbing Hamiltonian then Optimizing Orbitals

This section proposes a variational NISQ-friendly algorithm for estimating the ground state

energy based on minimizing the MP2 energy through the optimization of the molecular orbitals

(MO), also known as orbital-optimized MP2 (OMP2) in quantum chemistry parlance [227, 228].

In OMP2, the total MP2 energy becomes parameterized as EMP2(θ) and it is locally minimized

by optimizing the molecular orbitals using the unitary orbital rotation Û(θ) in Eq. (3.4) where

θ is a real-valued anti-Hermitian parameter matrix such that θpq = −θqp(1 − δpq). Applying

this orbital transformation to the reference HF ground state |ψ0〉 and doubly-excited state |ψabij 〉

yields,

|ψ0(θ)〉 = Û(θ) |ψ0〉 , (3.34)

|ψabij (θ)〉 = Û(θ) |ψabij 〉 . (3.35)

After introducing this orbital transformation to the mean-field Hamiltonian F̂ , it becomes

parameterized as,

F̂ (θ) = Û(θ)F̂ Û †(θ). (3.36)

Thus, the perturbation term can be written as,

V̂ (θ) = Ĥele − F̂ (θ). (3.37)
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Inserting these parameters into the MP2 energy EMP2 in Eq. (3.23) yields the parameterized

MP2 energy

EMP2(θ) = E(0) + E(1)(θ) + E(2)(θ), (3.38)

E(0) = 〈ψ0(θ)| F̂ (θ) |ψ0(θ)〉 (3.39)

= 〈ψ0| F̂ |ψ0〉 , (3.40)

E(1)(θ) = 〈ψ0(θ)| V̂ (θ) |ψ0(θ)〉 , (3.41)

E(2)(θ) =
∑

a<b, i<j

∣∣∣〈ψ0(θ)
∣∣∣V̂ (θ)

∣∣∣ψabij (θ)
〉∣∣∣2

εi + εj − εa − εb
. (3.42)

Note that the unitary orbital rotation Û(θ) only mixes the eigenstates of the mean-field

Hamiltonian F̂ into new ones, while the corresponding orbital energies εp remain unaffected.

Therefore, E(0) in Eq. (3.39) is independent of θ and is still equal to the sum of all occupied

orbital energies εi.

For a general many-body system, a truncated parameterized perturbation energy

expansion is usually not variational, as the parameterization scheme can be arbitrary. As a

result, it might lead to an unbounded energy expansion in the parameter domain [229, 230].

Thus, it is typical to optimize the parameterized MP2 energy EMP2(θ) based on the principle

of least sensitivity [230, 231], where the gradient magnitude |∂EMP2(θ)/∂θ| is minimized.

However, the focus of OMP2 is on the HF solution close to θ = 0, where θ = 0 represents

the reference HF ground state |ψ0〉, which is the global minimum of the unperturbed Hartree-

Fock energy. A small correlation energy perturbation transforms the curvature of the energy

landscape around θ = 0 into a local minimum where the minimum point is close to but not at

θ = 0. As a result, the parameterized MP2 energy EMP2(θ) becomes locally variational around
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θ = 0. The OMP2 energy EOMP2 can be obtained by variationally minimizing parameterized

MP2 energy EMP2(θ) with respect to θ within a small region of radius ε that represents the

small perturbative correction to the HF energy due to electronic correlation,

EOMP2 = min
θ

[EMP2(θ)] s.t. |θ| ≤ ε. (3.43)

As a result, OMP2 is tractable using local optimization methods such as gradient-descent. In

addition, OMP2 also avoids the barren plateaus problem by ignoring the parameter landscape

beyond the small region of radius ε about the origin, as the global optimum is not the correct

solution.

Indeed, OMP2 computationally scales O(N5) on classical computers, and the proposed

OMP2 quantum algorithm will thus require the preparation of O(N5) parameterized

ansatzes with classical pre-processing such as low-rank tensor decomposition and QR

matrix decomposition. While the preparation of multiple parameterized ansatzes has been

implemented in other variational algorithms [232, 233], it is noteworthy that the proposed

algorithm employs only linear-depth circuit ansatzes to estimate electronic energies, which

include contributions from electron correlation. This scaling is more favourable than other

quantum algorithms that require polynomial-depth circuits.

3.3.2 Estimating Correlation Energy Using Linear Depth Quantum Circuits

This section describes four main innovations that are incorporated to estimate the OMP2 energy

EOMP2 with linear-depth circuits using a NISQ device as depicted in Fig. 3.5. As such, this

proposed algorithm will be called NISQ-OMP2.
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Classical Optimiser
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Quantum-Classical Feedback Loop
(Till  is minimized)

Basis Rotation Grouping Scheme
(Pre-determined )

NISQ-OMP2 Algorithm

Quantum
Device

Set A

Set B

Figure 3.5: Overview of the NISQ-OMP2 algorithm using only quantum circuits whose two-
qubit gate depth scales linearly in the number of qubits. The quantum circuits denoted as set
A and B are further detailed in Fig. 3.6.

First, the off-diagonal terms in the parameterized second order energy E(2)(θ)

in Eq. (3.42) can be avoided by re-expressing it into ordinary expectation values of the

parameterized perturbation term 〈V̂ (θ)〉. This can be accomplished using a technique from

Projective Quantum Eigensolver method [234]. As will be shown in Section 3.3.2, the

expectation values 〈V̂ (θ)〉 are with respect to the parameterized reference HF ground |ψ0(θ)〉

and doubly-excited |ψabij (θ)〉 states.

Second, the expectation values 〈V̂ (θ)〉 are efficiently estimated by implementing the

Basis Rotation Grouping scheme on the parameterized perturbation term V̂ (θ). This reduces

the O(N4) number of Pauli measurements down to O(N), as described earlier in Section 3.2.3.

Third, the required doubly-excited states |ψabij 〉 are efficiently generated by applying

fermionic double excitation rotation Ûabij (ω) in Eq. (3.15) on the reference HF ground state

|ψ0(θ)〉. The rotation Ûabij (ω) has an efficient gate decomposition [235] that scales linearly in

two-qubit gate depth, as will be shown in Section 3.3.2.
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Fourth, two independent unitary orbital rotations Û are employed for two separate

purposes: Orbital-optimization and Basis Rotation Grouping scheme. Each unitary orbital

rotation Û can be efficiently implemented using the QR decomposition scheme that scales

linearly in two-qubit gate depth, as described earlier in Section 3.2.1.

In addition, an active space approach is adopted for larger molecules to isolate relevant

molecular orbitals of interest for the calculation of the OMP2 energy. This further reduces

the number of qubits and circuit depth needed to represent the parameterized orbital basis

transformation, as will be shown in Section 3.3.3.

Measuring Correlation Energy

Evaluating the off-diagonal elements of V̂ (θ) which determine the second order energy E(2)(θ)

in Eq. (3.42) typically requires the use of a modified Quantum Hadamard test [236] or Swap

test [237]. This poses a challenge for NISQ devices as both quantum subroutines require

additional ancillary qubits and controlled-quantum gate operations, resulting deep quantum

circuits. This section shall demonstrate that this problem can be addressed by building

upon the effective measurement of residual elements in the Projective Quantum Eigensolver

approach [234] to evaluate the off-diagonal elements of V̂ (θ).

To simply the discussion, consider the application of the unitary double excitation

rotation Ûabij (ω) with a fixed angle ω as in Eq. (3.14) on a reference HF ground state |ψ0〉

without any orbital transformation,

Ûabij (ω)|ψ0〉 =
[
cos(ω)I + sin(ω)

(
â†aâ
†
bâiâj − â

†
j â
†
i âbâa

)]
|ψ0〉 (3.44)

= cos(ω) |ψ0〉+ sin(ω) |ψabij 〉 . (3.45)
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Setting the fixed angles ω = π
2 and π

4 in Eq. (3.45), yields the doubly-excited HF states |ψabij 〉

and the equal superposition with reference HF ground state, respectively,

Ûabij (π2 ) |ψ0〉 = |ψabij 〉 , (3.46)

Ûabij (π4 ) |ψ0〉 = 1√
2

(
|ψ0〉+ |ψabij 〉

)
. (3.47)

Then, the off-diagonal elements 〈ψ0|V̂ |ψabij 〉 can be expressed in terms of ordinary expectation

values as follows,

〈ψ0|V̂ |ψabij 〉 = E
ab,(1)
ij − 1

2E
ab
ij −

1
2E

(1), (3.48)

E
ab,(1)
ij = 1

2
(
〈ψ0|+ 〈ψabij |

)
V̂
(
|ψ0〉+ |ψabij 〉

)
, (3.49)

Eabij = 〈ψabij |V̂ |ψabij 〉 , (3.50)

E(1) = 〈ψ0|V̂ |ψ0〉 , (3.51)

where Eabij and Eab,(1)
ij are expectation values of 〈V̂ 〉 with respect to the doubly-excited state |ψabij 〉

and the equal superposition, respectively, and E(1) is the first order energy term in Eq. (3.25). By

reintroducing the orbitals transformation via unitary orbital rotation Û(θ), the corresponding

parameterized off-diagonal elements 〈ψ0(θ)| V̂ (θ) |ψabij (θ)〉 in Eq. (3.42) can be straightforwardly

estimated as follows,

〈ψ0(θ)| V̂ (θ) |ψabij (θ)〉 = E
ab,(1)
ij (θ)− 1

2E
ab
ij (θ)− 1

2E
(1)(θ), (3.52)

E(1)(θ) = 〈ψ0|Û †(θ)V̂ (θ)Û(θ)|ψ0〉 , (3.53)

Eabij (θ) = 〈ψ0|Ûab,†ij (π2 )Û †(θ)V̂ (θ)Û(θ)Ûabij (π2 )|ψ0〉 , (3.54)

E
ab,(1)
ij (θ) = 〈ψ0|Ûab,†ij (π4 )Û †(θ)V̂ (θ)Û(θ)Ûabij (π4 )|ψ0〉 . (3.55)
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For an efficient quantum measurement of the perturbation term V̂ (θ), a Basis Rotation

Grouping scheme, as described in Section 3.2.3, is applied to V̂ (θ) to obtain,

V̂ = Û
(
κ(0)

) [∑
p

dqn̂p

]
Û †
(
κ(0)

)
+
O(N)∑
l=1

Û
(
κ(l)

) [∑
pq

d(l)
pq n̂pn̂q

]
Û †
(
κ(l)

)
, (3.56)

where θ is dropped to reduce verbosity, so that the number of Pauli measurements per

expectation value estimate of 〈V̂ (θ)〉 reduces down to O(N).

Preparing Orbital-Transformed Hartree-Fock Ansatz

Two collections of quantum circuits, set A and B, have been constructed to calculate EOMP2

as shown in Fig. 3.6(a). For l = 0, 1, 2, . . . ,O(N), the quantum circuits in set A prepare the

orbital-transformed reference HF ground state

Û †
(
κ(l)

)
Û(θ) |ψ0〉︸ ︷︷ ︸

=|ψ0(θ)〉

(3.57)

to directly estimate the first order E(1)(θ) in Eq. (3.41). Meanwhile the quantum circuits in set

B prepare the orbital-transformed doubly-excited HF state and the equal superposition states,

Û †
(
κ(l)

)
Û(θ)Ûabij (π2 ) |ψ0〉︸ ︷︷ ︸

=|ψabij (θ)〉

and Û †
(
κ(l)

)
Û(θ)Ûabij (π4 ) |ψ0〉 (3.58)

to directly estimate the expectation values Eabij (θ) and E
ab,(1)
ij (θ) in Eqs. (3.54) and (3.55),

respectively. The quantum circuit for Unitary orbital rotation for the orbital optimization

Û(θ) and Basis Rotation Grouping scheme Û †
(
κ(l)

)
is depicted in Fig. 3.6(b). The quantum

gate decomposition for the fermionic single neighboring excitation Ûpp+1(α) that makes up the

entire unitary orbital rotation and double excitation rotation Ûabij (ω) that generates the doubly-
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(c)(b)

(a)
Reference Ground
Hartree-Fock State

Reference Ground
Hartree-Fock State Measurement

Measurement

Set B

Set A Orbital Optimization  Basis Rotation Grouping 

Orbital Optimization Fermionic Double Excitation
Rotation 

Basis Rotation Grouping 

Fermionic Single Excitation Rotation
(Neighbouring Orbitals) 

1 2 3 ... till 

Two-Qubit Gate
Depth: 

(d)

Two-Qubit Gate Depth: 

Figure 3.6: (a) NISQ-OMP2 quantum circuits sets A and B in second quantization form. (b)
The gate decomposition of unitary orbital rotation Û(θ) for orbital optimization and Basis
Rotation Grouping with N layers of parallel fermionic single-excitation rotation (neighboring
orbitals) Ûpp+1(α) (c-d) Quantum gate decomposition of the fermionic single Ûpp+1(α) and double
Ûabij (ω) excitation rotation gates under the Jordan-Wigner (JW) Mapping [235]. The gate
decomposition of CNOTs with diagonal pointing arrows denote CNOT ladders and the multi-
controlled rotation Pauli-Y gate are given in Fig. 3.7.

excited HF states, whose circuit depth scales linearly O(N) in the number of qubits, are shown

in Figs. 3.6(c) and (d), respectively [235].

For Ne ≈ O(N) electrons, these two sets of quantum circuits combined will generate

O(NN2
e (N − Ne)2) ≈ O(N5) quantum states on a quantum processor. The corresponding

measurement results will be used to estimate the parameterized MP2 energy EMP2(θ), which

will be fed into a classical optimizer that will generate a new set of parameters θ for the next

optimization iteration. This iterative cycle creates a quantum-classical feedback loop that will

eventually terminate upon the minimization of EMP2(θ) up to a predetermined level of tolerance,

thereby outputting OMP2 energy EOMP2.
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Figure 3.7: Representation of CNOT ladders and explicit quantum circuit decomposition of
multi-controlled rotation Pauli-Y gate [238].

3.3.3 Examples and Results

For a NISQ demonstration, four molecules are considered: (H2, linear H+
3 , LiH and linear H4)

in the minimal STO-3G atomic orbital basis set. This results in the number of spin orbitals,

(N = 4, 6, 12, 8) and number of electrons (Ne = 2, 2, 4, 4) electrons, respectively. A schematic

diagram of the index-labelled molecular orbitals of the four molecules is shown in Fig. 3.8.

To reduce the number of orbitals required for the LiH, an active space of 2 occupied

valence spin-orbitals and 4 unoccupied virtual spin-orbitals is defined. Thus, the reduced LiH

system has Ne = 2 active electrons with N = 6, instead of the usual N = 12, active spin-orbitals

for OMP2, making its problem size identical to that of linear H+
3 .

As a result, under the JW mapping, these molecular cases will require (N = 4, 6,

6, 8) qubits, respectively. The corresponding electronic Hamiltonian Ĥele is obtained by

generating the one- and two-electron integrals using the Psi4 program [239]. The Basis Rotation

Grouping scheme is then performed on V̂ (θ) in Eq. (3.56) using the Google’s OpenFermion

library [240]. This scheme only needs to be performed once, as the two-electron Coulomb terms
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Figure 3.8: Schematic HF molecular orbital (MO) diagrams for various molecules, using the
STO-3G atomic orbital basis, with their symmetry labels on the left. σ, σ*, and n orbitals
are bonding, antibonding, and nonbonding MOs, respectively. For LiH, the symmetry labels
for C2v point group, which was utilized by the Psi4 code, are shown. Labelled in grey are
inactive orbitals that are specified in the construction of an active space, with a frozen-core
Hamiltonian scheme for LiH, namely those for the core 1a1 MO, and virtual MOs that have
differing symmetry with the 2a1 MO. The remaining active MOs for LiH are studied using the
OMP2 method.

are independent of the parameter θ.

Resource Estimates

For simplicity, all types of two-qubit gates are treated as CNOTs, and no circuit compilation is

assumed. Under the JW mapping, the fermionic single neighboring excitation rotation Ûpp+1(α)

can be decomposed in a circuit with a depth of 3 CNOT gates, as shown in Fig. 3.6(c). Thus,

the CNOT circuit depth of every quantum circuit in set A is exactly 6N .

The fermionic double excitation rotation Ûabij (ω) can be decomposed using 2 CNOT

ladders and a multi-controlled Rotation Pauli-Y [235], as shown in Fig. 3.6(d), which is an 8-

fold CNOT depth reduction over the traditional 16 sequential CNOT ladders [241]. The multi-

controlled Rotation Pauli-Y is decomposed using the standard technique, which requires a 13
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NISQ-OMP2 Scaling H2 H+
3 LiH H4

No. of Qubits N 4 6 6 8

No. of Variational Parameters O(N2) 1 2 2 4

Max CNOT Depth in Set A O(N) 24 36 36 48

Max CNOT Depth in Set B O(N) 41 55 55 69

No. of Set A Circuits O(N) 4 7 7 11

No. of Set B Circuits O(N5) 8 84 84 792

Total No. of Circuits (Set A & B) O(N5) 12 91 91 803

UCCSD

Max CNOT Depth for UCCSD O(N5) ∼40 ∼100 ∼100 ∼600

Table 3.1: Quantum resource estimates of NISQ-OMP2 against 1st Order Trotterised UCCSD
approach (One Trotter Repetition), assuming all-to-all qubit connectivity on a quantum
processor, for molecules considered in this chapter.

CNOT circuit depth [238] as shown in Fig. 3.7. A more CNOT-efficient gate decomposition of

multi-controlled rotation Pauli-Y requiring 5 fewer CNOTs was discovered [235] around the time

of this work, but it was not included in the NISQ-OMP2 implementation and thus excluded from

the resource analysis. As a result, the fermionic double excitations evolutions have a CNOT gate

depth of 17+2 (1− δj,i+1)+2max {0, j − i− 2, b− a− 2} , assuming all-to-all qubit connectivity.

For a molecule with N spin-orbitals with d electrons, the maximum CNOT gate depth possible

in set B is

6N + 17 + 2 (1− δd,2) + 2max {0, d− 3, N − d− 3} ≈ O(N)

which corresponds to the double excitation index i = 1, j = d, a = d+ 1, b = N .

The quantum resources required by the NISQ-OMP2 algorithm are estimated and

compared against a state-of-the-art VQA that employs standard UCCSD ansatzes. The CNOT

circuit depth required for NISQ-OMP2 is compared against the 1st Order Trotterized-UCCSD

approach [173] in Tab. 3.1.
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Figure 3.9: Maximum CNOT gate depth required by NISQ-OMP2 and compared against
UCCSD ansatz for various molecules in STO-3G atomic basis. Since an active space with
2 electrons and 6 spin orbitals is considered for the LiH molecule only 6 qubits are required.

For the molecules (H2, linear H+
3 , LiH and linear H4), the maximum CNOT circuit

depth used in NISQ-OMP2 are estimated to be (41, 55, 55, and 69), respectively, which are

generally shallower than that of UCCSD approximately (∼40, ∼100, ∼100, ∼600). The number

of circuits in Set A and Set B in NISQ-OMP2 for the four molecules are (4, 7, 7, 11) and (8,

84, 84, 792), respectively, with a combined total of (12, 91, 91, 803) correspondingly.

Additionally, a comparison of the required CNOT gate circuit depths between both

algorithms is plotted in Fig. 3.9 for various molecules used in this study and larger hydrogen

chains up to H14 in the STO-3G atomic basis. This comparison shows that the circuit depth

required by NISQ-OMP2 scales linearly in number of qubits N , which represents a polynomial

improvement of O(N2∼4) compared to the UCCSD approach, in exchange for O(N4) times

more quantum circuit evaluations under Basis Rotation Grouping scheme. Thus, while NISQ-

OMP2 requires more circuit evaluations, it is anticipated to handle larger systems than currently

feasible using UCCSD due to the exponential loss of fidelity for deeper circuits.
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Optimized Parameters (Unique (p, q) odd index)
H+

3 LiH H4

Bond

(Bohr)
(1,3) (1,5)

Bond

(Bohr)
(3,5) (3,11)

Bond

(Bohr)
(3,5) (1,5) (3,7) (1,7)

1.0 9.59E-09 -3.27E-03 1.9 -9.96E-03 -1.00E-03 1.0 -2.76E-08 3.03E-03 -7.36E-04 7.95E-09

1.2 1.19E-08 -5.10E-03 2.1 -1.08E-02 -1.40E-03 1.2 3.48E-08 3.52E-03 -1.24E-03 6.74E-08

1.4 1.93E-08 -7.48E-03 2.3 -1.17E-02 -1.83E-03 1.4 7.02E-08 3.66E-03 -1.63E-03 -5.25E-08

1.6 1.70E-08 -1.04E-02 2.5 -1.26E-02 2.25E-03 1.6 1.67E-08 3.31E-03 -1.74E-03 1.67E-08

1.8 2.63E-08 -1.40E-02 2.7 -1.35E-02 2.64E-03 1.8 1.98E-08 2.33E-03 -1.40E-03 1.79E-08

2.0 7.46E-09 -1.82E-02 2.9 -1.47E-02 3.03E-03 2.0 2.21E-08 4.01E-04 -5.14E-04 2.21E-08

2.2 8.39E-09 -2.32E-02 3.1 -1.61E-02 3.41E-03 2.2 2.74E-08 -2.15E-03 1.49E-03 1.37E-08

2.4 3.70E-08 -2.90E-02 3.3 -1.78E-02 3.82E-03 2.4 -4.74E-08 -6.00E-03 4.66E-03 -3.15E-09

2.6 1.01E-08 -3.56E-02 3.5 -1.99E-02 4.28E-03 2.6 1.03E-07 -1.14E-02 9.36E-03 5.81E-08

2.8 2.17E-08 -4.30E-02 3.7 -2.25E-02 4.82E-03 2.8 8.91E-08 -1.82E-02 1.56E-02 -2.47E-08

3.0 1.74E-08 -5.11E-02 3.9 -2.56E-02 5.51E-03 3.0 -6.83E-08 -2.64E-02 2.35E-02 -4.07E-08

3.2 -1.22E-08 -5.97E-02 4.1 -2.93E-02 6.41E-03 3.2 -6.75E-08 -3.61E-02 3.30E-02 4.70E-08

3.4 1.90E-08 -6.88E-02 4.3 -3.37E-02 7.62E-03 3.4 1.28E-08 -4.58E-02 4.26E-02 1.84E-08

3.6 -6.56E-09 -7.82E-02 4.5 -3.87E-02 9.27E-03 3.6 -2.25E-08 -5.49E-02 5.19E-02 3.70E-08

3.8 -4.04E-08 -8.78E-02 4.7 -4.44E-02 1.15E-02 3.8 -6.03E-08 -6.28E-02 6.00E-02 4.08E-08

4.0 1.55E-11 -9.76E-02 4.9 -5.10E-02 1.46E-02 4.0 -1.12E-07 -6.90E-02 6.65E-02 1.64E-07

4.2 7.02E-09 -1.07E-01 5.1 -5.80E-02 1.86E-02 4.2 -1.72E-08 -7.33E-02 7.11E-02 4.34E-08

4.4 -3.58E-08 -1.17E-01 5.3 -6.54E-02 2.38E-02 4.4 5.76E-08 -7.56E-02 7.37E-02 -6.88E-08

4.6 2.91E-08 -1.27E-01 5.5 -7.28E-02 3.03E-02 4.6 8.68E-09 -7.62E-02 7.46E-02 -4.94E-09

4.8 6.88E-08 -1.38E-01 5.7 -7.96E-02 3.81E-02 - - - - -

Table 3.2: Unique L-BFGS-B optimized variational parameters elements as defined above for
linear H+

3 , LiH and linear H4 at various bond distances.

Orbital Optimization

For the orbital parameterization scheme of θ, a restricted HF case is assumed, which enforces

equal orbital transformation between both spins of the same spatial orbital. Thus, only mixing

between occupied and unoccupied spatial orbitals is required. As a result, the parameter matrix

θ is a N × N matrix with Ne(N−Ne)
4 ≈ O(N2) number of unique variational parameters, such

that θpq = −θqp = θp+1,q+1 = −θq+1,p+1, ∀ p = odd i and q = odd a, and θpq = 0 if otherwise.

The unique molecular orbital indices p, q pairs are summarized in respective column headers

of Tab. 3.2. For example, the parameter matrix θ of hydrogen molecule H2 will be a 4 × 4
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matrix and it will be described by one unique parameter such that θ13 = −θ31 = θ24 = −θ42

and θpq = 0 if otherwise.

To show the best possible result achievable using the NISQ-OMP2 method, the

variational parameters θ are pre-optimized on a quantum statevector numerical simulator with

a classical quasi-Newton L-BFGS-B optimizer using SciPy [242]. The variational parameters

are initialized at the origin θ = 0 and it is found that the optimal parameter matrix for the

hydrogen molecule H2 case remains θ = 0 for all bond distances, while the optimal parameters

for linear H+
3 , LiH and linear H4 molecules are given in Tab. 3.2. The average number of

L-BFGS-B iterations for H2, linear H+
3 , LiH and linear H4 are (1, 4, 4, 5), respectively.

Benchmarking on NISQ Hardware on the Cloud

The pre-optimized NISQ-OMP2 algorithm is implemented on two types of quantum computing

platforms. The first is on FakeAuckland, a numerical emulation of the noisy IBM-Auckland

device via IBM-Qiskit [243]. FakeAuckland will be used to compute the ground state OMP2

energy of all four molecules (H2, linear H+
3 , LiH and linear H4). It is implemented to understand

the ideal performance on a NISQ device. The second is on cloud-accessed quantum processors:

superconducting 27-qubit IBM-Auckland, superconducting 5-qubit IBM-Lima and ion trap

11-qubit IonQ [244], all of which are provided by quantum cloud service platforms: IBMQ

and Amazon Braket, to compute the ground state OMP2 energy of H2 molecule. The noise

parameters of these quantum processors at the time of execution are summarized in Tab. 3.3.

Due to the use of Basis Rotation Grouping, all measurement operators in NISQ-OMP2

are commuting Pauli-Z strings. Thus, each circuit is implemented and sampled to generate a

collection of bitstrings measurements or shots, which will be used to estimate all expectation

60



Chapter 3. Variational Quantum Algorithm for Estimating Correlation Energies using
Perturbation Theory

Cloud Quantum Processors IBM Auckland IBM Lima IonQ

One Qubit Gate Times (s) 3.55E-8 3.55E-8 1.00E-5

One Qubit Gate Fidelity 1(3)E-3 3(2)E-4 4.50E-3

Two Qubit Gate Times (s) 5(3)E-7 4.1(9)E-7 2.00E-4

Two Qubit Gate Fidelity 1(1)E-2 9.51(3)E-3 3.86E-2

Qubit Reset Time (s) 9.4(5)E-7 5.74E-6 2.00E-5

T1 Thermal Relaxation (s) 1.7(5)E-4 1.0(4)E-5 1.00E4

T2 Dephasing (s) 1.4(9)E-4 1.1(7)E-5 2.00E-1

Measurement Error 1(1)E-2 3(2)E-2 1.30E-4

State-Preparation and Measurement (SPAM) Error Not Given Not Given 1.76E-3

Table 3.3: Qubit-averaged noise parameters. Values without brackets have no published
variances and are thus given to 3 significant figures.

values of the Pauli-Z strings. The total number of shots sampled per circuit on FakeAuckland

is set at 105, while on the cloud-accessed IBM-Auckland, IBM-Lima and IonQ are set at 105,

2× 104 and 103, respectively.

In addition, the bitstring measurements are post-selected so as to mitigate the readout

measurement errors and improve the output state fidelity for both quantum computing

platforms, respectively. The average post-selected fraction and the average state fidelity of

quantum circuit sets are given in the upper and lower parts of Tabs. 3.4 and 3.5, where each

table corresponding to each of the two computing platforms, respectively.

The post-selection protocol filters bitstrings with correct number of occupations,

representing the conservation of the number of electrons throughout the NISQ-OMP2

algorithm. The output state fidelity between the exact output state |ψexact〉 and measured

output state |φmeas〉 is defined as |〈ψexact|φmeas〉|2, that is the probability of obtaining the

of obtaining the exact output state |ψexact〉 from the measured output state |φmeas〉. As the
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Platform 1: FakeAuckland

Molecules H2 H+
3 LiH H4

Set Average Post-Selected (PS) Fraction

A 0.90(7) 0.63(1) 0.521(5) 0.34(1)

B 0.81(4) 0.61(2) 0.48(1) 0.37(2)

Set Average State Fidelities

A 0.88 0.56 0.46 0.24

A (after PS) 0.99 0.88 0.89 0.70

B 0.70 0.50 0.38 0.23

B (after PS) 0.86 0.81 0.79 0.63

Table 3.4: Average post-selected fraction and state fidelities of the quantum circuit sets A and
B of NISQ-OMP2 implemented on FakeAuckland with 100k shots per circuit for molecules: H2,
linear H+

3 , LiH and linear H4.

quantum state amplitudes could not be directly accessed in a quantum computer, the state

fidelity is estimated by taking the squared inner product of the square root of the state

probabilities of the corresponding states in the computational basis.

Here, the results shows that set A generally has a larger post-selected fraction and better

state fidelity than set B. This difference is likely due to the additional double-excitation gate

in set B, resulting in a deeper circuit than set A. Also, the better set B results is observed on

FakeAuckland than on cloud-accessed IBM Auckland, suggesting that the FakeAuckland noise

model overestimates the noise performance of actual device at deeper depth of the quantum

circuit.

Despite the low state fidelities with obtained in both quantum computing platforms,

NISQ-OMP2 is able to reproduce the ground electronic energies around equilibrium internuclear

distances and capture the electron correlation-induced energy shifts at longer distances. This
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Platform 2: Cloud-Accessed Quantum Processors (H2 molecule)

Processors IBM Auckland IBM Lima IonQ

No. of shots/circuit 100k 20k 1k

Set Average Post-Selected (PS) Fraction

A 0.88(8) 0.8(1) 0.9(1)

B 0.37(2) 0.41(2) 0.59(7)

Set Average State Fidelities

A 0.87 0.80 0.86

A (after PS) 0.98 0.97 0.97

B 0.18 0.24 0.46

B (after PS) 0.48 0.59 0.77

Table 3.5: Average post-selected fraction and state fidelities of the quantum circuit sets A and
B of NISQ-OMP2 implemented on various cloud-accessed quantum processors with 100k shots
per circuit for the H2 molecule.

effect is shown by the OMP2 energy EOMP2 plots of the various molecules as a function of the

bond distance in Figs. 3.10 and 3.12 on the respective platforms. The corresponding first E(1)

and second order E(2) energies are shown in Figs. 3.11 and 3.13 on the respective platforms.

Figure 3.10 compares the OMP2 energy EOMP2 obtained between the noiseless

statevector simulator and FakeAuckland, with and without post-selection. In the absence of

noise (green triangles in Fig. 3.10), there is good agreement with the exact OMP2 energy

obtained numerically using Psi4, with small deviations arising due to shot noise from finite

sampling (100k shots per distinct circuit). For all molecules, it is observed that OMP2 energy is

consistently well-below the HF energy, which shows that NISQ-OMP2 recovers the correlation

energy around the equilibrium and intermediate bond distances as expected.

The raw OMP2 energies obtained under FakeAuckland are plotted as blue ‘o’ markers
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Figure 3.10: Orbital-optimized MP2 energy EOMP2 for H2, linear H+
3 , LiH and linear H4 at

various bond distances obtained using noiseless statevector simulator (green tri-ups markers)
and FakeAuckland, with (red ‘x’ markers) and without (blue ‘o’ markers) post-selection. The
exact energies for HF, OMP2 and FCI calculated classically using Psi4 are plotted as dashed,
dotted and solid black lines, respectively. The error bars are calculated from estimating the
covariance matrix of the commuting Pauli-Z strings of the quantum measurements of the
perturbation term V̂ based on 100,000 shots per circuit.

in Fig. 3.10. Generally, the raw results have significant deviations from the corresponding

exact OMP2 energies at longer bond distances, due to the second order energy E(2) becoming

increasingly less accurate at longer bond distances, as shown in Fig. 3.11. As expected, it is

found that these deviations are caused by low quantum state fidelity of the deeper set B circuits,

shown in Tab. 3.4.

The corresponding post-selected OMP2 energies, shown in red ‘x’ markers in Fig. 3.10,
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were found to have fewer random errors than the raw OMP2 plots. This improvement is likely

due to the mitigation of the measurement readout errors as evidenced by the improved state

fidelity, though it remains significantly less than 90%, which is very low as shown in Tab. 3.4.

Interestingly, it is observed for H+
3 , LiH and H4 molecules that the post-selection energies are

less accurate than that of raw ones. Analyzing the energy order terms shows that the systematic

error of the first order energy increases while that of the second order energy decreases as given

in Fig. 3.11 which might be caused by noise model used in FakeAuckland. Since the systematic

error of the first order energy is larger in magnitude than of the second order, it therefore

leads to worse post-selected OMP2 energies, indicating the presence of error cancellation during

calculation.
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Figure 3.11: (a) First Order E(1)(θ∗) and (b) Second Order E(2)(θ∗) Energies in Eq. (3.38),
where θ∗ are the optimized parameters, for H2, linear H+

3 , LiH and linear H4 for various bond
distances, implemented on FakeAuckland with 100,000 shots per circuit.
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Figure 3.12: Orbital-optimized MP2 energy EOMP2 for H2 at various bond distances evaluated
using different cloud quantum processors with (red ‘x’ markers) and without (blue ‘o’ markers)
post-selection: 27-qubit IBM Auckland (100,000 shots per circuit), 5-qubit IBM Lima (20,000
shots per circuit), and 11-qubit IonQ (1,000 shots per circuit). For comparison, the results of
a noiseless statevector simulator are plotted in green triangles, and the exact energies for HF,
OMP2 and FCI calculated classically using Psi4 are shown as dashed, dotted and solid black
lines, respectively.

Next, the OMP2 energy EOMP2 for the H2 molecule is evaluated on the cloud-accessed

quantum devices: IBM Auckland, IBM Lima, and IonQ. The raw energies are shown as blue

‘o’ markers in Fig. 3.12. For all tested cloud quantum processors, the raw OMP2 energy plots

show a clear qualitative description of electronic energy around equilibrium H2 bond distance

of 1.4 Bohr, with random errors decreasing with the number of shots used.

As expected, the corresponding post-selected OMP2 energy, as given in red ‘x’ markers
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in Fig. 3.12, was observed to have fewer random errors than the raw results. Generally, post-

selection also led to more accurate energies around the equilibrium bond distance, but deviations

occur for longer bond distances. As mentioned above, these deviations are mainly due to the

lower quantum state fidelity of the deeper set B circuits as shown in Tab. 3.5. This generally

causes the post-selected first order energy E(1) to be relatively more accurate than that of post-

selected second order energy E(2), as shown in the Fig. 3.13. As a result, post-selected OMP2

energy data exhibit a closer match to classically obtained values around the equilibrium bond

distance where, the first order energy E(1) is most significant, while it deviates at longer bond

distance where post-selected second order energy E(2) is becomes more important.
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Figure 3.13: (a) First Order E(1)(θ∗) and (b) Second Order E(2)(θ∗) Energies in Eq. (3.38),
where θ∗ are the optimized parameters, for H2 for various bond distances, implemented on a
various cloud quantum processors: 27-qubit IBM Auckland (100,000 shots per circuit), 5-qubit
IBM Lima (20,000 shots per circuit), and 11-qubit IonQ (1,000 shots per circuit).
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3.4 Discussion and Conclusion

Applications of NISQ-OMP2 algorithm beyond estimating electronic energies could involve

solving other quantum chemistry problems where many-body perturbation theory has been

fruitfully applied. These include the estimation of atomization energies, electron affinities,

and ionization potentials of covalent systems, and other quantities that are difficult to obtain

by experiment, such as the interaction energy between noble gas atoms. The NISQ-OMP2

algorithm could also serve as a quick benchmarking tool, where the fidelity of superposed HF

states or the second-order correlation energy can be used as metrics to identify early-FTQC

quantum computers most suitable for quantum computational chemistry algorithms that require

Post-HF ansatzes.

To realize these potential applications, further improvements NISQ-OMP2 algorithm

can be introduced to improve its practicality and accuracy. For example, instead of relying

on the quantum cloud providers’ circuit transpilers, which may be not depth-optimal, direct

transpilation of the quantum circuit may be used to leverage NISQ hardware’s native quantum

gates to reduce the overall quantum circuit depth and improve the quantum fidelity of fermionic

excitation rotation. NISQ-OMP2 can be sped up by executing multiple quantum circuits from

set A and B in parallel on the same quantum device to reduce the total number of quantum

circuit repetitions, in exchange for requiring more qubits. It will also be interesting to explore

whether other fermion-to-qubit mappings such as Bravyi-Kitaev [6, 208] can be used to further

reduce the number of qubits and circuit depth.

The post-selected results obtained using the cloud-accessed NISQ devices was observed

to be worse than the raw results, despite the improved state fidelity. This due to the net increase
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in the systematic error of the OMP2 energy, a symptom of error cancellation. This reveals the

limitation of post-selection where mitigating a single error type, namely electron number, may

ironically further worsen the final result. Therefore, it highlights the importance of identifying

and suppressing potential sources of error so as to minimize all systematic errors evenly, thereby

suppressing the effects of error cancellation. One major source of error is the quantum gate

error which remains a difficult issue in the NISQ era as current quantum error correction (QEC)

techniques have yet to become practical [245].

Therefore, an important direction for future work is to implement efficient error-

mitigation techniques such as zero-noise extrapolation [87, 88, 161] that could help to

improve the state fidelity and provide a more accurate energy estimate without incurring

expensive numerical overheads. In addition, it would be useful to improve the quality

of orbital optimization on real NISQ devices using noise-resilient classical optimization

techniques such as simultaneous perturbation stochastic approximation [246] and particle

swarm optimization [247]. Tangent to this direction, it would be beneficial to develop methods

to determine precise parameter bounds for local optimization of OMP2 energy to improve the

robustness of the noisy optimization.

NISQ-OMP2 algorithm provides a perturbative estimate of the ground state electronic

energies that include explicit second-order correlation effects using NISQ-friendly linear-depth

quantum circuits with minimal heuristics. It involves several innovations from multiple sources

incorporated into NISQ-OMP2 to ensure that the required quantum states and correlated

electronic energy could be practically prepared and measured in NISQ devices. Although

such an approach is not completely superior to other VQE approaches such as UCC in the

recovery of electron correlation, NISQ-OMP2 avoids exponentially lower state fidelities that
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result from deep entangling circuits that requires at least O(N3∼5) circuit depth. As the

fidelities of quantum processors improve, it is expected that NISQ-OMP2 will enable the study

of moderately larger molecular systems without requiring full quantum error correction.
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Chapter 4

Shallow Circuits for Efficient

Correlated State Preparation

This chapter adapts the material published in:

• C. H. Chee, D. Leykam, A. M. Mak, and D. G. Angelakis, “Shallow quantum circuits

for efficient preparation of Slater determinants and correlated states on a quantum

computer”, Phys. Rev. A 108, 022416 (2023).

4.1 Introduction

Fermionic ansatz state preparation is a critical subroutine in many quantum algorithms

for quantum chemistry and condensed matter applications [142]. For example, the success

probability of quantum phase estimation in determining eigenenergies of electronic systems

relies on the overlap between the fermionic ansatz and the corresponding exact eigenstates [134,
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137, 138]. Consequently, the efficient preparation of high-quality ansatz states is essential

for many-body applications such as ground state energy estimation and quantum dynamics

simulation [15, 16, 28].

Most current methods for preparing fermionic ansatzes use second quantization with

Jordan-Wigner (JW) fermion-to-qubit mapping [5]. This approach efficiently represents the

quantum many-body fermionic wavefunction as a qubit wavefunction, with a number of qubits

that scales scaling linearly with the system size [15, 16]. Common fermionic ansatzes generally

fall into two main categories. The first category includes hardware-efficient ansatzes that

utilize parameterized hardware-native gates to minimize the depth of the quantum circuit [149].

However, these ansatzes present significant optimization challenges [170] and often fail to ensure

an accurate representation of the target quantum state after optimization [169]. The second

category consists of problem-inspired ansatzes, which hold greater potential as they explicitly

incorporate the physics of the system. Despite their promise, these ansatzes require deeper

circuits that scale polynomially in system size, thereby increasing errors on Noisy Intermediate-

Scale Quantum (NISQ) devices due to quantum noise and decoherence [157, 171–173, 175–178].

As a result, state-of-the-art NISQ demonstrations for quantum chemistry are limited to fewer

than one hundred qubits [184, 185], rendering the studies of chemically-relevant molecular

systems requiring more than 102–103 qubits unattainable [143, 186].

The simplest general-purpose problem-inspired ansatz states currently available are

the mean-field Hartree-Fock (HF) states [157, 171, 172], which are single Slater determinant

wavefunctions, as described in Section 3.2.1. These states can be prepared by applying a

fermionic basis transformation, specifically a unitary orbital rotation, to a reference HF state.

The corresponding quantum circuit involves layers of two-qubit fermionic single-excitation

74



Chapter 4. Shallow Circuits for Efficient Correlated State Preparation

Two-Qubit Gate Depth:

Reference Slater
Determinant

Two-Qubit Gate Depth:

/
Fermionic
Vacuum

(a) Previous Approach: Fermionic Basis Transformation

(b) This Approach: Clifford Loaders 

Fermionic Single-
Excitation Rotation

Figure 4.1: Different approaches for preparing d = 4 occupied Slater determinant of N =
8 modes on a quantum computer, assuming real orbitals and Jordan-Wigner mapping. (a)
A fermionic basis transformation (blue region), equivalent to Fig 3.1, that consists layers of
fermionic of single-excitation rotation (purple gates) applied on a reference Slater determinant.
Using an alternative QR decomposition, gates with dotted outlines can be made redundant and
removed to reduce gate counts and depth [157, 171, 172]. (b) The proposed method of applying
a sequence of Clifford loaders Ĉ gates d times to a fermionic vacuum state |vac〉.

rotation gates, resulting in an overall shallow two-qubit gate depth that scales linearly with the

number of qubits N , as illustrated in Fig. 4.1(a). Although HF states are efficiently simulatable

on classical computers, they provide a crucial foundation for quantum computers to construct

more complex classically-intractable correlated quantum ansatzes. An example is the Unitary

Coupled Cluster (UCC) ansatz, which incorporates electronic correlations by applying number-

conserving multi-fermion excitation operators to a reference HF state [173–178] as elucidated

in Section 3.2.2.

Fermionic excitation operators are examples of Givens rotations, which perform rotations
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within a two-dimensional fermionic subspace of a larger Hilbert space. Along with their

qubit controlled gate variants, these Given rotations form a universal quantum gate set

capable of realizing any particle-conserving unitaries [248, 249]. Thus, Givens rotations

have proven invaluable for preparing various fermionic states in quantum chemistry and

condensed matter applications [157, 171–173, 175, 235, 250, 251]. Recently, these gates have

garnered interest in the field of quantum linear algebra, where they have been employed to

construct shallow-depth “Clifford loaders” gates. These gates, which are linear combinations

of anti-commuting operators, can efficiently encode d-dimensional subspaces of RN into an

N -qubit state [252–255]. This capability enables potential end-to-end quantum speedups for

several quantum machine learning and linear algebra tasks including determinant sampling

and topological data analysis [252]. Therefore, it is pertinent to investigate the utility of

implementing Clifford loaders via the Givens rotation for preparing of fermionic ansatz states.

This chapter develops an alternate paradigm for fermionic state preparation, offering

shallower, yet scalable approach to prepare d-fermion Slater determinants and correlated

fermionic states than existing problem-inspired approaches. Specifically, this chapter introduces

a novel state preparation technique involving Clifford loaders Ĉ, constructed from Givens

rotations, as shown in Fig. 4.1(b). The quantum circuit implemented by this technique has

an overall O(d log2
2N) two-qubit gate depth under the JW mapping.

Additionally, this technique is extended to prepare L-wise correlated fermionic ansatz,

which correlates between L-tuples of fermionic modes. This yields a quantum circuit that is

shallower by a factor of L compared to the Slater determinant. This approach is then used to

generate (L=2)-wise correlated ansatz to demonstrate its ability to capture a significant fraction

of ground state correlation energy in Hydrogen chains up to N = 20 qubits, where pairwise
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electronic correlation (L = 2) is likely to be significant. The results establish Clifford loaders

as an efficient and scalable method for preparing of fermionic ansatz, offering a subexponential

reduction in N over existing problem-inspired approaches such as UCC. This approach may

enable high-accuracy quantum chemistry studies of sufficiently slow-growing d� O
(
N/ log2

2N
)

fermionic systems with larger basis sets on near-term quantum devices.

4.2 Preparing Fermionic Wavefunctions Efficiently

4.2.1 Slater determinants

An arbitrary Slater determinant |Ψ1〉 with d occupied and N − d unoccupied fermionic modes

is defined as [171, 256–258]

|Ψ1(A)〉 :=
d∏
l=1

N∑
µ=1

Aµlâ
†
µ |vac〉 , (4.1)

where A is a N × d real matrix such that all d columns are orthogonal and normalized,

|vac〉 is a vacuum state, and â†µ is a fermionic creation operator acting on the µth mode.

While the definition in Eq. (4.1) is pedagogically convenient, it requires non-unitary operators

ΣN
µ=1Aµlâ

†
µ which cannot be directly implemented on a quantum circuit. Thus, a straightforward

method to prepare arbitrary Slater determinants is to perform a fermionic basis transformation

exp
[∑N

µ,ν=1 κµν â
†
µâν

]
on a reference Slater determinant state∏d

r=1 a
†
r |vac〉, as shown in Fig. 4.1.

This method results in a linear two-qubit quantum gate depth scaling in number of qubits

N [157, 172], that is

|Ψ1(A)〉 = exp

 N∑
µ,ν=1

κµν â
†
µâν

 d∏
r=1

a†r |vac〉 , (4.2)

where the real-valued skew-Hermitian parameter matrix κ is such that the first d columns of

the unitary matrix exp(κ) is equal to A.
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4.2.2 Idea: Linear Combinations of Anti-Commuting Operators

Alternatively, the Slater determinant |Ψ1(A)〉 can be prepared using Clifford Loaders Ĉ( ~Al),

which are defined as a linear combination of the anti-commuting operators p̂µ with linear

coefficients Aµl,

Ĉ( ~Al) =
N∑
µ=1

Aµlp̂µ, (4.3)

where

p̂µ = â†µ + âµ s.t. {p̂µ, p̂ν} = 2δµνI, (4.4)

where readers may refer to Appendix A.2 on the proof of anti-commuting relations in Eq. (4.4).

Applying the Clifford loaders Ĉ( ~Al) on a vacuum state |vac〉, for l = 1, . . . , d in

succession, generates the desired Slater determinant, as shown in Fig. 4.1(b),

|Ψ1(A)〉 :=
d∏
l=1

Ĉ( ~Al)|vac〉 (4.5)

=
d∏
l=1

N∑
µ=1

Aµlp̂µ |vac〉 . (4.6)

Interested readers may refer to Appendix A.1 on the proofs of equivalence between two

definitions of Slater determinants in Eq. (4.1) and the proposed one in Eq. (4.6).

This section consider the Givens rotation gate depth decomposition of the Clifford loader

Ĉ( ~Al) in Eq. (4.3) described by Kerenidis and Prakash [252], as shown in Fig. 4.2,

Ĉ( ~Al) = D̂( ~Al)p̂1D̂
†( ~Al), (4.7)

where it consists of an operator p̂1 = â†1 + â1 acting on the first mode sandwiched by D̂ and D̂†,
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=

=

Binary Tree Givens Rotation
Gate Arrangement

Two-Qubit Gate Depth:

Figure 4.2: N = 8 qubit example of a Clifford loader Ĉ consisting of two sets of multiple Givens
rotations D̂, D̂† in a binary tree arrangement, each with dlog2 8e = 3 sublayers, that sandwich
the operator p̂1. Under the JW mapping, the Givens rotation Ûµν is decomposed using Pauli
rotation gates Rx, Rz acting on qubit µ, Hadamards H acting on qubit ν, and CNOT ladders
Bµν acting on all qubits between µ and ν as shown in Fig. 4.4. p̂1 is a Pauli-X operator.

known as unary data loaders [252, 255, 259],

D̂†( ~Al) =
dlog2Ne∏
s=1

 ∏
µ,ν∈Ts

Ûµν(θ(sl)
µν )

 . (4.8)

Each unary data loader D̂†( ~Al) consist products of multiple Givens rotations

Ûµν(θ) = exp[θp̂µp̂ν ], (4.9)

such that

Ûµν(θ)p̂rÛ †µν(θ) =



cos(2θ)p̂r + sin(2θ)p̂ν r = µ,

cos(2θ)p̂r − sin(2θ)p̂µ r = ν,

p̂r r 6= µ, ν,

(4.10)
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Figure 4.3: Example of N = 8 qubit binary tree givens rotation gate angle decomposition.

which are arranged in a binary tree arrangement according to the set of (µ, ν) indicies

Ts = {(µ, ν)|µ = 2s(k−1)+1, ν = 2s−1(2k−1)+1, k ∈ Z+\0}, (4.11)

for each sublayer s ∈ {1, . . . , dlog2Ne}.

By treating ~Al =
(
A

(0)
1l , . . ., A

(0)
Nl

)
in Eq. (4.8) as a vector in the anti-commuting operator

basis of {p̂1, . . . , p̂N}, one numerically performs parallel Givens rotations on ~Al which correspond

to the sequence in D̂†, shown in Fig. 4.3. This successively zeros out the vector elements till

the first element of ~Al becomes unity A
(dlog2 Ne)
1l = 1 corresponding to p̂1. The corresponding

Given rotation angles θ(sl)
µν in Eq. (4.8) are calculated as

θ(sl)
µν = 1

2 arctan A
(s)
νl

A
(s)
µl

. (4.12)

Under the Jordan-Wigner mapping, the anti-commuting operator p̂µ maps to a Pauli
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string contain Pauli-Z and X operators,

p̂µ =
µ−1⊗
r=1

ẐrX̂µ, (4.13)

and thus, the Givens rotation in Eq. (4.9) becomes

Ûµν(θ) = exp[−iθŶµX̂ν⊗ν−1
r=µ+1Ẑr], (4.14)

which is a Pauli string rotation gate that can be easily implemented on a quantum circuit [235,

241] as shown in Fig. 4.2(b). This Givens rotation Ûµν differs from the one used by Kerenidis

and Prakash, known as a Fermionic Beam Splitter (FBS) [252]. FBS serves a similar purpose

as the Givens rotation Ûµν , that is to implement the unary data loader D̂†( ~Al), and has equal

two-qubit gate depth complexity, but it differs in terms of its gate decomposition. In the gate

decomposition of the Givens rotation Ûµν , the CNOT ladder Bµν that consists of a cascade of

CNOT gates serves the purpose of encoding the parity of non-excited qubits into the rotation

gate [235, 241]. However, this CNOT ladder can be replaced by a non-equivalent binary tree

CNOT gate arrangement [252] as shown in Fig. 4.4, without any effect on the Givens rotation

Ûµν , thereby reducing the CNOT depth from linear to logarithmic in N . Thus, by implementing

d such Clifford loaders with these Givens rotation gates, the Slater determinants can be prepared

with a shallow O(d log2
2N) two-qubit gate depth quantum circuit.

In the case of d > N
2 , Clifford loader will instead be applied N − d times, followed

by occupation-vacant mode swap to all Fock basis at the end. This process is equivalent to a

Pauli-X bitflip to all qubits under the JW mapping. The Slater determinant in Eq. (4.5) can
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Binary Tree
CNOT Gate
Arrangement

Figure 4.4: Linear-depth cascading CNOT ladder B in the decomposition of Givens rotations
gate Û is replaced by a non-equivalent logarithmic-depth circuit that has no effect on Û .

be further simplified to [252, 260]

|Ψ1(A)〉 =
∑
|B|=d

det(AB)|B〉, (4.15)

where the sum is over all possible combinations of the ordered set B containing d-unique integers

from 1 to N of a fixed set size |B| = d, AB is a d× d matrix minor of A whose row indexes are

restricted by B, and |B〉 denotes an N -mode Fock basis with occupied modes indexed by B, as

shown in Appendix A.3.

4.2.3 Extension to Correlated States

This section proposes to extends the technique in the previous section to incorporate L-wise

correlations into the fermionic ansatz state preparation, where L = 1 reduces to the Slater

determinant case. The idea is to use a different set of anti-commuting operators containing non-

particle preserving multi-body Fock operators and reapply the same technique undertaken in

Slater determinant case. For simplicity, consider Pauli string operators instead of the fermionic

operators under the Jordan-Wigner mapping. The anti-commuting operator p̂µ in Eq. (4.13)
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previously used for preparing the Slater determinant is generalized as follows to generate L-wise

correlations,

p̂(L)
µ =

µ−1⊗
r=1

ẐrL

µL⊗
r′=L(µ−1)+1

X̂r′ , (4.16)

where here Pauli-Z subscript rL = r · l refers to the qubit order. The modified operator p̂(L)
µ

has L Pauli-X terms and µ Pauli-Z terms with modulo L indexes such that p̂(L)
µ remains anti-

commuting, as shown in Appendix A.2,

{p̂(L)
µ , p̂(L)

ν } = 2δµνI. (4.17)

For example, the L = 2 pairwise correlated anti-commuting operators are given as

p̂(2)
µ = Ẑ2Ẑ4Ẑ6 . . . Ẑ2µ−2X̂2µ−1X̂2µ. (4.18)

Thus, an N mode d-occupied L-wise correlated state |ΨL〉 can be prepared by applying multiple

L-wise Clifford loaders ĈL(~Gl), for l = 1, . . . , dL , that is

|ΨL(G)〉 =
d
L∏
l=1

ĈL(~Gl) |vac〉 , (4.19)

where G is a N
L ×

d
L orthonormal matrix, ~Gl is a column vector of G, which simplifies to

|ΨL(G)〉 '
∑
|B′|= d

L

det(GB′) |B′L〉 , (4.20)

up to an unobserved global phase, where the sum is over all combinations of the ordered set B′

containing d
L unique integers between 1 and N

L , GB′ is a d
L ×

d
L matrix minor of G whose rows

are restricted to B′, B′L = {L(j − 1) + 1, L(j − 1) + 2, . . ., Lj | j ∈ B′}, and |B′L〉 denotes an
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N -mode Fock state with occupied modes indexed by B′L, as shown in Appendix A.3.

The L-wise correlated ansatz state |ΨL〉 in Eq. (4.20) is similar to the Slater

determinant |Ψ1〉 from Eq. (4.15) in how the amplitudes are calculated, but differs in

the Fock states that have non-zero amplitudes. In the Slater determinant case, all Fock

states with d particle number will have non-zero amplitudes, while in the L = 2 pairwise

case, all Fock states that have both d particle number and (L=2)-tuple of neighboring

occupations and neighboring vacants will have non-zero amplitudes. For instance, in the

case N = 4 and d = 2, Fock states {|0011〉 , |1100〉} will have non-zero amplitudes, and

{|0101〉 , |0110〉 , |1010〉 , |1001〉} will have zero amplitudes. For the case N = 8 and d = 4,

Fock states {|00001111〉 , |00110011〉 , |11000011〉 , |00111100〉 , |11001100〉 , |11110000〉} will have

non-zero amplitudes, and all remaining Fock states will have zero amplitudes.

For a given normalized column ~Gl, a corresponding L-wise correlated Clifford loader is

defined as

ĈL(~Gl) = D̂†L(~Gl)p̂(L)
1 D̂L(~Gl), (4.21)

where the corresponding anti-commuting operator

p̂
(L)
1 =

L⊗
r=1

X̂r, (4.22)

consists of L Pauli X gates that acts on the first L qubits sandwiched two sets of multiple Givens

rotations D̂L, D̂†L. Each D̂L is composed of Givens rotations gates

Û (L)
µν (θ) = exp

[
θp̂(L)
µ p̂(L)

ν

]
, (4.23)
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Binary Tree Givens Rotation
Gate Arrangement

Figure 4.5: N = 8L qubit example of L-wise Clifford Loader ĈL. It consist of L Pauli
X acting on the first L qubits sandwiched by two sets of multiple Givens rotations D̂†

D̂†L, where the Givens rotations Û
(L)
µ,ν are arranged in a binary tree arrangement. Each

Û
(L)
µ,ν is decomposed using Pauli rotation gates Rx that acts on qubit Lµ, Rz that act on

qubit L(µ−1)+1, Hadamards H and CNOT ladders B
(L)
µν that act on all 2L−1 qubits in

{L(µ−1)+1, . . ., Lµ−1} and {L(ν−1)+1, . . ., Lν}, with B
(L)
µν also acting on ν − µ additional

qubits in {Lµ,L(µ+1), L(µ+2), . . ., L(ν−1)}. θ is a rotation angle.

arranged in a similar binary tree pattern as shown in Fig. 4.5. Since the Givens rotation

gate Û (L)
µν (θ) is a Pauli-string rotation gate, its gate decomposition [241] and the corresponding

rotation angle can be obtained in a similar fashion as in the Slater determinant case. The

explicit form of the Givens Rotation in terms of Pauli operators is detailed in Appendix A.4.

4.2.4 Resource Analysis

For simplicity, all types of two-qubit gates depths are treated as equal and no circuit compilation

is assumed. To prepare the L-wise correlated ansatz state |ΨL〉 on a quantum computer under

Jordan-Wigner mapping, d
L Clifford loaders ĈL are applied on an all-zero qubit state |0〉. Each

Clifford loader ĈL has two sets of multiple Givens rotation D̂L and D̂†L. Each D̂L has
⌈
log2

N
L

⌉
Givens rotation gate depth. Each Givens rotation gate Û (L)

µν contains two CNOT ladders B(L)
µν

that act on all 2L+ν−µ−1 qubits in {L(µ−1)+1, . . . , Lµ}, {L(µ+1), L(µ+2), . . ., L(ν−1)}
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and {L(ν − 1) + 1, . . . , Lν}. Here, each CNOT ladder B(L)
µν uses the logarithmic-depth CNOT

ladders, as shown in Fig. 4.4, which has a two-qubit gate depth of

dlog2(2L+ ν − µ− 1)e ≈ O(log2N). (4.24)

Focusing on all Givens rotations Û
(L)
1,2s that act on the first qubit in every sublayer s ∈{

1, 2, . . . ,
⌈
log2

N
L

⌉}
, as shown in Fig. 4.5, the overall two-qubit gate depth of the quantum

circuit required to prepare L-wise correlated ansatz state |ΨL〉 is estimated to be,

2d
L

dlog2
N
L e∑

s=1
2 dlog2(2L+ 2s − 1− 1)e

≤ 4d
L

dlog2
N
L e∑

s=1
log2(2s+log2(L)) (4.25)

= 4d
L

dlog2
N
L e∑

s=1
(s+ log2(L)) (4.26)

= 2d
L

(⌈
log2

2
N

L

⌉
+ (1 + 2 log2 L)

⌈
log2

N

L

⌉)
(4.27)

≈ O
(
d

L
log2

2
N

L

)
. (4.28)

This shows that the proposed Clifford loader approach to prepare a L-wise correlated ansatz

state |ΨL〉 is shallower than a Slater determinant |Ψ1〉 by at least a factor of L, ceteris paribus.

The estimated two-qubit gate depth per occupied mode for Slater determinants |Ψ1〉

and pairwise correlated ansatz states |Ψ2〉 on a quantum computer is plotted in Fig. 4.6, and

compared against the previous linear depth approach of preparing d = 2, 16 and 128-occupied

Slater determinants, which has a d-independent two-qubit gate depth of about 2N [157, 171,

172].
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Figure 4.6: Estimated two-qubit gate depth per occupied mode d to prepare an N mode
Slater determinant |Ψ1〉 and an L=2 pairwise correlated ansatz state |Ψ2〉 using Clifford loaders
compared to existing d-independent linear-depth approaches.

Indeed, the crossover point d ≈ N
log2

2N
shows that the minimum number of qubits N

required to achieve a shallower circuit increases sub-exponentially with the number of occupied

modes d. However, this crossover point can be practically surpassed by near-term quantum

devices such as superconducting qubits [261] and trapped-ions [37] with less than 105 qubits for

systems with 2 ≤ d ≤ 128 occupied fermionic modes, which is a sizable range that encompass

many systems of interest in quantum chemistry and condensed matter physics. In general, the

Clifford loader approach is suitable for problems classes that have a sufficiently slow growing

d � O
(

N
log2

2 N

)
. One such problem is computation of quantum observable quantities for

fermionic systems for the complete basis set limit, where d is preserved, but said quantities

are computed for increasing values of N and extrapolated using various schemes to very large

limits of N [262–264].
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4.2.5 Example and Results

To validate the L = 2 pairwise correlated ansatz state, the ansatz is variationally optimized to

generate the best approximation to the exact ground state of three linear hydrogen molecular

chains (H2, H4 and H6) with (d = 2, 4, 6) electrons at a fixed interatomic distance of 1.4

bohr, where pairwise electronic correlation is likely to be significant. After ansatz optimization,

the fraction of the electronic correlation energy Epair/Ecorr captured by the optimized pairwise

correlated ansatz state |Ψ2(G∗)〉 is then numerically evaluated. Epair = EHF − 〈Ĥe〉 is the

correlation energy beyond the mean-field energy EHF of a molecule captured by |Ψ2(G∗)〉, while

Ecorr = EHF−EFCI is the exact value of the correlation energy, where EFCI is known as the full

configuration interaction (FCI) energy. G∗ is an optimized parameter matrix, obtained using

a classical quasi-Newton L-BFGS-B optimizer that minimizes the expectation of the electronic

Hamiltonian 〈Ĥe〉.

Different mixtures of atomic basis sets [186] are considered in this demonstration, (STO-

3G, 6-31G, 6-311G, cc-pVDZ, aug-cc-pVDZ) for each hydrogen atom, resulting in system sizes

ranging from 4 to 20 qubits. Such mixing of basis sets for each atom is a common strategy

in computational quantum chemistry to reduce the resources required to achieve a desired

precision [265]. All calculations were performed numerically using SciPy [242], PYSCF [266]

and Pennylane [267]. Fig. 4.7 shows that a large fraction of the electronic correlation energy

Epair/Ecorr is captured by the optimized pairwise correlated ansatz state |Ψ2(G∗)〉.

4.3 Summary and Outlook

We have proposed Givens rotation-based Clifford loaders for efficient preparation of d-occupied

Slater determinants |Ψ1〉 of N modes using shallower O(d log2
2N) two-qubit gate depth quantum
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Figure 4.7: Numerically calculated fraction of the electronic correlation energy ratio Epair/Ecorr
captured by an optimized pairwise correlated ansatz state for hydrogen chains up to H6 at fixed
interatomic distance of 1.4 bohr for various basis set mixtures up to 20 qubits. The plot shows
that significant amount of correlation is captured by the pairwise correlated state despite having
a circuit depth that is half of a Slater determinant.

circuits. We have also showed that by redefining new sets of the anti-commutation operators p̂µ

for the Clifford loaders, the same technique can be extended prepare L-wise correlated ansatz

states |ΨL〉. This yields shallower quantum circuits than that of Slater determinants by at least

a factor of L.

As demonstrated in the application of L = 2 pairwise correlated ansatz states to

hydrogen chains, L-wise correlated states are potentially useful in fermionic systems with

significant L-wise fermionic correlation, even though it is not expected to fully capture all

the correlation energy. It will be interesting to generalize the Clifford loaders to other types

of fermionic correlation while keeping the same shallow gate depth scaling intact. The other

interesting future research direction would be consider extending the Clifford loaders method

to imbue all types fermionic correlations so as to generate the Full Configuration Interaction

(FCI) wavefunction, as introduced in Section 3.2.2. While the expected circuit depth would

be exponential in the system size, new approaches of systematically capturing various types of
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correlations would be of great value in correlated fermionic state preparation.

The Clifford loader approach to fermionic ansatz state preparation offers an

subexponential improvement in gate depth over the existing methods. This includes the

fermionic basis transformation in preparing Slater determinants and the UCC ansatz approach

in preparing L-wise correlated ansatz states for problem cases with d � O
(

N
log2

2 N

)
number of

occupied modes. Nonetheless, the results have established Clifford loaders via Givens rotations

as an efficient, yet practical and scalable fermionic ansatz state preparation technique, which

will enable the study of molecules and materials requiring larger basis set sizes on near-term

quantum devices.
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Chapter 5

Resource-Efficient

Quantum-Assisted Simulation for

Quantum Dynamics

This chapter adapts the material published in:

• C. H. Chee, D. Leykam, A. M. Mak, K. Bharti, and D. G. Angelakis, Resource-Efficient

Hybrid Quantum-Classical Simulation Algorithm, 2024, arXiv:2405.10528.

5.1 Introduction

Consider a quantum chemical system characterized by a time-independent Hamiltonian Ĥ,

initially in an unknown state |ψ0〉, with an observable Ô representing the physical quantity of

interest. The goal is to compute the dynamical expectation value of the observable 〈Ô〉 at fixed
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 time steps

Standard Approach

State evolution Dynamics

Legend:

: Time propagation algorithm, e.g.
Trotterization. 

Figure 5.1: Standard method that uses quantum time-propagation algorithms to simulate the
quantum dynamics of a system of Hamiltonian Ĥ, initialized in |ψ0〉, up to a time T , measured
by an observable Ô at fixed time intervals ∆t. It requires preparation of multiple copies of
time-evolved states and measuring each with the observable for every intermediate time step.
This can result in a significant computation bottleneck at larger number of time steps.

time intervals ∆t over a total simulation time T . A standard approach of using a quantum

computer for this task involves preparing multiple copies of the initial state and evolve these

copies |ψ0〉 using quantum time-propagators for various amounts of time, and subsequently

measuring them with the observable Ô as depicted in Fig. 5.1.

Whilst the time propagation of the quantum states is a crucial aspect to quantum

dynamics, the equally important task of extracting desired properties of these quantum states

at intermediate times is often overlooked. It is important to highlight that the standard

approach shown in Fig. 5.1 faces a significant computational bottleneck. This arises due the
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phenomenon of wavefunction collapse upon measurement [191] and constraints imposed by the

no-fast-forwarding theorem, which prevents evolved states from being prepared faster than

their actual simulation time [9, 192]. Consequently, simulating dynamics with long durations

or rapid oscillations becomes computationally demanding, as it typically requires more frequent

intermediate time-step measurements. Therefore, there is a pressing need for resource-efficient

quantum simulators for quantum dynamics.

To address the computational bottleneck associated with the increasing number of

measurements, it is worth exploring algorithms from the Noisy Intermediate-Scale Quantum

(NISQ) era, which are specifically designed to make prudent use of quantum resources so as to

minimize quantum noise effects [66, 168]. Presently, most NISQ algorithms utilize a hybrid

quantum-classical framework to simulate quantum dynamics. This approach strategically

distributes computational tasks between quantum and classical devices, with the latter handling

the bulk of the computational burden. The proposed quantum algorithm in the chapter adheres

to this model. However, before detailing the specifics of the proposed algorithm, it is informative

to examine existing approaches for quantum time-propagation. Section 5.2.1 describes standard

approaches termed as Hamiltonian Simulation. Section 5.2.2 describes Variational Quantum

Simulator which is a hybrid quantum-classical approach that is compatible on NISQ devices.

Finally, Section 5.2.3 describes Quantum-Assisted Simulator which is an alternative hybrid

approach that inspired the main work of this chapter.
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5.2 Existing Approaches for Quantum Time-Propagation

5.2.1 Hamiltonian Simulation

Hamiltonian simulation is aims to propagate an input wavefunction with a quantum circuit Û

that approximates the quantum time propagator e−iĤt with an error ε, such that ‖Û−e−iĤt‖ ≤

ε [8]. It offers a provable exponential speedup over its classical counterparts, provided that the

Hamiltonian involves only local interactions [8]. In this context, the Hamiltonian Ĥ is expressed

as a sum of L local Hamiltonians Ĥj where each Ĥj act on a few qubits,

Ĥ =
L∑
j

Ĥj . (5.1)

The simplest approach to Hamiltonian simulation is through the first-order Trotter-

Suzuki product decomposition [8, 9, 120–122, 124], where the time propagator can be

approximated as a product sequence [123, 268],

Û ≈

 L∏
j

e−it
′Ĥj

 t
t′

+O

 L∑
j>k

‖[Ĥj , Ĥk]‖tt′
 , (5.2)

where t′ � t and t
t′ is the trotter number. As a result, the overall quantum circuit gate depth

scales O
(
L3T 2ε−1) where T is the maximum effective local evolution time. For a Hamiltonian

with an arbitrary structure, that is L ∼ O(exp(N)) where N is the total number of qubits, an

exponential quantum circuit depth would be required to simulate the quantum time propagator

e−iĤt [8]. However, most Hamiltonians of interest, including the electronic Hamiltonian, contain

finite and well-defined structures such that L ∼ O(Poly(N)). Thus, the overall quantum runtime

becomes polynomial in the quantum system size N , total simulation T and error ε−1, offering
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an exponential speedup in quantum time evolution tasks over its classical counterparts [12, 126,

129, 269]. As a result, exact quantum time evolution of electronic states are more efficient

on quantum computer than classical mean-field methods such as real-time time-dependent

Hartree-fock [135]. Other approaches of Hamiltonian simulation includes the Split-Operator

method [125–127], linear combination of unitaries [128, 129], quantum walks [130, 131], quantum

signal processing [132], qubitization [133], stochastic quantum simulation [270–272] and time-

dependent quantum simulation in the interaction picture [273–276].

Despite the exponential speedup, Hamiltonian simulation remains prohibitive on NISQ

devices for many-body interacting systems due to the need for deep entangling quantum circuits

that scales polynomially with system size. To address this challenge, various approaches have

been explored to reduce the quantum circuit depth down to manageable levels. This include

using efficient fermion-to-qubit mapping to reduce the number of qubits involved in each

local simulations [277] and employing shallow-depth parameter circuit ansatz for the evolved

wavefunction in Variational Quantum Simulator, as described in the following subsection.

5.2.2 Variational Quantum Simulator

The Variational Quantum Simulator (VQS) is a hybrid algorithm designed for simulating

Time-Dependent Schrödinger Equation (TDSE) in the NISQ era [160–166, 278]. It aims to

approximate the time-evolution state |ψ(t)〉 ≈ |ψ[θ(t)]〉 as a parameterized quantum circuit

ansatz with a predetermined set of quantum gates {Ûj},

|ψ[θ(t)]〉 =
∏
j

Ûj(θj(t)) |0〉 , (5.3)
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so that the TDSE can be approximated as

i∂t |ψ[θ(t)]〉 ≈ Ĥ |ψ[θ(t)]〉 . (5.4)

The approximated TDSE in Eq. 5.4 can be reduced to a set of dynamical equations in terms of

parameters θ(t) based on dynamical variational principles. One may consider the McLachlan’s

variational principle [279] which states that the quantum time-evolution always minimizes the

square root state error overlap or the state norm of the difference between the left-hand and

right-hand sides of the approximated TDSE in Eq. (5.4). This implies that the variation of

state norm with respect to parameters is always zero, that is,

δ‖(i∂t − Ĥ) |ψ[θ(t)]〉 ‖ = 0. (5.5)

Evaluating Eq. (5.5) would result in the following dynamical matrix equation,

Aθ̇ = C, (5.6)

where the elements of matrices A and C are given by,

Ajk = Re
[
∂〈ψ(θ)|
∂θj

∂|ψ(θ)〉
∂θk

+ ∂〈ψ(θ)|
∂θj

|ψ(θ)〉〈ψ(θ)|∂|ψ(θ)〉
∂θk

]
, (5.7)

Ck = Im
[
∂〈ψ(θ)|
∂θk

H|ψ(θ)〉+ 〈ψ(θ)|∂|ψ(θ)〉
∂θk

〈H〉θ
]
, (5.8)

which consists of expectation values and quantum state overlaps that can be efficiently estimated

on near-term quantum devices [280]. The classical computer will store and solve the dynamics

of the ansatz parameters in Eq. (5.6) using ODE solvers.
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However, energy conservation for a time-independent Hamiltonian is not always

guaranteed in VQS with McLachlan or any other dynamical variational principles, such as

state fidelity. The necessary and sufficient condition for energy conservation in VQS is that the

ansatz subspace must encompass the entire time-evolution Hilbert subspace — the subset of the

full quantum Hilbert space that encompasses all possible time-evolved states. Unfortunately,

circuit ansatzes are typically optimized for NISQ devices to reduce noise, resulting in some,

but not all, time-evolution states being effectively represented. As a result, the VQS approach

may not always uphold energy conservation, thus leading to potentially inaccurate simulations.

Furthermore, the VQS method does not eliminate the previously highlighted bottleneck, as it

still requires the preparation of multiple copies of ansatz at different intermediate times steps

so as to evaluate the quantum dynamics.

5.2.3 Quantum-Assisted Simulator

Quantum-Assisted Simulator (QAS) is another hybrid quantum-classical NISQ algorithm

that adapts the VQS approach to simulate the TDSE while attempting to overcome this

bottleneck [281, 282]. Here, QAS assumes a time-evolution ansatz |ψ[α(t)]〉 as a complex linear

combination of nbasis basis states {|ψj〉 |j = 0, 1, . . . , nbasis − 1} that is,

|ψ[α(t)]〉 =
nbasis−1∑
j=0

αj(t) |ψj〉 , (5.9)

where the initial system state |ψ0〉 is part of the basis set. This allows the initial linear coefficients

to be simply written as α(t = 0) = (1, 0, . . . , 0), thereby avoiding the need for expensive initial

state tomography. To ensure an accurate simulation and guarantee energy conservation, it is

necessary for the basis states {|ψj〉} to be linearly independent and to span the entire time-
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evolution Hilbert subspace.

Similar to the VQS approach, the corresponding dynamical equation can be obtained by

applying McLachlan’s dynamical variational principle in Eq. (5.5) and substituting the ansatz

from Eq. (5.9),

Fα̇ = −iHα, (5.10)

where the elements of the matrices F and H are the basis state overlap Fjk and Hamiltonian

matrix Hjk, respectively,

Fjk = 〈ψj |ψk〉 , (5.11)

Hjk = 〈ψj |Ĥ|ψk〉 . (5.12)

The full derivation of parameter evolution in Eq. (5.10) can be found in the end of this section

in page 100.

By using the quantum computer solely to calculate basis state overlaps F , Hamiltonian

elements H in Eqs. (5.11), (5.12), respectively and the observable elements

Ojk = 〈ψj |Ô|ψk〉 , (5.13)

one can bypass the computational bottleneck associated with preparing and measuring multiple

copies of the time-evolved quantum states for every intermediate time step. The dynamical

properties of the quantum state are then computed classically using the determined observable
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elements Ojk and the evolved linear coefficients {αj(t)},

〈ψ(t)|Ô|ψ(t)〉 =
nbasis−1∑
j,k=0

α∗j (t)Ojkαk(t). (5.14)

Hence, QAS can be summarized in four steps:

1. Choose a suitable basis set that includes the initial state for the simulation.

2. Use a quantum computer to estimate basis state overlap F in Eq. (5.11), Hamiltonian

matrix H in Eq. (5.12), and the observable matrix O in Eq. (5.13). This can be done

using a variety of quantum subroutines such as the Hadamard Test [236] or the projective

measurements-based protocol [280].

3. Use a classical computer to solve the complex dynamical equations in Eq. (5.10) using a

complex ordinary differential equation (ODE) solver to obtain the dynamics of the linear

coefficients αt.

4. Estimate the expectation value of observable 〈Ô〉 in Eq. (5.14) at fixed time intervals ∆t

up to a simulation time T to solve the quantum dynamics,

Both the VQS and QAS leverage dynamical variational principles for simulation,

avoiding the use of quantum variational optimization subroutines [168]. This approach avoids

the barren plateau problem [180, 181] by eliminating the need to estimate the variational

landscape [281, 282]. Unlike other VQS methods, QAS can ensure energy conservation in

simulations with time-independent Hamiltonians by selecting an appropriate basis set.
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However, in the original formulation of the QAS algorithm, the chosen basis states

are derived from applying different single Pauli-string operators, generated from the Pauli

Hamiltonian terms, into the initial state [281], which often leads to linear dependency. This

results in an exponential growth in the basis set size, as it becomes unnecessarily large to span

the entire time-evolution quantum Hilbert subspace [281, 283, 284]. Consequently, the original

approach to QAS becomes impractically inefficient for both quantum and classical computers.

Derivation of Parameter Evolution

This section presents the derivation of the parameter evolution in Eq. (5.10), adapted from

Bharti and Haug [281], and Yuan et al. [160]. The McLachlan’s variational principle [279]

states that the quantum time-evolution always minimizes the square root error overlap
√
ε

between the left and right hand side states of the Schrödinger equation,

δ
(√
ε
)

= 0, (5.15)

ε = ‖(i~∂t − Ĥ) |ψ(t)〉 ‖2. (5.16)

Substituting the time-evolution ansatz in Eq. (5.9), the error overlap ε is evaluated to be,

ε = [(i~∂t − Ĥ) |ψ(t)〉]†[(i~∂t − Ĥ) |ψ(t)〉] (5.17)

=


nbasis−1∑
j,k=0

[∂α∗j 〈ψ(t)|][∂αk |ψ(t)〉]α̇∗j α̇k

+ i


nbasis−1∑
j=0

[∂α∗j 〈ψ(t)|]Ĥ |ψ(t)〉 α̇∗j


−i
{
nbasis−1∑
k=0

〈ψ(t)| Ĥ[∂αk |ψ(t)〉]α̇k
}

+ 〈ψ(t)| Ĥ2 |ψ(t)〉 . (5.18)

Since,

∂αj |ψ(t)〉 = |ψj〉 , (5.19)
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the error overlap ε in Eq. (5.18) simplifies to

ε =


nbasis−1∑
j,k=0

〈ψj |ψk〉 α̇∗j α̇k

+ i


nbasis−1∑
j=0

〈ψj | Ĥ |ψ(t)〉 α̇∗j


−i
{
nbasis−1∑
k=0

〈ψ(t)| Ĥ |ψk〉 α̇k
}

+ 〈ψ(t)| Ĥ2 |ψ(t)〉 (5.20)

= α̇†Fα̇− iα̇†Hα+ iα†Hα̇+α†(H2)α, (5.21)

where F and H represents the overlap and Hamiltonian matrices with elements given in

Eqs. (5.11) and (5.12), respectively, (H2) represents the squared Hamiltonian matrix with

elements

(H2)jk = 〈ψj | Ĥ2 |ψk〉 . (5.22)

As the variation of the square root error overlap is equivalent to the variation of the error

overlap up to a constant factor, we may focus on variation of the error overlap instead, then we

have

δαkε =

nbasis−1∑
j=0

[∂α∗j 〈ψ(t)|][∂αk |ψ(t)〉]α̇j + i[∂αk |ψ(t)〉]Ĥ |ψ(t)〉

 δα̇∗k
+

nbasis−1∑
j=0

[∂α∗j 〈ψ(t)|][∂αk |ψ(t)〉]α̇∗j − i[∂αk |ψ(t)〉]Ĥ |ψ(t)〉

 δα̇k (5.23)

= (Fα̇+ iHα)δα̇∗k + (Fα̇∗ − iHα)δα̇k. (5.24)

Thus, by setting the variation in Eq. (5.24) to zero, the parameter evolution is derived to be

Fα̇ = −iHα, (5.25)
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which minimizes the error overlap ε in Eq.(5.21) throughout the entire evolution,

εmin = α†(H2)α− α̇†Fα̇. (5.26)

5.3 Resource-Efficient Quantum-Assisted Simulation

5.3.1 Idea: Linear Combinations of Time-Evolved States

This section shall demonstrate how QAS can be modified to leverage the strengths of both

quantum and classical computations by complementing existing quantum time propagation

algorithms to improve the efficiency of simulating quantum dynamics on FTQC devices.

Consider a system of size N initialized in an unknown superposition of n non-degenerate

eigenstates |ej〉, where n is defined as the number of eigenstates that span the time-evolution

subspace of the quantum system, and assuming n� 2N ,

|ψ0〉 =
n−1∑
j=0

βj |ej〉 . (5.27)

Suppose the time-evolved states |ψj〉 are chosen as a basis,

|ψj〉 = e−iĤsj |ψ0〉 , (5.28)

where sj are parameter times which are not exceeding the total simulation time T , 0 = s0 <

s1 < . . . < snbasis−1 ≤ T , as shown in Fig 5.2.

By selecting just nbasis = n linearly independent time-evolved basis states, the time-

evolution Hilbert subspace can be fully spanned. While the FTQC device handles the basis
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Resource-Efficient 
Quantum-Assisted Simulator

 basis states

Parameter Evolution Dynamics

Legend:

: Time propagation algorithm, e.g.
Trotterization. 

Figure 5.2: Our proposal to modify Quantum-Assisted Simulator (QAS) to complement
quantum time propagation algorithms to efficiently simulate quantum dynamics. QAS assumes
a time evolution state |ψ(t)〉 as a linear combination of time-evolved states. Here the quantum
computer is required to estimate the basis overlap F , Hamiltonian H and observable O matrix,
while the classical computer solves parameter evolution and computes the dynamics numerically.

states, each having a dimensionality of 2N , the classical computer is tasked with storing and

updating merely nbasis = n linear coefficients. If there are fewer time-evolved basis states than n,

that is nbasis < n, the time-evolution ansatz is under-parameterized, leading to incorrect results.

On the other hand, if the number of basis states is much larger than n, that is nbasis > n, the

ansatz becomes over-parameterized which may lead to numerical convergence issues. Crucially,

the system eigenvalues, eigenstates |ej〉, and the linear coefficients βj in the initial state in

Eq. (5.27) remain unknown and do not need to be explicitly determined. This means that,

when n � 2N is small, the QAS approach overcomes the bottleneck in the standard approach
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associated with preparing multiple copies of the time-evolved state at different time steps for

dynamical measurements, while avoiding any exponential complexity arising from large basis

sets. Therefore, the modified QAS offers better efficiency in simulating large N system sizes,

allowing for a greater number of time steps to be simulated compared to most existing hybrid

quantum simulation algorithms.

5.3.2 Resource Analysis

For a 2N -qubit quantum device, the modified QAS is expected to consume fewer quantum

resources than the standard method when the number of time steps exceeds roughly 100n2.

To derive this efficiency gain, several key quantities and quantum subroutines employed will be

delineated. For simplicity, assume the system Hamiltonian Ĥ and observable Ô both decompose

into a linear combination of L number of Pauli strings P̂l = ⊗Nj=1σ̂j , where σ̂j ∈ {Îj , X̂j , Ŷj , Ẑj}

which may or may not share the same Pauli string. In this setting, the estimation of the

basis state overlap F , Hamiltonian H and observable O matrices requires the estimation of the

following quantities

Fjk = 〈ψ0|eiĤ∆sjk |ψ0〉 , (5.29)

Pjkl = 〈ψ0|P̂leiĤ∆sjk |ψ0〉 , (5.30)

where ∆sjk = sj − sk parameterizes the differences in the evolution times of the basis states.

Consider the Hadamard Test quantum subroutine, with the time propagator Û = e−iĤ∆t

with a fixed time duration ∆t, which can evaluate the quantities, Fjk and Pjkl in Eqs. (5.29)

and (5.30), respectively. The ancilla-controlled-Û in the Hadamard Test would have a longer

quantum runtime complexity than the standard Û , but only by a constant multiple factor γ [285].
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With access to a 2N -qubit quantum computer, a modified Hadamard test with N ancilla qubits,

instead of just one ancilla qubit, can be employed. So that, the controlled-quantum gates in

the controlled-Û that act on separate sets of systems qubits can remain parallel if controlled by

separate ancilla qubits [285]. Detailed information on this modified Hadamard Test is provided

in Appendix B.1. In the worst case scenario, given that all times sj are not more than the

total simulation time T , all modified Hadamard tests would have a maximum T
∆t number of

ancilla controlled-Ûs. As there is a combined total of O(Ln2) of quantities, Fjk and Pjkl, there

are O(Ln2) number of Hadamard Test subroutines to estimate all the required quantities in

Eqs. (5.29) and (5.30). Therefore, the total overall quantum runtime complexity is

O
(
TγLn2

∆t Poly(L, ε−1,∆t)
)

(5.31)

where Poly(L, ε−1,∆t) is the quantum runtime complexity of Û and ε ≥
∥∥∥eiĤ∆t − Û

∥∥∥ is the

time evolution error.

Conversely, the standard method involves preparing L copies of time-evolved states

and measuring each with the corresponding Pauli strings, decomposed from the observable, for

every intermediate time step. Thus, this requires O
(
L
(
T
∆t

)2
)

repetitions of Û to estimate the

expectation value of the observable 〈Ô〉. Thus, the overall quantum runtime complexity to run

the standard method is

O
(
L

(
T

∆t

)2
Poly(L, ε−1,∆t)

)
. (5.32)

Hence, by comparing (5.31) and (5.32), QAS is expected to consume fewer quantum resources

than the standard method in terms of overall quantum runtime complexity, when the number
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of time steps exceeds

T

∆t & 16γn2. (5.33)

Assuming γ ≈ 6, based on the general observation that a 3-qubit Toffoli gate can be decomposed

into at least 6 CNOT gates [29, 286], the threshold is approximated to be

T

∆t & 100n2. (5.34)

The full derivation of this claim is available in Appendix B.2.

After populating the basis state overlap F , Hamiltonian H matrices, the complex linear

dynamical equation in Eq. (5.10) is solved on a classical computer using a complex ODE solver

with an O
(
Tn3

∆t

)
classical runtime complexity. Although QAS is computationally inefficient

when n ∼ O(2N ), it becomes efficient when n� 2N is small, avoiding any exponential classical

runtime or memory scaling. Therefore, while QAS is unsuitable for simulating the time-evolution

of a system with arbitrary state initialization, it can be useful when simulating large systems

initialized in a superposition of a low number of eigenstates n with a large number of time steps

that exceeding 100n2.

5.3.3 Examples and Results

Two examples are provided to demonstrate the modified QAS approach in the context of

quantum chemistry: the orbital population dynamics of a Helium (He) atom and a hydrogen

(H2) molecule at an equilibrium bond distance of 1.4 Bohr, both using the 6-31G atomic basis

set, initialized in an equal superposition of n = 2 eigenstates (the ground and highest excited

eigenstate). The chemical systems are described by the second-quantized electronic Hamiltonian
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Ĥelec [199],

Ĥelec =
N∑

p,q=1
hpq â
†
pâq + 1

2

N∑
p,q,r,s=1

hpqrsâ
†
pâ
†
qârâs, (5.35)

where â†p and âp are fermionic creation and annihilation operators, respectively for the pth

atomic/molecular spin-orbital, hpq are one-electron core integrals, and hpqrs are two-electron

repulsion integrals. The orbital population observable is the sum of spin-up and spin-down

number operators â†↑â↑+â
†
↓â↓ that act on the corresponding orbital.

A numerical statevector calculation is implemented using the Pauli Hamiltonian ĤP ,

which was mapped from the electronic Hamiltonian Ĥelec using the Jordan-Wigner (JW)

fermion-to-qubit mapping described in Section 2.5, that contains up to L ∼ O(N4) Pauli

terms [14, 15]. For the He atom, Ĥelec is mapped to a 4-qubit system with 27 terms in ĤP ,

and for the H2 molecule, it is mapped to an 8-qubit system with 185 terms in ĤP . The time-

evolved basis set consist of n = 2 states: the initial state |ψ0〉 and |ψ1〉 = e−iĤ/2 |ψ0〉, where the

parameter time is set to s1 = 1
2 . Assuming an ideal, noiseless Hadamard Test with 104 simulated

shots, 100 sets of the basis state overlaps F , Hamiltonian matricesH and the orbital population

observable O are randomly sampled. The ODE in Eq. (5.10) is then solved accordingly for every

sample pair of F and H independently up to a simulation time t = 4 Hartree−1 with a time

step interval of ∆t = 0.001 Hartree−1. The total number of time steps in this simulation is 4000,

which far exceeds the threshold of 100 · 22 = 400 time steps, placing this QAS demonstration

well within the quantum resource-efficient regime. Finally, the orbital population is calculated

at every time step for each sample run. Details on the sampling of F , H and O matrices can

be found in Appendix B.3.

The orbital population dynamics of the He atom and H2 molecule are plotted in Figs. 5.3
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Figure 5.3: Atomic orbital population dynamics for the Helium atom using the 6-31G atomic
orbital basis set, initialized in an equal superposition of the ground and highest excited state of
eigenenergies -2.87 and 0.609 Hartrees, respectively. The solid colored lines and shaded regions
represents the mean and uncertainty of the 100 independent QAS simulation samples, each with
104 simulated shots, respectively. The true time-evolution is denoted by the black dashed line.

and 5.4, respectively. The colored solid lines and shaded regions represent the population mean

and uncertainty of 100 independent QAS simulation samples, respectively. The true time-

evolution is denoted by the black dashed line. Further plots of the total, Coulomb, kinetic, and

potential energy dynamics, which demonstrate the total energy conservation feature of QAS,

are provided in Appendix B.4.

For both systems, the orbital populations are observed to oscillate with a frequency of

approximately 0.5 Hartree. These observations are in agreement with the true frequencies of -

0.554 and -0.490 Hartrees respectively. For the helium atom, the maximum fractional population

uncertainty is about 4% for the 1s and 5% for the 2s atomic orbitals. For the hydrogen molecule,

the maximum fractional population uncertainty is about 6% for both the 1σ and 2σ∗ molecular

orbitals.
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Figure 5.4: Molecular orbital population for Hydrogen molecule using the 6-31G atomic orbital
basis set, at equilibrium distance of 1.4 Bohr, initialized in an equal superposition of the ground
and highest excited state of eigenenergies -1.15 and 1.93 Hartrees, respectively. Solid colored line
and shaded regions represent the mean and uncertainty of the 100 independent QAS simulation
samples, each with 104 simulated shots, respectively. The true time-evolution is denoted by the
black dashed line.

The population estimations of 1σ∗ and 2σ molecular orbitals are observed to be

extremely imprecise due to their low orbital population. This low precision can be improved

by simply increasing number of shots, as shown by the linear relationship between the variance

of the estimated quantities and number of shots in Appendix B.5. In principle, if the quantum

subroutines are executed with minimal and unbiased quantum noise, indistinguishable to

statistical shot noise, then the modified QAS can accurately simulate the quantum dynamics,

though more shots would be needed to improve its precision.
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5.4 Discussion and Outlook

By using a linear combination of time-evolved basis states as the evolution ansatz, the modified

QAS can simulate the quantum dynamics of large systems more efficiently than the standard

method. More precisely, if the system is initialized in an unknown superposition of n system

eigenstates, then the QAS requires fewer quantum resources when the number of time steps

exceeds 100n2. This efficiency is independent of the system size N , the number of terms in the

electronic Hamiltonian or the mapped Pauli Hamiltonian, and the knowledge of the eigenstates

and eigenvalues.

While the modified QAS has been demonstrated to simulate quantum dynamics using

digital FTQC devices, analog quantum devices may be used as well due to its potential for

practical quantum advantage in quantum simulation [28]. Several possible QAS approaches for

analog quantum computation includes analog emulation of digital quantum simulation [287]

or Hamiltonian learning techniques [288] to estimate elements of QAS dynamical equations

in Eq. 5.10. However, these approaches must be further refined to mitigate any additional

overheads that could negates the efficiency of QAS.

The results demonstrate that useful dynamical quantities of chemical systems can be

estimated fairly accurately and precisely with modest amount of quantum-classical resources

and minimal heuristics. However, the performance of QAS is highly dependent on the quality of

the quantum time propagation algorithm employed. As an example, consider implementing the

first-order Trotterization of time-evolved basis to prepare time-evolution basis for the helium

atom case. A large number of Trotter steps would be required to achieve good simulation fidelity

as shown in Appendix B.6. The trade-offs between the quality of the time-evolved basis state

110



Chapter 5. Resource-Efficient Quantum-Assisted Simulation for Quantum Dynamics

and the overall quantum runtime complexity must be thoroughly analyzed. Thus, an important

future direction would be to identify and refine time propagation techniques that minimize

quantum resources while maximizing simulation accuracy for different system types.

Whilst QAS may seem very accurate when compared with other simulation algorithms,

there is a major caveat that needs to be pointed out. The time-evolved basis is often linearly

dependent, making the complex dynamical equation in Eq. (5.10) prone to ill-conditioning, thus

resulting in numerical instabilities. As the number of eigenstates in the initial state n increases,

there is an increasing likelihood of the time-evolved basis becoming too similar to each other as

the corresponding eigenbasis amplitudes only differ in its phase angles but not in its magnitude,

resulting in linear dependence of the basis. The parameter times must then be chosen carefully

to avoid such an issue. In the n = 2 base case, any parameter time s1 6= 2πk
∆e , for any k∈Z and

eigenvalue difference ∆e, is acceptable as it leads to a well-conditioned problem, as shown in

Appendix B.7. For the n > 2 case, however, solving for the complete set of conditions for the

parameter times becomes an incredibly difficult problem and remains an open question on the

best method to choose a optimal set of parameter times. In practice, for small n, a suitable set

of parameter times is chosen heuristically via trial and error to avoid the complexity of solving

the conditions so as to ensure an accurate and efficient simulation.

The resource analysis has suggested that if n � 2N is kept significantly smaller than

the size of the Hilbert space, then QAS becomes a practical hybrid quantum-classical algorithm

as the classical runtime and memory scales polynomially in n. Quantum dynamical problems

involving the dynamics of a few (unknown) eigenstates that may particularly benefit from QAS

implementation. For example, in systems hosting quantum many-body scars, special simple

initial states termed scar states can be expressed as a superposition of a few eigenstates with
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dynamics restricted to a small subspace of the full Hilbert space [289, 290]. More generally,

one may envisage quantum simulation applications involving systems whose ground state is

resonantly excited by a fixed frequency drive term that is briefly applied, leading to dynamics

involving eigenstates resonantly excited by the periodic drive term and its harmonics.

Besides applications to static systems, QAS can be extended to systems with a time-

dependent Hamiltonian such as light-matter interaction, and atomic and molecular dynamics,

though such tasks will likely involve a quantum-classical feedback loop which updates the

Hamiltonian matrix H at every simulation time step, which will significantly increase the

computation runtime and quantum resources. Nevertheless, to realize such applications, an

important direction would be to develop efficient quantum state preparation algorithms which

can reliably generate interesting superpositions of a few eigenstates.

It is expected that digital quantum computers with dozens of error-corrected qubits

and gates will be available for use in the near future. If so, the aforementioned quantum

time propagation algorithms may potentially be demonstrated beyond trivial toy systems to

small, yet interesting systems. However, there is still a need for quantum resource-efficient

simulation algorithms even when FTQC devices are available. Hence, QAS may thereby achieve

a “quantum-assisted advantage” in the simulation of quantum dynamics, realizing a practical

end-to-end quantum solution for quantum simulation as first envisioned by Feynman.
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Conclusion

This concluding chapter consists of two final sections. Section 6.1 briefly summarizes the

ideas and results of the quantum algorithms proposed in this thesis: Variational Quantum

Algorithm (VQA) for the estimation of correlation energies using perturbation theory using

Noisy Intermediate-Scale Quantum (NISQ) devices in Chapter 3, shallow circuits for efficient

correlated state preparation in Chapter 4 and Resource-Efficient Quantum-Assisted Simulator

(QAS) in Chapter 5. Lastly, Section 6.2 discusses several emerging research directions and

opportunities in quantum computational chemistry in the context of the rapid progress in

quantum computing hardware.

6.1 Research Summary

First, Chapter 3 proposed a new VQA algorithm, the NISQ Orbital-Optimised Second-order

Møller-Plesset Perturbation (NISQ-OMP2), that estimates the electronic ground correlation

energy of chemical systems up the second order. The core idea is to treat electronic correlation as
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a perturbation to the parameterized mean-field description of the chemical system. As a result,

the correlation energy in NISQ-OMP2 can be expressed in terms of ordinary expectation values

of the correlated operator with respect to the parameterized reference HF ground state, excited

states and their equal superposition. These states are NISQ-friendly linear-depth Hartree-Fock

(HF) ansatzes which differs in typical approaches that uses deep entangling circuits ansatz to

estimate correlation energies. NISQ-OMP2 variationally optimizes these parameterized states

using a hybrid quantum-classical optimization framework. Since the electronic correlation

is a small correction to the initial HF energy, the ansatz optimization is made local by

restricting the parameter landscape to a small region around the origin. This avoids the barren

plateau problem that is prevalent in global ansatz optimization, which plagues many existing

Variational Quantum Eigensolver (VQE) approaches such as Unitary Coupled Cluster (UCC).

NISQ-OMP2 was demonstrated on two quantum computing platforms provided by IBM and

AWS: FakeAuckland, numerically-simulated noisy model of a IBM NISQ device and cloud-

accessed NISQ devices. The results successfully reproduce the equilibrium molecular energies

and capturing perturbative electronic correlation effects at various molecular bond distances.

Second, Chapter 4 developed shallow circuits to efficiently prepare various types of

fermionic states including Slater determinants and correlated states. The main idea is to apply

linear combinations of anti-commuting fermionic operators, known as Clifford loaders, onto a

vacuum state d times to prepare a d-fermion Slater determinant. These Clifford loaders can

be decomposed using Givens rotation gates, that perform rotations within a two-dimensional

fermionic subspace of a larger Hilbert space. This results in a quantum circuit with an overall

O (log2N) two-qubit gate depth under the Jordan-Wigner mapping. Thus, this method provides

a subexponential reduction in two-qubit gate depth in preparing Slater determinants compared
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to existing linear-depth approaches such as fermionic basis transformation. Additionally, this

method was extended to imbue correlation between L-tuples of modes in the fermionic state.

As a simple example, this method is used to prepare L = 2-wise correlated ansatz that

captures a significant fraction of the correlation energy of hydrogen chains of sizes up to 20

qubits. The corresponding quantum circuits are (L = 2)-times shallower than that of the Slater

determinant. This was a surprising result as generating correlated states in existing problem-

inspired approaches such as UCC, typically requires deep entangling circuits than HF states

which lacks electronic correlation. As a result, this method has the potential to enable high-

accuracy quantum chemistry studies of sufficiently slow-growing d � O
(
N/ log2

2N
)

fermionic

systems with larger basis sets on near-term quantum devices.

Third, Chapter 5 proposed the Resource-Efficient QAS algorithm to address the

computational bottleneck of extracting desired quantum properties at intermediate time steps

in quantum dynamics simulations. The central idea involves considering the time-evolution

quantum ansatz as a complex linear combination of time-evolved basis states. This allows

the quantum dynamics simulation to be split between a Fault-tolerant Quantum Computing

(FTQC) device and a classical computer. If the system is initialized in an unknown superposition

of n system eigenstates, then the FTQC device will only need to prepare n orthogonal time-

evolved basis states at different fixed times and compute the corresponding basis overlaps,

Hamiltonian and observable elements. These elements define the time evolution of the ansatz

parameters and the observed quantities. The classical computer will only need to store n

linear coefficients and evolve them according to the parameter evolution, without requiring

any optimization or information on the eigenvalues and eigenstates. Once the entire ansatz

parameter evolution is obtained, the quantum dynamics of the observable can be numerically
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calculated without further quantum measurement on the system. If the number of superposing

eigenstates in the initial system state n� 2N is small, then QAS can efficiently simulate large

N system sizes for a large number of time steps above 100n2, outperforming most existing

quantum simulators. This was demonstrated in the orbital population simulation of a Helium

atom and a Hydrogen molecule initialized in a superposition of n = 2 eigenstates with 4000

time steps that far exceeds the threshold of 100 · 22 = 400 time steps. As a result, it shows that

the QAS consumes fewer quantum resources than the standard approach of preparing multiple

copies of time-evolved states for quantum measurement of the dynamical quantities.

6.2 Emerging Directions and Future Research

With the recent success in demonstrating intermediate-scale Quantum Error Correction (QEC),

it is reasonable to expect that early-forms of digital FTQC devices with a few logical qubits and

gates will become available in the next decade. Should these FTQC devices become available,

deeper entangling ansatz and FTQC algorithms such as Hamiltonian simulation and QPE

may become feasible. However, current quantum resources estimates of FTQC applications

in quantum chemistry remain prohibitively expensive due to the large overhead required for

QEC [34]. For example, performing a two-qubit iterative QPE for a one-qubit hydrogen

molecule in a minimal basis set using a 2D surface code requires thousands of physical qubits and

QEC rounds, assuming physical error rate of 10−3 [291]. As a result, large chemically-relevant

problems requiring hundreds of logical qubits – and potentially millions of physical qubits and

QEC rounds – are likely to remain beyond reach in the foreseeable future.

Given this challenge, there is a pressing need to minimize the number of logical or

physics qubits required to represent the chemical system accurately. Potential solutions include
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the development of efficient sets of atomic or molecular basis sets using existing quantum

techniques such as tensor network techniques [292] or density functional theory [293]. Another

promising direction is to develop resource-efficient error correction procedures tailored for large-

scale chemistry problems [294], efficiently distributing limited QEC resources over different

computational parts to minimize overheads.

While FTQC algorithms offer exponential speedups in quantum time-evolution and

eigenvalue estimation tasks, no known quantum advantage exists for eigen-structure problems

in quantum chemistry [142]. The reason is that achieving exponential quantum advantage

in quantum eigenstate preparation is conjectured to be highly unlikely [295]. As quantum

computational chemistry advances toward realizing quantum advantage, it is therefore

increasingly important to focus other, less explored, yet significant computational tasks that do

not explicitly involve solving quantum eigenstructures. These tasks include classical Molecular

Dynamics (MD) simulations [296], chemical reactions [297] and Quantum Monte-Carlo

(QMC) [298], where quantum computers may provide tangible speedups.

Moreover, developing efficient quantum subroutines that complement promising FTQC

algorithms is crucial to ensure optimal use of quantum resources. For instance, future FTQC

applications in quantum chemistry could draw inspirations from decomposition approaches.

In these, key chemical subsystems are accurately simulated, while less critical subsystems are

treated with lower accuracy, thus optimizing quantum resources utilization for simulating large

quantum systems [299–302].

Quantum computational chemistry is a rapidly evolving field that aims to leverage

quantum computing for efficiently simulation of complex chemical systems. Although efficient
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quantum algorithms exist, quantum chemistry problems are inherently difficult and are expected

to remain so. Even with the advent of FTQC devices, the large resource requirements pose

significant computational challenges that could impede practical demonstration of chemically-

relevant quantum simulation. Therefore, NISQy-type algorithms developed in this thesis may

play an important role as efficient subroutines when running algorithms in the FTQC or

early-FTQC [303] era. These developments deepen our understanding of quantum computing

capabilities in quantum chemistry and motivate future research prospects. Given the significant

strides in computation chemistry enabled by the invention of the modern computer, there is

reasonable hope for further exciting innovations in quantum computation chemistry hereafter

as quantum hardware continues progresses toward Fault-Tolerance.
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Appendix A

Shallow Circuits for Efficient

Correlated State Preparation

A.1 Proof of Equivalence between Two Definitions of an

Arbitrary Slater Determinant

An arbitrary Slater determinant |Ψ1(A)〉 with d occupied and N − d unoccupied fermionic

modes is defined as

|Ψ1(A)〉 =
d∏
l=1

N∑
k=1

Alkâ
†
k|vac〉, (A.1)

where A is an N × d real matrix such that all the d columns are orthogonal and normalized,

|vac〉 is a fermionic vacuum state, and â†k is a creation operator acting on the kth mode.

Begin by expanding the product in Eq. (A.1) and replacing the index k in the summation
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with indices k1, . . . , kd,

|Ψ1(A)〉 =

 N∑
kd=1

Adkd â
†
kd

 . . .
 N∑
k1=1

A1k1 â
†
k1

 |vac〉 (A.2)

=
N∑

kd,...,k1=1
Adkd . . . A1k1 â

†
kd
. . . â†k1

|vac〉, (A.3)

The aim is to show that Eq. (A.3) is equivalent to the alternate definition of the Slater

determinant,

|Ψ1,alt(A)〉 =
d∏
l=1

N∑
k=1

Alk
(
â†k + âk

)
|vac〉, (A.4)

where â†k + âk is an anti-commuting operator. Starting from Eq. (A.4), expand the product and

replace index k in the summation with indices k1, . . . , kd,

|Ψ1,alt(A)〉 =

 N∑
kd=1

Adkd

(
â†kd + âkd

) . . .
 N∑
k1=1

A1k1

(
â†k1

+ âk1

) |vac〉. (A.5)

Here, consider evaluating the product of the rightmost two summation terms in

Eq. (A.5). Now, the derivation is split into two cases d = 1 and d > 1. For d = 1, note

that âj |vac〉 = 0 for any mode j, thus both Eq. (A.3) and (A.5) become trivially equivalent.

For d > 1,

 N∑
k2=1

A2k2

(
â†k2

+ âk2

) N∑
k1=1

A1k1

(
â†k1

+ âk1

)
=

N∑
k2,k1=1

A2k2A1k1

(
â†k2

+ âk2

) (
â†k1

+ âk1

)
(A.6)

=
N∑

k2,k1=1
A2k2A1k1

(
â†k2

â†k1
+ â†k2

âk1 + âk2 â
†
k1

+ âk2 âk1

)
. (A.7)
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Then, apply the fermionic commutation relation {âα, â†β} = δαβI to Eq. (A.7) to get,

=
N∑

k2,k1=1
A2k2A1k1

(
â†k2

â†k1
+ δk2k1I + âk2 âk1

)
, (A.8)

and since the columns of A are orthogonal, the inner product between any column i, j vanishes

∑
k AikAjk = 0, thus

=
N∑

k2,k1=1
A2k2A1k1

(
â†k2

â†k1
+ âk2 âk1

)
. (A.9)

Substituting Eq. (A.9) back into Eq. (A.5), and using âj |vac〉 = 0 for any mode j gives

|Ψ1,alt(A)〉 =

 N∑
kd=1

Adkd

(
â†kd + âkd

) . . .
 N∑
k2,k1=1

A2k2A1k1 â
†
k2
â†k1

 |vac〉. (A.10)

Henceforth, consider the even and odd d cases separately. First, assuming d is even, consider

reapplying the result Eq. (A.9) to the rest of the pairs of summation terms in Eq. (A.10), which

yields

|Ψ1,alt(A)〉 =

 N∑
kd,kd−1=1

AdkdAd−1kd−1 â
†
kd
â†kd−1

 . . .
 N∑
k2,k1=1

A2k1A1k1 â
†
k2
â†k1

 |vac〉 (A.11)

=
N∑

kd,...,k1=1
Adkd . . . A1k1 â

†
kd
. . . â†k1

|vac〉. (A.12)
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Alternatively, if d is odd, then

|Ψ1,alt(A)〉

=

 N∑
kd=1

Adkd

(
â†kd + âkd

) N∑
kd−1,...,k1=1

Ad−1kd−1 . . . A1k1 â
†
kd−1

. . . â†k1
|vac〉 (A.13)

=
N∑

kd,...,k1=1
Adkd . . . A1k1

(
â†kd â

†
kd−1

. . . â†k1
+ âkd â

†
kd−1

. . . â†k1

)
|vac〉 (A.14)

=
N∑

kd,...,k1=1
Adkd . . . A1k1

â†kd â†kd−1
. . . â†k1

+
��

���
���

��:0
δkdkd−1 â

†
kd−2

. . . â†k1
− â†kd−1

âkd â
†
kd−2

. . . â†k1

 |vac〉

(A.15)

=
N∑

kd,...,k1=1
Adkd . . . A1k1

â†kd â†kd−1
. . . â†k1

−
��

���
���

��
��:0

â†kd−1
δkdkd−2 â

†
kd−3

. . . â†k1
+
��

���
���

���
��:0

â†kd−1
â†kd−2

âkd â
†
kd−3

. . . â†k1

 |vac〉

(A.16)

=
N∑

kd,...,k1=1
Adkd . . . A1k1 â

†
kd
. . . â†k1

|vac〉, (A.17)

where the fermionic commutation relation in Eq. (A.14) and matrix orthogonality in

Eq. (A.15), (A.16) are applied. Hence, by combining the even Eq. (A.12) and odd Eq. (A.17)

results, the equivalence between the alternative definition in Eq. (A.4) to the original definition

in Eq. (A.1) is established.
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A.2 Proof of Anti-Commutation Relations

Here, the aim is to show that p̂k = â†k + âk has the desired anti-commutation relation {p̂i, p̂j} =

2δijI.

{p̂i, p̂j} = {â†i + âi, â
†
j + âj} (A.18)

= (â†i + âi)(â†j + âj) + (â†j + âj)(â†i + âi) (A.19)

=
�
��â†i â
†
j + âiâ

†
j + â†i âj +���âiâj +

�
��â†j â
†
i + âj â

†
i + â†j âi +���âj âi (A.20)

= âiâ
†
j + â†i âj + âj â

†
i + â†j âi (A.21)

= 2δijI (shown). (A.22)

Next, the aim is to show that

p̂(L)
µ =

µ−1⊗
r=1

ẐrL

µL⊗
r′=L(µ−1)+1

X̂r′ , (A.23)

used to incorporate L-wise correlation into the Clifford loaders via the Givens rotation approach

has the desired anti-commutation relation {p̂(L)
µ , p̂

(L)
ν } = 2δµνI. Here, the Pauli-Z subscript

rL = r ·L refers to the qubit order. Now, the derivation is split into two cases µ = ν and µ < ν.

First, consider µ = ν, where

2p̂(L)
µ p̂(L)

µ = 2

µ−1⊗
r=1

ẐrL

µL⊗
r′=L(µ−1)+1

X̂r′

µ−1⊗
s=1

ẐsL

µL⊗
s′=L(µ−1)+1

X̂s′

 (A.24)

= 2I (shown). (A.25)
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Second, without loss of generality, consider µ < ν and note that X̂µẐµ = −iŶµ,

p̂(L)
µ p̂(L)

ν =

µ−1⊗
r=1

ẐrL

µL⊗
r′=L(µ−1)+1

X̂r′

ν−1⊗
s=1

ẐsL

νL⊗
s′=L(ν−1)+1

X̂s′

 (A.26)

= −i

 µL−1⊗
r=(µ−1)L+1

X̂rŶµL

ν−1⊗
r′=µ+1

Ẑr′L

νL⊗
r′′=(ν−1)L+1

X̂r′′

 . (A.27)

where here, the Pauli-Y subscript µL = µ · L refers to the qubit order. Therefore, by noting

ẐµX̂µ = iŶµ, then,

{p̂(L)
µ , p̂(L)

ν } = p̂(L)
µ p̂(L)

ν + p̂(L)
ν p̂(L)

µ (A.28)

= −i

 µL−1⊗
r=(µ−1)L+1

X̂rŶµL

ν−1⊗
r′=µ+1

Ẑr′L

νL⊗
r′′=(ν−1)L+1

X̂r′′


+ i

 µL−1⊗
s=(µ−1)L+1

X̂sŶµL

ν−1⊗
s′=µ+1

Ẑs′L

νL⊗
s′′=(ν−1)L+1

X̂s′′

 (A.29)

= 0 (shown). (A.30)

A.3 Slater Determinant and L-wise Correlated Ansatz using

Givens Rotations

In the main text, the Clifford loaders Ĉ, consisting of multiple Givens rotations, can be used to

prepare Slater determinant |Ψ1(A)〉 as follows

|Ψ1(A)〉 =
d∏
l=1

Ĉ( ~Al)|vac〉. (A.31)

Here, the aim is to show that Eq. (A.31) can be mathematically evaluated using
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geometric algebra, also known as real Clifford algebra. The Clifford loader Ĉ(~x) for a given

normalized sized-N vectors ~x is defined as a linear combination of anti-commuting operators p̂r

as follows

Ĉ(~x) =
N∑
µ=1

xµp̂µ. (A.32)

A geometric product of two Clifford loaders Ĉ(~x)Ĉ(~y) for any two normalized sized-N

vectors ~x, ~y is defined as

Ĉ(~x)Ĉ(~y) = Ĉ(~x) · Ĉ(~y) + Ĉ(~x) ∧ Ĉ(~y), (A.33)

where · and ∧ refers to the standard inner dot and exterior wedge product, respectively.

Substituting the definition Eq. (A.32) into Eq. (A.33),

Ĉ(~x)Ĉ(~y) =
N∑
r=1

xryr(p̂r · p̂r) +
N∑

µ,ν=1
xµyν(p̂µ ∧ p̂ν). (A.34)

In this work, consider only orthogonal and normalized sized-N vectors ~Al for l =

1, 2, . . . , d, such that the inner product of any two vectors is zero. As a result, the geometric

product of two Clifford loader is simply equivalent to the its exterior product as the first term

of Eq. (A.34) vanishes under orthogonality. Thus, products of multiple Clifford loaders can be

easily written as exterior product of mutiple anti-commuting operators

d∏
l=1

Ĉ( ~Al) =
N∑

µ,ν,...,r=1
Aµ1Aν2 . . . Ard(p̂µ ∧ p̂ν ∧ . . . ∧ p̂r)︸ ︷︷ ︸

d operators

. (A.35)
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Note the following identities of exterior product

p̂µ ∧ p̂µ = 0, (A.36)

and

p̂σ1 ∧ p̂σ2 ∧ . . . ∧ p̂σd = sgn(σ)p̂B1 ∧ p̂B2 ∧ . . . ∧ p̂Bd , (A.37)

where σ is a permutation of {B1, B2, . . . , Bd} for any ordered set B containing d unique integers

between 1 and N , Bµ and σµ refers to the µth integer of B and σ, respectively. Using the above

identities (A.36) and (A.37), the sum in Eq. (A.35) reduces to

d∏
l=1

Ĉ( ~Al) =
∑
|B|=d

∑
σ∈B

sgn(σ)Aσ11Aσ22 . . . Aσdd (p̂B1 ∧ p̂B2 ∧ . . . ∧ p̂Bd) , (A.38)

where the outer sum is over all possible combinations of the ordered set B containing d-unique

integers between 1 and N and the inner sum is over all possible integer permutation σ of each

B. Using the Leibniz determinant formula for matrix minors

det(AB) =
∑
σ∈B

sgn(σ)Aσ11Aσ22 . . . Aσdd, (A.39)

where AB is a d× d matrix minor of A whose rows are restricted to B, then,

d∏
l=1

Ĉ( ~Al) =
∑
|B|=d

det(AB)p̂B1 ∧ p̂B2 ∧ . . . ∧ p̂Bd . (A.40)
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Hence, by letting the anti-commuting operator be

p̂µ = â†µ + âµ, (A.41)

and applying the product of d Clifford loaders (A.40) onto a vacuum state |vac〉, the alternative

expression of the Slater determinant is obtained

d∏
l=1

Ĉ( ~Al)|vac〉 =
∑
|B|=d

det(AB)|B〉, (A.42)

where |B〉 denotes a Fock state whose occupied modes are indexed by B.

Next, consider extending the application of Clifford loaders to prepare L-wise correlated

ansatz states, where L = 1 reduces to the Slater determinant case. The idea is to use a new

set of anti-commuting operators p̂(L)
µ that contains non-particle preserving multi-body Fock

operators for the Clifford loaders in Eq. (A.32). In the main text, under the Jordan-Wigner

mapping, the anti-commuting operator p̂µ = ⊗µ−1
r=1 ẐrX̂µ in Eq. (A.41) used to prepare the

Slater determinant above is modified to become

p̂(L)
µ =

µ−1⊗
r=1

ẐrL

µL⊗
r′=L(µ−1)+1

X̂r′ , (A.43)

to apply L-wise correlation, where r index here increments with size L from L to L(µ−1).

Here, the Pauli-Z subscript rL = r · L refers to the qubit order. This modified operator p̂(L)
µ

has L Pauli-X terms and µ Pauli-Z terms with modulo L indexes such that {p̂(L)
µ , p̂

(L)
ν } =

2δµνI. For example, the L = 2 pairwise correlated anti-commuting operators is given as

p̂
(2)
µ = Ẑ2Ẑ4Ẑ6 . . . Ẑ2µ−2X̂2µ−1X̂2µ. In terms of Fermionic creation and annihilation operators,
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Eq. (A.43) maps to back to

p̂(L)
µ =



µ−1⊗
r=1

(I− 2â†rLârL)
µL⊗

r′=L(µ−1)+1
[â†r′ + (−1)r′ âr′ ] if L is even,

−
L(µ−1)−1⊗
r=1/∈LZ

(I− 2â†râr)
µL⊗

r′=L(µ−1)+1
[â†r′ + (−1)r′−L(µ−1)−1âr′ ] if L is odd,

(A.44)

Here in Eq. (A.44), the fermionic operator subscript rL = r · L refers to the mode index. All

fermionic terms when in normal ordered form that contain any annihilation operators will vanish

when acted upon by a vacuum state and fermionic terms that contain only creation operators

will survive. Thus, by substituting Eq. (A.44) into the product of d
L Clifford loaders Eq. (A.40)

and applying it onto a vacuum state |vac〉, the L-wise correlated ansatz state is obtained up to

an unobservable global phase

d
L∏
l=1

ĈL(~Gl)|vac〉 '
∑
|B′|= d

L

det(GB′)|B′L〉, (A.45)

where the sum is over all possible combinations ordered set B′ containing d
L unique integers

between 1 and N
L , GB′ is a d

L ×
d
L matrix minor of G whose rows are restricted to B′, B′L =

{L(j−1)+1, L(j−1)+2, . . . , Lj|j ∈ B′} and |B′L〉 denotes a N -mode Fock basis whose occupied

mode are indexed by B′L.

A.4 Givens Rotation Gate Decomposition for the L-wise

Correlated Ansatz State

Given rotation gate is defined in the main text as

Û (L)
µν (θ) = exp[θp̂(L)

µ p̂(L)
ν ], (A.46)
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where using anti-commuting operators in Eq. (A.43), it becomes

Û (L)
µν (θ) = exp

−iθ µL−1⊗
r=L(µ−1)+1

X̂rŶµL

νL⊗
r′=L(ν−1)+1

X̂r′

ν−1⊗
r′′=µ+1

Ẑr′′L

 . (A.47)

Here, the Pauli operators subscript rL = r · L refers to the qubit order. For example, a L = 2

pairwise Givens rotation would be

Û (2)
µν (θ) = exp

[
−iθX̂2µ−1Ŷ2µX̂2ν−1X̂2νẐ2(µ+1)Ẑ2(µ+2) . . . Ẑ2(ν−1)

]
, (A.48)

where it can be easily decomposed as shown in Fig. A.1 using gate decomposition techniques

from [241]. Therefore, the Given rotation gate Û (L)
µν (θ) used in this work is simply a Pauli-string

rotation gate where its gate decomposition is a generalization of Fig. A.1 as shown in Fig. 3(b)

of the main text.

=
/2
/2

Figure A.1: The pairwise Givens rotation gate Û
(2)
µ,ν is decomposed using Pauli rotation

gates Rx that acts on qubit 2µ that correspond to Ŷ2µ, Rz that acts on qubit 2µ−1,
Hadamards H and CNOT ladders B(L)

µν that acts on all 3 qubits in {2µ−1, 2ν−1, 2ν} that
corresponds to correspond to X̂2µ−1X̂2ν−1X̂2ν , with B(L)

µν also acting ν − µ additional qubits in
{2µ, 2(µ+1), 2(µ+2), . . ., 2(ν−1)}. θ is a scalar parameter.
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Appendix B

Resource-Efficient

Quantum-Assisted Simulator

B.1 Modified Hadamard Test for Parallel Gates

The standard Hadamard Test estimates the real and imaginary components of 〈ψ| Û |ψ〉 using

an ancilla qubit and an N -system-qubit unitary Û gate controlled by the ancilla qubit, as shown

in Fig. B.1.

This creates a problem: parallel gates in the gate decomposition of Û must be serialized

|0⟩ H Sb† H

|ψ⟩ U

Figure B.1: Standard Hadamard Test that estimates real and imaginary parts of 〈ψ| Û |ψ〉 for
b = 0 and 1, respectively.
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|0⟩ H Sb† H

|0⟩

|ψ⟩
U1

U2

Figure B.2: Modified Hadamard test with two ancilla qubits initialized in |0〉 and two sets of
system qubits initialized in |ψ〉.

when gate control by the ancilla qubit is applied. This problem can be solved by using more

ancilla qubits. As a simple example, let the N -system-qubit unitary Û gate be

Û = Û1⊗Û2, (B.1)

where Û1 and Û2 act on two separate sets of system qubits. Then, consider the following

modified Hadamard Test that uses two ancilla qubits, as shown in Fig. B.2. The first three

quantum gates on the left of the modified Hadamard test circuit in Fig. B.2 generate an ancilla

Bell state |00〉+ |11〉 if b = 0 or |00〉− i |11〉 if b = 1, where the state normalization is ignored to

reduce verbosity. Next, Û1 controlled by the top ancilla qubit and Û2 controlled by the bottom

ancilla qubit are applied to prepare |00〉 |ψ〉+ |11〉 Û |ψ〉 if b = 0 or |00〉 |ψ〉− i |11〉 Û |ψ〉 if b = 1.

Then, the inverse of operator that generates the ancilla Bell state, without any phase gates S, is

applied. Finally, the top ancilla qubit is measured in the Pauli-Z basis. The Pauli-Z expectation

value 〈Z〉 will give the real and imaginary components of 〈ψ| Û |ψ〉 for b = 0 and 1, respectively.

To maximize gate parallelism, it is sufficient to have N ancilla qubits. Doing so will

require one to prepare an N -qubit ancilla Greenberger–Horne–Zeilinger (GHZ) state, as shown
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N−1

N
qubits

|0⟩ H Sb†

|0⟩

N -qubit
GHZ state

Figure B.3: Quantum circuit preparation of N -qubit GHZ state [304]. The CNOT gate with
an arrow represents a cascade of CNOTs gates, known as a CNOT ladder, as shown in Fig. 3.7

in Fig. B.3. That is, |0 · · · 0〉 + |1 · · · 1〉 if b = 0 or |0 · · · 0〉 − i |1 · · · 1〉 if b = 1, instead of an

ancilla Bell state.

B.2 Quantum Resource-Efficient Regime

Here, the total quantum runtime complexity between the standard method and the Quantum-

Assisted Simulator (QAS), as described in Chapter 5 are compared. In addition, the condition

that QAS has to fulfill in order to be more quantum resource-efficient than standard methods is

also derived. Consider a system of qubit size N , described by a time-independent Hamiltonian

Ĥ, initialized in an unknown state |ψ0〉, the goal is to solve the quantum dynamics described

by an observable Ô at fixed time intervals ∆t up to a total simulation time T .

Assume both the Hamiltonian Ĥ and observable Ô decompose into a linear combination

of L Pauli strings P̂l = ⊗Nj=1σ̂j , where σ̂j ∈ {Îj , X̂j , Ŷj , Ẑj}, which may or may not share the

same Pauli string. The quantum runtime complexity of existing quantum algorithms that

simulate the e−iĤ∆t time propagator for a fixed simulation time of ∆T , up to a time evolution

error ε ≥
∥∥∥eiĤ∆t−Û

∥∥∥, is upper bounded by O(PolyÛ (L, ε−1,∆t)) as shown in Table B.1. Thus,
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Algorithms Simulating e−iĤt Quantum runtime complexity

1st Order Trotter [8, 120, 121] O
[
L3(t‖Ĥ‖max)2/ε

]
2nd Order Trotter [8, 120, 121] O

[
L

5
2 (t‖Ĥ‖max)

3
2 /ε

1
2
]

2kth Order Trotter [8, 9] O
[
52kL(Lt‖Ĥ‖max)1+ 1

2k /ε
1
2k
]

Qubitization [133] O [tλ+ log(1/ε)/ log log(1/ε)]

Linear Combination of Unitaries [129] O [tλ log(tλ/ε)/ log log(tλ/ε)]

Quantum Signal Processing [132] O
[
t‖Ĥ‖max + log(1/ε)/ log log(1/ε)

]
Stochastic Simulation (QDRIFT) [271] O

[
(tλ)2/ε

]
Table B.1: The quantum runtime or gate complexity of various quantum algorithms simulating
e−iĤt time propagator, that are upper bounded by O(PolyÛ (L, ε−1, t)), for a time-independent
Hamiltonian Ĥ and up to a simulation time t [118]. Here ‖Ĥ‖max is the largest absolute element
of Ĥ and λ=∑l pl is the sum of all Pauli coefficients of the Pauli-form of Hamiltonian Ĥ.

performing the time evolution for a simulation time of j∆t, where j∈Z is a non-negative integer,

incurs a quantum runtime complexity of j ·O(PolyÛ (L, ε−1,∆t)) from applying the e−iĤ∆t time

propagator j times on the initial state.

Due to wavefunction collapse and no-fast-forwarding theorem, the standard approach

involves preparing L copies of time-evolved states at times {j∆t|j = 0, 1, . . . , T∆t} for Pauli

measurements. Since, QAS will latter assume access to a 2N -qubit quantum computer, the

standard approach can be parallelized by running two independent the time-evolution at a

time, reducing the overall runtime by a factor of 2. Therefore, the overall quantum runtime

complexity of the standard approach is

1
2 · L ·

T/∆t∑
j=0

[
j · O(PolyÛ (L, ε−1,∆t))

]
= 1

4
T

∆t

(
T

∆t + 1
)
· L · O(PolyÛ (L, ε−1,∆t)). (B.2)

For the QAS, the quantum computer is used only for estimating the real and imaginary
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components of the overlap F , Hamiltonian H, and observable O matrices, as shown in

Chapter 5.2.3. Consider choosing n time-evolved states |ψj〉 = e−iĤsj |ψ0〉 as basis, where

j = {0, 1 . . . , n−1} and parameter times 0 = s0 < s1 < . . . < sn−1 ≤ T are not longer than the

total simulation time T . Then, the aforementioned matrix elements consist of the quantities

Fjk = 〈ψ0|eiĤ∆sjk |ψ0〉 and Pjkl = 〈ψ0|P̂leiĤ∆sjk |ψ0〉 as shown in Eqs. (5.29) and (5.30),

respectively, where k = {0, 1, . . . , n − 1}, ∆sjk = sj−sk are the parameter time differences

and l = {0, 1, . . . , 2L}. In total, there are n2 + 2Ln2 = O(Ln2) such quantities combined.

These quantities can be estimated using the modified Hadamard test from Appendix B.1. It

requires a controlled-e−iĤ∆t time propagator that has a longer quantum runtime complexity

than a standard e−iĤ∆t time propagator by at most a constant factor of γ. Thus, the overall

quantum runtime complexity of the QAS is

2 · 2 · L ·
n−1∑
j,k=0

[∆sjk
∆t · γO(PolyÛ (L, ε−1,∆t))

]
< 4γn2 · T∆t · L · O(PolyÛ (L, ε−1,∆t)), (B.3)

where following inequality is applied,

n−1∑
j,k=0

∆sjk < Tn2. (B.4)

Comparing the runtime complexities Eqs. (B.2) and (B.3), the condition for the QAS to be

more resource-efficient is found to be,

T

∆t & 16γn2 − 1. (B.5)

By the observation that a 3-qubit Toffoli gate can be decomposed into 6 CNOT gates, consider
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the assumption that γ ≈ 6 and thus the condition in Eq. (B.5) simplifies to

T

∆t & 100n2 & 16 · 6 · n2 − 1. (B.6)

B.3 Sampling Basis State Overlaps, Hamiltonian and

Observable Elements.

(a)

(b)

Figure B.4: Hadamard test for estimating the real (b=0) and imaginary components (b=1) of
(a) Fjk and (b) Pjkl quantities.

Here, for the ease of presentation, consider using the standard Hadamard Test with one

ancilla qubit to estimate the real and imaginary components of the overlap F , Hamiltonian

H and observable O matrices using an ancilla qubit. The aforementioned matrix elements

consist of the following quantities: Fjk = 〈ψ0|eiĤ∆sjk |ψ0〉 and Pjkl = 〈ψ0|P̂leiĤ∆sjk |ψ0〉 as

shown in Eqs. (5.29) and (5.30), respectively, where j = {0, 1 . . . , n− 1}, k = {0, 1, . . . , n− 1},

l = {0, 1, . . . , 2L}, n is the number of basis states, ∆sjk = sj − sk are the time differences, L is

the maximum number of Pauli elements in the Hamiltonian Ĥ or the observable Ô operators,

0 = s0 < s1 < . . . < sn−1 ≤ T are the time parameters. Both Fjk and Pjkl can be estimated
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using the standard Hadamard Test with one ancilla qubit shown in Fig. B.4.

The real and imaginary component of the quantities can be estimated by the Pauli-Z

expectation value of the ancilla qubit 〈Z〉 for b = 0 and b = 1, respectively. Assuming noiseless

quantum circuits and measurements, the Ns-shots measurement statistics of the ancilla qubit

can be treated as a normal distribution with its mean equal to the Pauli-Z expectation value of

the ancilla qubit 〈Z〉 and its variance Var(Ẑ) =
√

1−〈Ẑ〉2

Ns
. Thus, a sample set of the matrices are

obtained by sampling the corresponding normal distributions once for each real and an another

for each imaginary components of the corresponding quantities, respectively.

B.4 Energy Dynamics of Helium Atom and Hydrogen Molecule
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Figure B.5: Energy dynamics for Helium Atom, using the 6-31G basis set, initialized in an equal
superposition of the ground and highest excited state of eigenenergies -2.87 and 0.609 Hartrees,
respectively.

The energy dynamics of the He atom and H2 molecule are plotted in Figs. B.5 and B.6,
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respectively. Both initialized in an equal superposition of its ground and highest excited state.

The solid colored line and shaded regions represent the mean and uncertainty, respectively,

of 100 independent QAS simulation samples, each with 104 simulated shots. The true time-

evolution is denoted by the black dashed line. The top left plots of both figures show the total

energy which represents the expectation value of the electronic Hamiltonian of the He atom and

H2 molecule correspondingly. The top right plots show the Coulomb energy which represents the

sum of all interaction energy between two electrons due to Coulomb repulsion. The bottom left

plots show the kinetic energy, that is the sum of all one-electron kinetic energies. The bottom

right plots show the potential energy which represents the sum of all one-electron potential

energy of electrons due to nuclear attraction.

For both systems, the total energy is observed to be conserved throughout the entire

simulation time, with a fractional energy uncertainty of about 0.8% and 4% for He atom and

H2 molecule case, respectively. For the Coulomb energy, the fractional energy uncertainty of

about 6% and 13% for He atom and H2 molecule case, respectively. For the kinetic energy,

the fractional energy uncertainty of about 3% and 5% for He atom and H2 molecule case,

respectively. For the potential energy, the fractional energy uncertainty of about 0.5% and

2% for He atom and H2 molecule case, respectively. Despite the seemingly-good accuracy and

reasonable precision, some energy oscillations cannot be precisely determined, especially the

potential energy plots for both cases. This is due to the energy magnitude being larger than

the energy oscillating amplitude. A larger number of shots is required to improve the precision

of measuring energy oscillating amplitude.
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Figure B.6: Energy dynamics for Hydrogen molecule, using the 6-31G basis set, at equilibrium
distance of 1.4 Bohr, initialized in an equal superposition of the ground and highest excited
state of eigenenergies -1.15 and 1.93 Hartrees, respectively.

B.5 Variance of Observed Quantities against Number of Shots

The variance of the orbital population and energy against a range of shots between 103 to 1010

per real or imaginary evaluation of basis state overlap and Hamiltonian element are plotted, for

the He atom in Figs. B.7 and B.8, respectively, and for the H2 molecule in Figs. B.9 and B.10.

All plots show that the variance is directly proportional to the number of shots, as expected for

shot noise.
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B.5.1 Helium Atom Case
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Figure B.7: Atomic orbital population variance for 100 independent QAS samples runs for
Helium Atom, using the 6-31G basis set.
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Figure B.8: Energy variance for 100 independent QAS samples runs for Helium Atom, using
the 6-31G basis set.
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B.5.2 Hydrogen Molecule Case
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Figure B.9: Molecular orbital population variance for 100 independent QAS samples runs for
Hydrogen molecule, using the 6-31G basis set.
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Figure B.10: Energy variance for 100 independent QAS samples runs for Hydrogen molecule,
using the 6-31G basis set.
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B.6 First Order Trotterized Time-Evolved Basis States

The first order Trotterization is implemented on the basis |ψ1〉=e−iĤ/2 |ψ0〉 and the QAS

simulation of the Helium atom is repeated. Fig. B.11 plots the state infidelity of the final

time-evolved state at the simulation time of t=4 Hartree−1 against a range of Trotter steps up

to 104 steps for a range of shots between 104 and 1010. The results show that state infidelity

improves at larger Trotter steps, but quickly plateaus beyond a finite number of steps as the

shot noise becomes the limiting factor.
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Figure B.11: State infidelity after a simulation time of t=4 Hartree−1 as a function of the
number of first-order Trotter steps implemented per time-evolved basis state, ranging from 1 to
104 steps, at various number of shots ranging from 104 to 1010 shots per real and per imaginary
evaluation of basis state overlap and Hamiltonian element.
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B.7 Linear Dependence of the Time-Evolved Basis

The time-evolved basis is linearly independent if and only if the basis state overlap F is

invertible. As basis overlap is defined using the L2-inner product, F is also semi-positive

definite, that is all of the eigenvalues of F is either zero or positive real-valued. Using the above

properties of the basis state overlap, for n = 2 basis set size, the basis linear independence

condition for parameter time s1 can be derived.

Consider having n = 2 normalized time-evolved basis |ψ0〉, |ψ1〉 = e−iHs1 |ψ0〉, where

|ψ0〉 is the initial state. The basis state overlap is

F =


〈ψ0|ψ0〉 〈ψ0|ψ1〉

〈ψ1|ψ0〉 〈ψ1|ψ1〉


, (B.7)

where

〈ψ0|ψ0〉 = 〈ψ1|ψ1〉 = 1. (B.8)

To ensure that F is both invertible and semi-positive definite, it must satisfy

0 < det(F ) (B.9)

< 1− | 〈ψ1|ψ0〉 |2. (B.10)

Suppose the initial state |ψ0〉 is a unknown superposition of n = 2 eigenstates with corresponding

eigenvalues e0 and e1, that is

|ψ0〉 = β0 |e0〉+ β1 |e1〉 , (B.11)
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such that the unknown coefficients are normalized |β0|2 + |β1|2 = 1. Then, the inequality above

in Eq. (B.10) can be evaluated to

|β0|4 + |β1|4 + 2|β0|2|β1|2 cos[s1(e1 − e0)] < 1, (B.12)

which simplifies to

s1 6=
2kπ

e1 − e0
, k ∈ Z. (B.13)
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