TECHNICAL UNIVERSITY OF CRETE

SCHOOL OF ELECTRICAL AND COMPUTER ENGINEERING

Hybrid Quantum Classical
Algorithms for Optimization and
Applications in Finance

DIPLOMA THESIS

Andreas Stratakis

THESIS COMMITTEE

Associate Professor Dimitris G. Angelakis

Associate Professor Vasilis Samoladas
Professor Michail G. Lagoudakis

Chania October 2023



Abstract

This thesis delves into the prominent topic of applying quantum computing to solving
optimization problems and recent applications in the financial sector. We set the stage
by defining the framework of quantum computation. This includes the building blocks
of a quantum computer, such as the quantum bits and gates, but also the postulates
of quantum mechanics, that determine their behaviour. Next, we dive deep into quan-
tum approaches for binary optimization and the most popular hybrid algorithms for such
problems, namely the Quantum Approximate Optimization Algorithm (QAOA) and the
Hardware Efficient Variational Quantum Algorithm (VQA), as well as Quantum Anneal-
ing. We implement these algorithms to solve fundamental problems in computer science,
such as the “Subset Sum” and the “Travelling Salesman Problem”, as precursors to the
intricate challenge of applying them next to the financial world for portfolio optimization.
In addition to formulating and adapting these problems to be amenable to quantum ap-
proaches, we present comprehensive benchmarks in cloud quantum hardware. In the last
part of the thesis, we present a novel approach for solving portfolio optimization tailored
for near-term quantum computers based on quantum amplitude encoding. This method
transcends mere theoretical or ‘toy’ models, offering potential for handling real-world
scale challenges specific to this domain. Our evaluations encompass predefined test sets
and real-world data from the S&P100 and S&P500 financial indices.
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Chapter 1
Introduction

“Nature is not classical, dammit,
and if you want to make a
simulation of nature, you'd better
make it quantum mechanical.”

Il Richard Feynman

Since the dawn of civilization people tried to provide explanations to certain phenomena
of nature, from simple but unpredictable like storms and droughts, to complicated yet
predictable like the movement of planets. There seems to be some innate motivation for
people to try to nd patterns in very complicated systems and try to replicate them.

This let to the creation of the rst ever computer, so called\Antikythera mechanism”

[1]. This ancient Greek device was a hand-powered mechanical analogue computer. It
was capable of predicting astronomical positions and eclipses with remarkable accuracy
decades in advance. Additionally, it was used to keep track of the four-year cycle of the
ancient Olympic Games. It is still considered an engineering marvel, because of the lack of
technology instruments that we take today as granted. This shows the curious nature of
humans, being able to watch, nd patterns and predict the future of complex phenomena.

Figure 1.1: An accurate reconstruction of the internal components of Antikythera mech-
anism. The front panel simulates the positions of the plantes, while the rear panel shows
the name of the month and the next eclipse type.



Fast forward a few eons, the invention of the transistor revolutionized technology and
science. Transistors quickly evolved into smaller sizes, allowing computational power to
increase exponentially in a phenomenon now referred to as Moore's Law [2]. This law,
although more accurately described as an observation, states that the number of transis-
tors doubles approximately every two years while their size halves. Suddenly, transistors
were used everywhere, from our computers and phones to virtually every electronic de-
vice. Moreover, it spurred the creation of new elds in computer science, such as arti cial
intelligence, etc.

Despite the transistor being arguably one of the most important inventions in the history

of humanity, in recent years Moore's law seems to be stagnating as the transistor size
approaches its physical limit. At very small scales, quantum mechanics begins to domi-
nate, introducing uncertainty in a transistor's behavior as electrons can quantum tunnel
through the transistor's gate, resulting in incorrect output. This stagnation in the evo-
lution of classical computational power implies an increasing di culty in leveraging this
power to address challenges in emerging elds of science, such as simulating molecules,
for example.

Quantum computers, grounded in the fundamental physics of reality, hold the promise
of potentially revolutionizing science once again. Computation utilizing the principles of
guantum mechanics was rst proposed in the early 1980s [3, 4, 5]. Since then, the eld of
guantum computation and simulation has made signi cant progress, built on the premise
that quantum computers have more computational power than classical computers and
the promise to solve some di cult problems more e ciently. The most important compu-
tational tasks with expected quantum computational advantages are prime factorization
[6], database search [7, 8] and solving systems of linear equations [9]. E ciently solving
these tasks will have tremendous impact on science and industry. Another candidate
for computational advantage is the use of quantum computers for analogue simulation
of a quantum mechanical system. This could potentially be used to simulate molecules,
materials and other complex systems, revolutionising medicine and industry by creating
new drugs e.t.c.

Right now, billions of dollars are being invested in quantum computing. The primary
motivation for this investment is the proven exponential speed-up in breaking RSA [10]
cryptosystem. Governments around the world employ a strategic method known as SNDL
(Store Now, Decrypt Later), where they intercept large amounts of data including classi-
ed military documents and unpublished research, among other things. The underlying
notion is that information from the past may hold signi cant importance even many years
into the future. This concept has ignited a new race to develop a fault-tolerant quantum
computer. Currently, state-of-the-art quantum computers are noisy and possess a lim-
ited number of qubits, ranging from hundreds to thousands. Consequently, considerable
research is being conducted in the NISQ (Noisy Intermediate-Scale Quantum) computing
era. Right now there are several companies competing in the development of high quality
scalable quantum computers. The most notable are IONQ, IBM, Google, Rigetti and
Xanadu.



Figure 1.2: Evolution of computers

Thesis Outline

Chapter 1 . This thesis starts by introducing the basic principles of quantum computa-
tion. It begins with an overview of the crucial mathematical background. Additionally,
this chapter highlights the essential components of quantum computation, such as quan-
tum gates, and examines quantum entanglement.

Chapter 2 . This chapter delves into quantum optimization. It starts by introducing
the Quadratic Unconstrained Binary Optimization (QUBO) classi cation of problems.
Then it introduces quantum annealing and its relation to the Ising model. It also shows
how a QUBO problem can be encoded into an Ising Hamiltonian. Finally this chapter
introduces the two main Hybrid optimization algorithms, their generic implementation
and their pros and cons.

Chapter 3 . In this chapter the theory is tested in 2 very popular problems in Computer
Science, which aré&Subset Sumand Travelling Salesman Problem Next the algorithms
are compared with each other to see any potential limitations.

Chapter 4 . This chapter delves with the problem of Portfolio Optimization. It rst
starts by doing a brief reference to relevant problems. Then it continues by formulating
the problem, transforming into a QUBO problem and encoding into a Quantum An-
nealer. The cost function and it's constraints are benchmarked individually to test the
theory and nd any potential limitations. After this a large scale problem that ts real
world standards is executed on a Hybrid Quantum Annealer from D-wave. Finally a new
method is proposed that is problem specic and it is also benchmarked on real world
data and problem size.



1.1 What is a qubit?

The qubit "quantum bit" is the fundamental unit of quantum information. This term
was rst introduced by Benjamin Schumacher, an American physicist, in the late 1990s.
The word "bit" is an abbreviation for"binary digit" . It was coined in the early 1940s
by American mathematician and logician Claude Shannon. In information theory, a bit

is the smallest unit of data, representing either a 0 or a 1 in binary code. This binary
system is the basis for classical computing, where information is processed using bits and
operations like logical gates.

1.2 Mathematical representation of the qubit

Classical bits can be either 0 or 1. Qubits, on the other hand, can @ or j1li or any
superposition betweerjOi and jli. Here the symbolji ) was introduced by Paul Dirac
in 1958 to describe quantum states. Mathematically this is a vector of complex values.

In classical systems, the space of states is a set that contains all the possible states. For
example, the space of states for a bit i60; 1g. In quantum systems, however, the space
of states is avector space

A guantum state is depicted by a vector in a complex vector space known as tHdbert
space, symbolized byH. While we're not delving into the mathematical specics of a
Hilbert space at this moment, it's useful to envision it as an extension of the familiar
Euclidean vector spacecapable of spanning either nite or in nite dimensions.

In guantum mechanics, the vectors that compose the Hilbert space are represented by
kets. The simplest Hilbert space we can study regards the two-level quantum systems,
where the vector stateg0i and jli form an orthonomal basisfor this vector space and
are de ned as:

joi = jli =



1.3 Visualization of the qubit

Qubits can be realized using various physical systems, one of which is based on quantum
entities with two distinct energy levels. A prime candidate for this realization is an elec-
tron in a hydrogen atom, which possesses numerous discrete energy orbitals. By isolating
the two lowest energy levels, namely the ground state and the rst excited state, we can
e ectively construct a qubit. In this model, the ground state, which is the lowest energy
state an electron naturally occupies, corresponds to thj@i state. Conversely, the rst
excited state, which is a state with a higher energy level, represents tjie state in the
qubit representation.

Quantum transitions between these states can occur through energy absorption or emis-
sion equal to the energy di erence between these two states, facilitating transitions from
jOi to j1i states and vice-versa. This energy di erential serves as a fundamental mecha-
nism for quantum bit operations, forming the basis for quantum computing applications.
By employing the hydrogen atom as a model, with a singular electron orbiting its nucleus,
we can better visualize and understand these quantum transitions and the underlying
principles of qubits.

Figure 1.3: Ground state of Hydrogen
atom (state jOi)

Figure 1.4: Excited state of Hydrogen
atom (state j1i)

The quantum spin is the second and more frequently used system for qubits. Originating
from particle physics, spin is a characteristic associated with fundamental particles. One
can imagine the quantum state of the spin as an arrow pointing in a speci c direction.

This arrow can be represented as a point on the surface of a three-dimensional sphere.

ji=cos 3 joi + € sin 5 1l

Within this framework, the parameters and are con ned to the ranges 0 and

0 2 , respectively. This graphical representation, denoted as ti&loch sphere

(see gure 1.5) in homage to physicist Felix Bloch. Each quantum state of a single qubit
can be mapped in the surface of the Bloch shpere. Here orthogonal states are placed
antidiametrically, as shown in gure 1.6.

10



Figure 1.5: Bloch Sphere

The Bloch Sphere is a nice tool to visualize the qubit, but it is limited to only a single
qubit with single qubit gates available. Qubit gates result in rotations around the 3
axes, as we will discuss later. Trying to visualize 2 or more qubit systems is impossible
as higher dimensional hyperspheres are required to do so. Therefore, it's just easier to
comprehend the mathematics that form this theory rather than trying to visualize such
systems.

(a) State jOi (b) State j1i

Figure 1.6: Bloch vector of stategOi and j1i
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1.4 Basic Linear Algebra

a’ b= ab (1.1)

De nition 2 ( Linear combination ) A vector jui 2 C" is a linear combination of

vectorsjuii, juai, , juni, If jui can be expressed as
X0
jui = G juji (1.2)
i
whereg 2 C
De nition 3 ( Linear Independence ) A set of non zero vectorsusi, jusi, , ju,i?2

C" are linearly independent if
a]_juli + aszZi + + ay juni =0 , a =0 8i=1;2 ;n (13)

De nition 4 ( Spanning set ) A spanning set for a vector spac¥ is a set of vectors
juil, juai, , juni2 C" frgm V, such that any other vectojui 2 C" can be written as
a linear combinationjui = ; G ju;i of that set of vectors.

De nition 5 ( Basis ) A basis is a set of vectors that are a spanning set and linearly
independent.

De nition 6 ( Unit vector ) A unit vector or normalized vector , is a vectorjui in
C" that satis es

kjuk,=1 Wwu=1:

De nition 7 ( Orthonomal basis ) An orthonomal basis is a basis whose vectors are
all unit vectors and orthogonal to each other.

It becomes evident that the vectorg0i and j1i form an orthonormal basis inC2. This
basis is frequently adopted in quantum computation and is termed theomputational
basis Its widespread usage can be attributed to its natural association with the classical
bits 0 and 1. It's important to recognize that while a vector space may have multiple
spanning sets, it doesn't imply a unique basis. Though there exist numerous bases in
guantum computation, the computational basis remains predominantly prevalent.

A distinct contrast between a qubit and a classical bit is the ability of the qubit to exist in
multiple states simultaneously. This unique behavior, exclusive to quantum mechanics,

is termed superposition Mathematically, this concept of superposition corresponds to
forming a linear combination of states:

ji= joi+ jli= 2 C?

12



In quantum mechanics, the values and are understood as compleyrobability
amplitudes . Their designation hints at a relationship to probabilities, though this link
might not be immediately evident. While and by themselves lack experimental impli-
cations, their magnitudes carry signi cant meaning. Speci cally, when a qubit undergoes
measurement, it manifests in statg0i with probability j j? = and in statejli with
probability j j% = . This inherent probabilistic behavior is encapsulated by th&orn
rule, emphasizing the stochastic nature of quantum mechanics. Before a measurement,
the entirety of the qubit's potential states is described by i. Yet, upon measurement,
the state collapses to a single outcome, with the likelihoods determined by the square
of the probability amplitudes' magnitudes. This also implies that the probabilities must
sum up to 1, meaning that:

IS NEEEE
In a more generalized context, any quantum state withirC" is given by

X0
ji= G juil
i=1
where vectors likeju,i, jusi, and so forth up toju,i, establish an orthonormal basis in
C". The respective probabilities, derived from these vectors, constitute a valid probability
distribution, ensuring their collective sum equals one:

X
j6j?=cg=1:
i=1
From a geometric standpoint, we can infer that a quantum system's state represents a
normalized vector , having a magnitude of 1, in the milti-dimensional Hilbert space of
all basis states.

Throughout our exploration, it's evident that "ket" vectors emerge as complex vectors.
This suggests each ket possesses a corresponding complex conjugate, termed "bra" (orig-
inating from 'braket’). If we envision a ket as a vertical column vector, its bra will be a
horizontal row vector.

[ 2
j 1= b2C

hj= a b 2C?

From this understanding, we can introduce thebracket as the dot product between a
‘bra’ and a ‘ket'. Specically,hj i.

De nition 8 ( Linear operators ) A linear operatorM is a linear transformation M :
V! W, between two vectors spaces V and W. Suppgse is a state vector inC", then,
!
- . X" - - X] - -
Mji=M Gjui = ¢ M juii; (1.4)

wherec 2 C.

13



De nition 9 ( Hermitian conjugate ) The Hermitian conjugate, or adjoint (y), is the
complex conjugate of a transposed matrix

MY=[M ] (1.5)

De nition 10 ( Hermitian Operator ) Hermitian operators, also referred to as self-
adjoint operators, are operators (or matrices) that are equal to their adjoint (or conjugate
transpose).

MY=M (1.6)

De nition 11 ( Eigenvalues and eigenvectors ) An eigenvectorjv;i 2 C" of an op-
erator M 2 C" ", is a non-zero vector that satis es the following equation:

M jVii = ijVii (17)

where ; 2 C" is the so calledeigenvalue . The number of eigenvalues depends to the
dimensions of the operator. An operator oh n dimensions will haven eigenvectors
and n corresponding eigenvalues. However the number of distinct eigenvalues with their
corresponding eigenvectors can be less than These can be found by solving for the
following "characteristic equation”.

detiM  1j=0 (1.8)

wherel is the Identity matrix.

De nition 12 ( Identity matrix ) The identity matrix, denoted asl, is a square ma-
trix with ones on its main diagonal and zeros everywhere else. It serves as the "multi-
plicative identity" in matrix multiplication. When it acts on a vectorj i2 C", it leaves
the vector it una ected.

lji=j i 1.9
21 j 3 (1.9
1 0 O : 0
010::0

=60 0 1::: 0 (1.10)
0O 0 O0:::1

De nition 13 ( Spectral decomposition ) Any linear, square operatorA 2 C" " can
be expressed as:
A=V VY (1.11)

where is a diagonal matrix containing the eigenvalues & on its diagonal andV is
a matrix whose columns are the eigenvectors Af The equivalent expression of this is
also: X
A= ijoith i (1.12)
i
where the eigenvectorg ;i form an orthonomal set and ; are their corresponding eigen-
values.

De nition 14 ( Normal operator ) A linear operator M 2 C" " is normal if it com-
mutes with its adjoint:
MM Y= MM (1.13)

14



De nition 15 ( Commutator ) The commutator between two operators A and B is de-
ned as:

[A;B]= AB BA (1.14)
If [A;B]=0 we say that the two operatorsommute . A very important property of two
operators that commute is that:

[A;B]=0 () €' =¢e'é® (1.15)

De nition 16 ( Projective Operator ) A projective operator P, often simply called
projector , is an operator that acts on the state space of the systgm by projecting
it onto a paerticular subspace. This operator is not unitary and a ects the statg i
irreversibly . An operator is projective if

P?2= P (Idempotence)

1.16
P = PY (Hermitian) (1.16)
Projective operators are also mutually orthogonal and they form @mplete set
X
P =1 (1.17)

i
De nition 17 ( Unitary operator ) A linear operator U 2 C" " is a unitary operator
if it satis es the following condition:
UU=Uuw =1 (1.18)

A unitary opereator can also be expressed as:
u=é" (1.19)
where H is someHermitian  operator.

De nition 18 ( Tensor product ) The tensor product, also known as the Kronecker
product, is a mathematical operation between two tensors (which include vectors and ma-
trices).

The tensor product between vectors2 C" andu 2 C™ is de ned as:
2 3

Vou
Y u:§ EZC””1 (1.20)

The tensor product between matriceA™ " and BP 9 is de ned as:

2 3
a1B apB i apnB
A B-= a2.1B az.zB :.:: aZrI,B 5 CmP g (1.21)
aniB am,B ::: amB

where eachs; B denotes scalar multiplication of the matrix8 by the matrix elements; .

15



Tensor products are the most important operation in guantum computing and will be used
extensively in the following chapters. For this reason, below are listed all the important
properties of tensor products.

" Bilinearity : For vectorsu;v;w and scalarsa; b
(au+bv) w=alu w)+ bv w)
u (av+bw)=au v)+bu w)
" Associativity : For matricesA;B; and C:

A (B C)=(A B) C

" Distributivity with Matrix Multiplication . For matrices A;B;C; and D of
appropriate dimensions:

(A B)C D)= AC BD
A (B+C)=A B+A C
(A+B) C=A C+B C
" ldentity : There exists an identity element such that:
I A=A 1 =A
for any matrix A.

" Transpose and Conjugate Transpose

(A B)T=AT BT
(A B)Y=AY BY

Suppose that we have 2 separate statevectors corresponding to 2 quhits, = & and

b
ji= g in C2. The state of the composite system can be written as the tensor product
of those 2 statevectors:

2 3 2 3
q © ac
S a c_g dé_gad
PR TZ 0 a0 74 ¢ 57 dn
d bd

Notice how the dimension of the vector doubled. This is true for every qubit state we
add. The state vector will grow exponentially. This means that the Hilbert space of
qubits is described by 2 complex numbers. Note that sometimes, to simplify things, we
use abbreviations when we write down the tensor product of states. All the following
notations are equivalent

jigoi=iiji=i; =
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1.5 Postulates of quantum mechanics

To better understand qubits, we rst need to understand the rules that govern the quan-
tum world. Conversely to classical physics, we don't possess the intuition to understand
and visualize quantum phenomena. Our brains have evolved in the macroscopic world
which is ruled by Newtonian physics and therefore the behavior of the quantum world, like
being in two states at the same time does not make sense. Nevertheless we can overcome
this lack of senses and turn to using abstract mathematics. Postulates are fundamental
principles or assumptions that cannot be derived from other principles within the theory,

but upon which the theory is based. They serve as the starting point for building a
theoretical framework and making predictions that can be tested experimentally.

Postulate 1.

Every physical system is associated with a wave function. In the case of a patrticle
the wave function is denoted as (x;t) and depends on the coordinatex at time t. In
the case of qubits the state is represented by a complex vecjor in the Hilbert space.
This vector contains all the information that is accessible to us about the system.

Postulate 2.

The physical observables are described liymear operators and speci cally, Hermitian
operators . The observables are quantities we can measure. For example, observables in
qguantum mechanics are things like the position, momentum, kinetic of potential energy
and angular momentum of a particle. This postulate comes from the observation that
the expectation value of an operator that corresponds to an observable must be real and
therefore the operator must be Hermitioan. This brings us back to spin qubits, where the
guantum state of the spin is represented as a 3 dimensional vector in the Bloch sphere
with basis *; *y; and #,. These operators are th@bservable components of the spand
thus, are described byHermitian operators. Measuring the spin in one of these directions
will yield either 1 or 1. The measurement is performed by an apparatus that interacts
with the system. For simplicity we can think of the apparatus as a black box, which we
can orient along each axis to measure the respective spin component.

Postulate 3.

Should we measure an observable quantity, the result will always be one of the eigen-
values ; of the corresponding operator that describes the observable. Moreover, the
state for which we measure with certainty ; is the corresponding eigenstatg ji. After

the measurement, the system will be in a state corresponding to the eigenstate of the
value measured, which is often di erent from its state just before the measurement. This
sudden'jump is non-deterministic (probabilistic) and is often referred to as thécollapse

of the wave-function"

As mentioned earlier, when an observable component of the spin is measured, the mea-
suring apparatus will yield nothing else but 1. This postulate implies that the result of

a measurement is always one of the eigenvalues of the corresponding operator. Therefore,
the eigenvalues of the spin operators arel.
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Postulate 4.

Suppose that the state of a quantum system ig i. If we measure the observable M,
we will obtain ; with a probability

pr( )= jh jiij?=hjiih ij i (1.22)

where ; is an eigenvalue and ;i an eigenvector of the Hermitian operator that de-
scribes M. Since the operator is Hermitian, the possible measurement areembiguously
distinct. In general, we de ne the productj jih ;j as aProjective Operator P;. This
postulate binds in a beautiful way everything we mentioned on quantum states and mea-
surement. Everything we can learn about a quantum state is contained within a vector
j 1. Nevertheless, we are unable to access this information without interacting and per-
manently altering the state of the system. Thus, any kind of computation should occur
before observing the system.

In the case of spin qubits speci cally, the information we can observe about the
system is the three components of the spin,; «; y. These components, as well as any
observable quantity a quantum system may have, are described biermitian operators.
Hermitian operators can be decomposed to a set of mutually orthogonal eigenvectors,
where each eigenvector is associated with a di erent real number, called eigenvalue.

Every time we attempt to observe one of the components of the spin, we get as a mea-
surement result one of the eigenvalues of the respective operator. Since each eigenvalue
has a unique corresponding eigenvector, we can easily deduce the state the system was
prior to observing it.

However, measurement of a speci ¢ observable can distinguish without a doubt only
the eigenvector states. So is it possible to observe any state? The answer here is yes! The
eigenvector of each operator constitute an orthonomal basis and hence, we can write each
state as a linear combination of the eigenvectors we intent to measure. It turns out that,
the computational basisfj Oi ;jlig that we de ned earlier on, is simply the basis formed
by the eigenvectors of the , operator.

Postulate 5.

The time evolution of a closed quantum system is governed by tf8chedinger equa-
tion

Q@.

i~@{ )i =Hj )i (1.23)

Here~ = 21 is the reducedPlank's constantand H is called theHamiltonian  of the
system. The Hamiltonian is a Hermitian operator that describes the energy of the sys-
tem. Its eigenvalues are the values that correspond to the quantized energy levels of the
system and measuring the energy of it would result one of these values.

The solution of the Schredinger equation with a time independent Hamiltonian, describes
how the quantum states of two di erent timest,,to are connected
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i (t)i=e "7 (to)i (1.24)

There is something really interesting and important to mention about the above equa-
tion. The operator that is responsible for the evolution of an isolated quantum system is
unitary. This conclusion is important because it implies that the action of operators on
guantum states is in factunitary transformations. We will see in the next section how
we utilize this to realize quantum circuits.

1.6 Quantum gates

Classical computers are built from billions of transistors. These transistors are grouped
together in ways that form logic gates. These gates process incoming binary information
and output binary results. Many logic gates are grouped together and connected with
wires in such ways that enable them to perform more complicated tasks, like addition,
multiplication etc. This emergent property is similar in quantum computers. Just like
classical computers, the fundamental building blocks of quantum computers are wires
(connections between qubits) and quantum gates. In reality, qguantum gates are applied
by enabling interactions between qubits via external magnetic elds or pulses. Describ-
ing these processes may be di cult, so we can utilize the mathematical representation of
guantum gates.

For an operator to qualify as a quantum gate, it must be a unitary operator. We pre-
viously described a quantum state as a vector within a multi-dimensional Hilbert space.
Quantum gates function by rotating these qubits while preserving their norm (or mag-
nitude). This preservation is crucial, as without it, our understanding of probabilities in
guantum mechanics would break down. Additionally, the progression of a closed quantum
system over time needs to be reversible. This entails that if an operattr transforms
state js;i into state js,i, its inverse, UY, should be able to reverfs,i back to js;i.

uu = |

which is possible only when matriXJ is unitary. These properties of quantum gates mean
that every unitary matrix can become a quantum gate.

1.6.1 Single qubit gates

In spin qubits, each quantum state can be depicted as a composite of three observable
components: *, *, and Y. Now, let's delve into the associated Hermitian operators.
These distinguished operators are widely recognized as tRauli operators , named in
honor of the physicist Wolfgang Pauli who identi ed them. Their matrix representations
and circuit symbols are:
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Interestingly enough, since these operators are Hermitian they can be encoded as the
Hamiltonian of a system. The time evolution of these operators {, Y and ?) generates
rotations around the three coordinate axes, y and z of the Bloch Sphere accordingly
(see gure 1.5). The matrix representation of these operators can be derived by solving
the time dependent Schrodinger Equation.

Ry()=eizx= $%2 Isin — R( ) —
X isin 3 cos 5
R()=e 'z = cos 3 sin 5 —Ry()
Y sin 5 cos 5
" ‘ #
= izZ = e 'z 0 _R()_
Ri()=e 0 €z -

1.6.2 Hadamard gate

The Hadamard gate is another fundamental quantum gate. It is a gate that performs
a speci c linear transformation on a qubit, creating a uniform superposition of its basis
states. The matrix representation and symbol of this gate are:

1 1 1
- —H —
H=P5 1 1
1 1 1 1 1 joi+ju . .
Hj0i = p= = p— = = = |+
W=P5 1 1 07 P51 5
_ 1 1 0 _ 1 1 _joij 1 _
Hjll_p_—l 1 1_p_§ 1__pé__J|

These states are particularly interesting because, when measured in the computational
basis, there's an equal 50% probability of observing the qubit in th@i state as there

is in the j1i state. Superposition is the rst most important phenomenon that quantum
computers utilize to their advantage. We can picture superposition as being in both
states at the same time, and therefore perform the computation simultaneously, which is
impossible on classical computers. Superposition however is not enough on its own to give
us computational advantage. The second most important phenomenon is entanglement
which will be explained later.
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1.6.3 Multi qubit gates

Multi qubit gates are gates applied to more than 1 qubits. These types of gates can be
created by combining any type of single qubit gates together and are classi ed into 2
categories:local and non-local operators.

De nition 19  (Local operators). Local operators are unitary operators that can be
factorized with a tensor product. In other words, an operator is local if it acts on only
one part of the composite system.

—HHHZ —YHHHZ

—X — —H X

The matrix representation of these gates is:

X  (ZH) for the left circuit
(XH) (ZHY ) for the right circuit

Note that we usually consider upper qubits to be less signi cant. By changing the en-
dianess, the positions of the gates in the matrix representation as a tensor product will
be di erent. Notice how the matrix representation of the operation can be broken into
a tensor product of smaller operators. This means that this operator as a whole in the
2-qubit system is a local operator. The tensor product can be extended to depict more
expansive systems. By correctly placing the operators within the tensor product, we can
design any desired local gate. In quantum circuit diagrams, the lines, often perceived
as wires, don't literally denote physical wires. Instead, they symbolize the progression
of time from left to right. Local gates, however do not fully utilize the computational
ability that quantum mechanics o er. The non-local operators take advantage of the
strange quantum phenomena that rise through the interaction between particles. One
such phenomenon is entanglement, that allows us to do calculations that otherwise are
deemed impossible.

De nition 20  (Non-local operators). Non-local operators are unitary operators that
cant be factorized into a tensor product of single qubit gates. This due to the fact that
the action of the gate on one qubit is directly controlled by the state of another qubit.

The most typical class of non-local operators are the control gates. These gates require
two qubits: a control and a target. If the control qubit is in the j1i state, a unitary
operation is carried out on the target qubit. Conversely, if the control qubit is in thgOi
state, no operation is executed on the target qubit. Such gates can also be referred to as
Controlled-U gates. The unitary matrix representation of such gates is:

Uk, 1 +P; U

wherePy = j0ihQj and P, = jlihlj are the projector operators in the comoputational basis.
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The most important type of controlled gate is the Controlled-NOT (CNOT) gate, where
the unitary operation in the target qubit is the X gate.

2 3
1 000
CNOT =Py | + P X::))?=§8$8%
0010
_69_

The CNOT is the most important multi-qubit gate, because as it turns out it has a uni-
versal behaviour. A universal set of quantum gates, is any set of gates that any other
unitary operation can be expressed as a nite sequence of gates from that set. CNOT
and arbitrary single qubit rotation gates form one such universal set of quantum gates.

Non-local operators are not limited to single controlled gates. We can construct any
multi-controlled gate, with multiple controlled qubits and a single target qubit. A prime
example of this is the CCNOT gate, otherwise called the To oli gate. The matrix repre-
sentation of this gate is:

2
CCNOT=Py | 1+P; CXE

cNeoNeoNoNeoNolNoll
cNoNoNoNoNol el
cNeoNoloNol el
OO0OO0OO0OkFroOoOoOo
oNeoNeol NelloNele
oNeoh NeolNeoloNelNel
P OOOOOO0OOo
O KTrARBERBERERBI OW

1.7 Entanglement

Entanglement is a fundamental phenomenon in quantum mechanics where two or more
particles become correlated in such a way that the state of one particle immediately
a ects the state of the other, no matter the distance separating them. It represents a
departure from classical intuitions and has profound implications for our understanding
of nature and the structure of reality. In fact, this phenomenon in the quantum world is
so absurd, that has many physicists consider quantum theory incomplete to this day.

Albert Einstein, Boris Podolsky, and Nathan Rosen wrote a paper in 1935 pointing out
some strange implications of entanglement. Einstein referred to it as "spooky action at
a distance" because it seemed that measuring one particle would instantly a ect another
far away, implying faster-than-light interactions. However, it's now understood that while
entanglement involves non-local correlations, it doesn't involve faster-than-light signal-
ing. Nevertheless, despite not fully understanding the mechanics behind it, we utilize
entanglement as a valuable resource for computation.
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De nition 21 ( Product states ) A composite system is in a product state, osepa-
rable state , if it can be expressed as a tensor product of the individual quantum states
that compose it.

9 dandj si:ji=j 1] o

De nition 22 ( Entangled states ) A composite system that is not in a product state,
is entangled.

@ i andj i tj i = 40 ]

The most famous entangled states are thBell states . Bell states form an orthonomal
basis inH* called the Bell basis. These states are special because by measuring the state
of one qubit, we de nitively know the state of the other.

2 3
; H
o 1 . 1 820 *
j I=19——(100+1111)=p——§é
2 2
N
L
213
o 160 —fHfr—
] |=p—2(JOOJ 11i) =p—2§Oé
—o{z|-
203
= phgou + 1) - 5 -
J 2] J 541
0 X N>
2
1 181 —fHfr—
] |=p—§(1011 ] 10)=p—§§ 12
—x oz}
Figure 1.7: * simulated Figure 1.8: * real device

23



1.8 Grover's Algorithm

Grover's algorithm is the second most popular quantum algorithm with a proven quantum
advantage. In short, the algorithm can nd an element in an unsorted database faster
than classical computers. Intuitively, it is easy to understand how a classical search in
an unstructured database would work. One has to search the elements one by one until
they nd the one they are searching for. If the total number of elements in the database
are N, then on average the total number of searches §5. This means that the runtime

of classical computers I@)s_bounded b®(N). Grover's algorithm, on the other hand, can
perform this task in O(' N), providing a quadratic speed-up. This means that given a
list of 1 million elements (16), a quantum computer running Grover's algorithm could

identify the element we are searching for in approximately 1000 steps §)10

How the algorithm works.

Figure 1.9: A list of N elements. The wanted elemenit is marked with purple.

Suppose that we have an unstructured list oN = 2" elements (for simplicity). Let's
also assume that we want to nd the index of the element in the purple box. We can
mathematically construct a functionf with input x such that the output is 1 if and only
if x =1 (i.e., the desired element in the list) and 0 otherwise.

f:f0;1;:::;N 1g!'f 0O;1g

1 ifx=1

f(x) = .
0 otherwise

Suppose also that all elements in the list can be encoded into quantum states likelexi

jdatai. Notice how we only wantO(log, N) = O(n) qubits to encode all possible indices
plus some ancilla qubits to encode the data. It is generally right to assume that the data
register would have constant length, as this is also the case in classical Random Access
Memory (RAM).

jindexi | jdatai
jO 001 | jdatagi
jO 010 | jdatai
jO 011 | jdatayi
jO 100 | jdatasi
jO 101 | jdatasi

Table 1.1: Table of Indices and Data
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We can acces$ via a subroutine (often called an oracle) via a unitary operatod, that
acts on the data register such that:

(

j xi ifx=1

U le = . .
jXi otherwise

This action can be generalized ab), jxi = ( 1)'®jxi and we can therefore create the
Unitary matrix of this operator.

2
(1)@ 0 0
U - 0 (1O 0 z
0 0o (1w

Initially the system is prepared as a uniform superposition of all indices corresponding
to their data. We can write this state as:

R S .
j 1= p= jil | datai
N iz
For simplicity, we can rewrite the state vector as a uniform superposition and we will
generalize later.
o1 Xt
jsi= p—  jni
N n=0
We can geometrically depict the state as the normalized sum of two orthogonal vectors.
One vector that contains a uniform superposition of all elements exceptand one vector
that only contains ! . The state jsi can be represented as:
o . . 1 Xt
jsi =sin jli+cos jsb; ish = p——  jni
N 1
|

n=
né!

Figure 1.10: Initial superposition of the prepared state.
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The angle can be calculated by projectingsi into js4 as follows:

1 1 X1 1 N 1
hedsi= p—— p— Mmjni=(N 1) p
] N 1 NMJ ( )'”N(N 1) N
n6!

This means that the length of the projected vectojsi onto jsd is % and therefore
we can calculate angle as:

hsYsi 1
cos Kisik Jsi N
si® +cos® =1
N 1 1 1
siP =1 T:W:) sin =pﬁ

. 1
=arcsin  p—
N

After the state preparation, the next step is to apply the unitary transformationU, . By
doing so, we can calculate the result expressed with angle Notice how we can rewrite

U as:

U =1 2jlihl]
Ui jsi = (1 2jlih!j)(sin jli+cos js%)
U jsi =sin jli+cos jsi 2sin Hjjlijli 2cos Hjjstj!i
U jsi= sin jli+cos jsi

Figure 1.11: State after re ection.
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The nal step is to re ect the state U, jsi "around the mean". This can be done with
Grover's Di usion operator Us:

Us=2jsihs] |
UsU jsi = (2 jsihsj 1)( sin jli+cos js%)

UsUi jsi = 2sin hsjjlijsi +2cos hgjjsijsi +sin jli cos js%

The inner product Isj! i is basically the projection ofj! i onto jsi. This can be expressed
with regards to angle ashsj! i =sin . The same is also true for the projection ofsi
onto js4 which is equal to cos. By substituting these values the equation becomes:

UsU, jsi = 2sirf jsi +2cos® jsi+sin jli cos js§
Finally, we substitute jsi with its initial expression to get:
UsU, jsi = 2sir? (sin jli+cos js%)+2cos® (sin jli+cos jsY)+sin jli cos js4
Isolating j! i andjs% coe cients, we get:

UsU, jsi =[ 2sir® +2cos® sin +sin ]jli+[ 2sirf cos +2cos  cos ]jsd

UsU, jsi =sin(3 )j!i +cos(3 )]s

Figure 1.12: State after di usion.

Notice how the angle changed from to 3 ; this means that in each iteration the angle
increases by 2. To reach the desired resulj! i, one must repeat thdJ;U, transformations
such that sin((2k + 1) ) = 1, where k is the number of iterations. This process is called
amplitude ampli cation.
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Earlier we showed that = arcsin plﬁ . To calculate the number of steps needed to

amplify the amplitude of the desired state, we solve fdk as follows:

1
2k 1 [ — = =
( )arcsin 19W >

1

arcsin plﬁ

1
k= — + =
4 2

In order to asymptotically calculate the upper bound of iterations we need to perform,
we must consider the case wheffd ! 1 . In this case

NIl!En sin( ) = hIlllrII sin pﬁ = )!lln?) sin(x) x) arcsinx) x:
This means that for very largeN, the number of steps approximates to:

P

k = W+% 0(pﬁ)

Figure 1.13: Quantum circuit of Grover's Algorithm

Figure 1.14: Generic circuit for Grover. Instead of initializing the system in a uniform
superposition, the state preparation circuit initializes the state into a uniform superposi-
tion of the state space we are searching.

28



Chapter 2

From Classical to Quantum Binary
Optimization

One proposed area where quantum computing can bring about both direct applications
and potential advantages over classical computing is in solving binary optimization prob-
lems. These are optimization problems where the variables can only take on binary
values of either O or 1. The goal is to nd the optimal con guration of these binary
values to either minimize or maximize a cost function. Such problems are prevalent in
many industries, and exact solutions are notoriously challenging to determine using clas-
sical methods, rendering the problem classically intractable. While some believe that
guantum computing might not o er signi cant improvements in e ciency for these exact
solutions [11], there's hope that they will provide faster approximate solutions of better
guality (i.e., closer to the optimal solution) than classical algorithms. In line with the
recurring theme of NISQ (Noisy Intermediate-Scale Quantum) devices, the feasibility of
this remains an open question. It's worth noting that classical algorithms for binary opti-
mization problems bene t from decades of research, resulting in highly e cient heuristics.
This extensive work has been motivated by the industrial demand for robust approximate
solutions to these optimization challenges.

Quantum optimization refers to the use of quantum computers to nd the optimal solu-
tion to a problem from among a large set of possible solutions in a time frame that is
drastically reduced compared to classical computers. The inherent properties of quan-
tum computing like superposition and quantum entanglement enable it to process a vast
number of calculations simultaneously, potentially making it a powerful tool for optimiz-
ing complex problems, particularly in elds like logistics, nance, and materials science.
Usually binary optimization problems are converted to QUBO problems which can be run
on quantum computers, using quantum annealing approaches or NISQ based variational
methods, both of which will be explained in detail in this chapter.

2.1 Quadratic Unconstrained Binary Optimization

The Quadratic Unconstrained Binary Optimization (QUBO) is a class of binary
optimization problems with the aim of minimizing or maximizing a quadratic cost func-
tion by nding the optimal combination of 1s and 0s, which we refer to as #&itstring.

This problem can be formally de ned as nding the optimal bitstring, X, according to
the following:
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x =argmin Cqugo (%) = %' Q%

PANDY
C(x)= x'Qx = Gj XiXj

i=1 j=1
A problem is considered classically intractable if the minimum amount of resources re-
quired to solve it grows exponentially. In the case of the QUBO problem, it is easy to
see that there are 2 possible solutions to look through, and increasing the size of the
problem by 1 doubles the number of possible solutions. THe versus NP problem is
a major unsolved problem in theoretical computer science. As of now it is not proven
nor disproven weather or not P = NP. In informal terms, it asks whether every problem
whose solution can be quickly veri ed can also be quickly solved.

De nition 23 ( P) The set of decision problems that can be solved quickly by a deter-
ministic Turing machine.

De nition 24 ( NP) The set of decision problems for which a given solution can be
checked quickly by a deterministic Turing machine.

The informal term quickly means the existence of an algorithm solving the task that
runs in polynomial time, such that the time to complete the task varies as a polyno-
mial function on the size of the input to the algorithm (as opposed to, say, exponential
time). NP-complete problems are the hardest problems in NP, and are decision prob-
lems to which all problems in NP can be reduced with polynomial overhead. NP-hard
problems are at least as hard as NP-complete problems and are not necessarily decision
problems. Intuitively, one can imagine the di erence of asking whether a solution exists
to the problem, versus being tasked to nd said solution. All NP-complete problems can
also be reduced to any NP-hard problems with polynomial overhead. [12] shows that
QUBO is an NP-hard problem, and the existence of a polynomial time algorithm to solve
a QUBO will imply the existence of polynomial time algorithms for NP-complete prob-
lems. As of writing, no such algorithm has been found, and is conjectured to be inexistent.

The main way to ensure that the optimal solution has been found is to use a bruteforce
method to enumerate all possible solutions. However, as the number of possible solutions
grows exponentially with the size of the problem, this quickly becomes computationally
infeasible, especially for large problem sizes typically encountered in industry use cases.
The di culty of nding optimal solutions has spurred the development of classical meth-
ods to nd approximate solutions [13, 14, 15]. Some of these include general-purpose
optimization suites, such asGurobi [16], CPLEX , and SCIP . Other classical meth-
ods involve the use of relaxation techniques like the Goemans-Williamson algorithm, or
heuristics and metaheuristics, like Tabu search, Path relinking, evolutionary algorithms,
and Simulated Annealing. A more in-depth review of methods to solve QUBO problems
can be found in [17].

The interest in studying QUBO problems comes from the multitude of combinatorial
optimization problems that can be reformulated as a QUBO, such as scheduling, routing,
assignment, and satis ability problems, to name a few. Finding approximate and opti-
mal solutions to these problems can then be done by searching for the solution for their
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corresponding QUBO problem.

In addition to those listed above, there have been several proposals of alternative methods
to solve QUBO problems using quantum devices, including (but not limited to) methods
based o Grover's search algorithms and amplitude ampli cation. Grover's algorithm
can be used to solve QUBO (Quadratic Unconstrained Binary Optimization) problems
by adapting it to search the solution space of a QUBO problem more e ciently compared
to classical methods. To do this, one would construct an oracle that recognizes solutions
which minimize the QUBO objective function. The oracle is then used within Grover's
algorithm to iteratively amplify the probability amplitude of the gptimal solution in the
quantum state space, thus potentially nding the solution inO(' N) time, where N is
the size of the solution space.

Finally another remarkable method to solve QUBO problems is with a Digital Annealer.
A Digital Annealer is a cutting-edge computing architecture that's designed to solve
large-scale combinatorial optimization problems at an unprecedented pace. Rooted in
the principles of quantum mechanics, it bridges the gap between classical computing and
the much-anticipated quantum computing era. Instead of relying on quantum bits or
qubits like in quantum computers, digital annealers use classical bits, making them more
stable and practical for speci c problems today. To grasp how a digital annealer works,
it's helpful to rst understand what annealing itself means. In metallurgy, annealing
refers to a process wherein a material (like metal or glass) is heated and then cooled
slowly to eliminate defects and harden it. This concept has been adopted in the com-
putational domain to signify the idea of nding the minimum energy state (or optimal
solution) in a problem landscape. The Digital Annealer diverges from the simulated an-
nealing algorithm in its approach and scalability. Instead of sequentially exploring the
problem space, a digital annealer has the hardware built to explore multiple potential
solutions simultaneously. This massively parallel process aids in rapid convergence to
the optimal solution. The core of a digital annealer is its specialized hardware that can
evaluate a vast number of potential solutions at once. This is facilitated by a fully con-
nected crossbar circuit where each bit can communicate with every other bit. The digital
annealer starts its process by initializing all bits in a random state. It then begins to
adjust and ip these bits, exploring the energy landscape for lower-energy states. Digital
Annealers are much more e cient on this particular task as their hardware is speci c for
this job. They are not general purpose computers based on architectures k86" but
they are optimized for simulating annealing.

Digital annelers and quantum annealers are often compared to one another. Although
guantum annealers are proven to be better, modern day quantum annealers like those
produced by D-Wave require huge ammounts of energy to just operate, they are very
suseptible to noise and they are di cult to scale up. They also lack connectivity, meaning
that qubits each qubit can only interact with a limited number of neighboring qubits.
Digital annealers on the other hand are much cheaper to operate and manufacture, as
they are based on current lithography technology that is optimized throughout the years.
In the next sections we explore how quantum annealing works and the basis behind the
2 most popular hybrid quantum-classical algorithms
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2.2 The Ising Model

The Ising model is a mathematical model used in statistical mechanics and condensed
matter physics to study the behavior of spins in a system of interacting particles. It
was rst introduced by the German physicist Ernst Ising in his 1925 doctoral thesis
[18, 19, 20]. The model consists of discrete variables that represent magnetic dipole
moments of atomic "spins" that can be in one of two states (+1 or -1). The spins are
arranged in a graph, usually a lattice (where the local structure repeats periodically in
all directions), allowing each spin to interact with its neighbors.

Figure 2.1: Interaction between magnetic dipoles.

The J variables encode the type of the interaction. Il < 0, then the interaction is
ferromagnetic, where the spins tend to align with each other. If > 0, the interaction
is antiferromagnetic, and the spins tend to be opposite. W = 0, then there is no
interaction between the magnetic dipoles (like betweesy and s;). Each magnet can also
be manipulated via an external magnetic eld, which we call bias. The total energy of
the system can be described as the Hamiltonian:

XX X
Hising = Jisisg+  his
i=1 j=1 i=1

Below there is a very simple experiment of interactions between neighboring spins in a
square lattice without external magnetic elds (biases). The 100x100 lattice is initialized
randomly and then it evolves using Monte Carlo Simulation. At each step the algorithm
chooses a random spin in the lattice and calculates its local energy. If the energy is
higher than the scenario where the spin would be opposite, then the spin is ipped,
otherwise there is a probability that the spin will ip into higher energy that depends on

a "Temperature" hyper-parameter.
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Figure 2.2: Randomly initialized lattice

Figure 2.3: Evolved System after 4 10 Monte Carlo simulation steps. On the left image
the interaction between neighboring spins is ferromagnetic (J=-1) and the spins tend to
align forming large regions. On the right image the interaction is antiferromagnetic (J=1)
and the neighboring spins tend to oppose each other forming a checkerboard like structure

Figure 2.4: Average energy of the whole system per 100 Monte Carlo simulation steps.
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Figure 2.5: Square lattice formation

The Ising model is very important because of its correlation with QUBO problems. A
QUBO problem has a cost functionC(x) = x' Qx, while the energy of the Ising model is

H(s) = s"Js wherex 2f0;1gands2f 1;1g. Notice how we can transform a QUBO
Problem to an Ising Hamiltonian by substituting x = @ and vice versa. We can,

therefore, take advantage of the fact that a physical system will seek its ground state and
use this to encode the optimization problem into a physical system.

; XX XX
C(x)= x'Qx = Gy XiXj = g (1 s)T s)
i=0 j=0 i=0 j=0
AR X
C(x) = 2 gj(sisj+si+s +1)
i=0 j=0
1 X XX X XX
ClE=, Gssts gsi+ ot e]
ij i8] i=0 j=0 =0 i=0 j=0

In order to encodeC(s) into a quantum computer, we have to characterize a Hamiltonian,
or a Hermitian operator denoted asH. Each value of C(s) should be encoded as an
eigenstate of this Hamiltonian, and the solution of mihC(s)g should correspond to the
minimum energy eigenstatgsi.

2 3

C(0:::00) 0 0 0
0 C(0:::01) 0 0
H = : : - : :
0 0 0 C(1:::10) 0
0 0 0 C(1:::11)
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This is a Diagonal Hamiltonian and we know that this is true because it encodes the
value of the functionC(x) if it is applied on the computational basis state.

Hjxi = C(x)jxi
Consider the PauliZ operator
7 = 1 0
-0 1

Note that it has eigenvalues 1 with eigenvectors being computational basis states.

.1 0 1 _ 1 _ -

Zj0i = 0 1 0 = (+1) 0 =(+1) jOi

.._ 1 0 0 _ 0 _ o

Zjli = 0 1 1 =( 1) 1 =( L
Zixi =( 1)jxi

We can generalize on multiple qubit systems. For example, Paui acting on the i-th
gubit is given by:

ZijXoXyiiiXiioixnt = (01 i Zy o i D)JXoeXg XXl
ZijXoXp X tiXnl = (0 L) jXoXq X i Xyl
Acting on the i-th and j -th qubit:
ZiZjjXoXy X siXp iniXel = (0 i Zy o tin Zp it ) XoXgiiiXitiiXy il Xl

ZiZjjXoX1 X tiX tniXnl = (L 1)9jXoXqiiiXi tiIX i Xl

2.3 Adiabatic Quantum Annealing

Adiabatic quantum annealing [21] is a quantum computing technique used to nd the
global minimum of a given function. It leverages the quantum adiabatic theorem, which
states that if a quantum system evolves slowly enough, without interacting with the
environment and exchanging energy, it will remain in its ground state. In the context
of optimization problems, the ground state corresponds to the optimal solution. Thus,
by evolving the Hamiltonian of a quantum system slowly from an initial Hamiltonian
with a known ground state to a nal Hamiltonian representing the problem, one can nd
the optimal solution to the problem in the ground state of the nal Hamiltonian. The
nal Hamiltonian is usually the Ising Hamiltonian. The initial Hamiltonian is one which
ground state can be easily prepared and is easy to implement.

X

—_ X
Hinitia = i
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The ground state of this Hamiltonian is a uniform superposition of all possible states.
The initial state can be represented as:

o0 X
J il = J+XI=p= |0
i=1 n=1
The annealing process is done by slowly decreasing the e ect of the initial Hamiltonian
and slowly increasing the e ect of the nal Hamiltonian. For example:

Hiota (1) = (1 t) Hinitia + t Hising

In this particular example, the variablet ranges from 0 to 1. Att = 0, the Hamiltonian
of the system is the initial one, and att = 1, the total Hamiltonian of the system is the
Ising one (the one that encodes the problem). In reality, di erent functions are used to
perform this operation, as represented by:

Htotal (t) = A(t) Hinitial + B(t) Hlsing

Where A(t) is an exponentially decaying function and (t) is an exponentially increasing
function.

Quantum annealing is a very powerfull tool and it has been proven to be better than
simulated annealing [22, 23], because of quantum tunneling. Quantum tunneling [24]
is a quantum mechanical phenomenon where particles move through a potential barrier
that would be insurmountable in classical mechanics. This happens because in quantum
mechanics, particles are described by wave functions, a probabilistic representation of a
particle's position in space, which allow for a non-zero probability of nding the particle
on the other side of the barrier. The tunneling e ect is fundamental to various quantum
mechanical phenomena and is utilized in several technologies, including tunnel diodes [25]
and quantum computing.

Figure 2.6: The quantum tunneling phenomenon. The wave function (light blue) can
evolve into the wave function (dark blue) that has a lower energy by completely ignoring
the thermal barrier in the process.
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The time complexity for an adiabatic algorithm is the time taken to complete the adia-
batic evolution, which is dependent on the gap in the energy eigenvalues (spectral gap)
of the Hamiltonian gmin . Speci cally, if the system is to be kept in the ground state,
the energy gap between the ground state and the rst excited state &f (t) provides an
upper bound on the rate at which the Hamiltonian can be evolved at timeé When the
spectral gap is small, the Hamiltonian has to be evolved slowly [26].

Figure 2.7: The eigenspectrum of a 2 qubit system (4x4 Hamiltonian).

The runtime of the algorithm is bounded by

1

2 .
min

T=0

Note that this is not dependent on the inputN of a QUBO or NP-hard problem, but
rather by the minimum spectral gapgmin- This is NOT proof that quantum annealers
can solve NP-hard problems in polynomial time. We note here that adiabatic quantum
computing has been shown to be polynomially equivalent to conventional quantum com-
puting in the circuit model [27].

Adiabatic Quantum Computing (AQC) is a possible method to get around the problem
of energy relaxation. Since the quantum system is in the ground state, interference with
the outside world cannot make it move to a lower state. If the energy of the outside
world (that is, the "temperature of the bath") is kept lower than the energy gap between
the ground state and the next higher energy state, the system has a proportionally lower
probability of going to a higher energy state. Thus, the system can stay in a single system
eigenstate as long as needed.
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Although the time complexity of the computation does not depend on the inpul of the
QUBO problem, in reality the complexity of reducing the energy from the environment

is a very di cult and expensive task. It gets exponentially more di cult to reduce the
temperature even lower in the current state-of-the-art quantum annealers. Also because
of decoherence, the total annealing time of current devices such as those by D-Wave is
in the range from 20 us to 2 ms, which may not be enough to reach the ground state.
Also notice how by increasing the number of qubits, the total eigenvalues and eigenstates
of the Hamiltonian increase exponentially a$(2"), where n is the number of qubits,
which makes it even more unlikly to reach the ground state eigenstate at the end of the
annealing process. However, one can extract valuable information even if the process
ends in higher energy states as these solutions may still outperform classical algorithms.

Another challenge in the area is that qubits in a quantum annealer may not necessarily
have the same connectivity as the problem, which may limit the speci ¢ problems that
can be implemented. Earlier we saw that the Ising model can be pictured as a graph
where interactions between spins (nodes) are depicted with edges between them. When
the Ising Hamiltonian is mapped into a physical system that consists of qubits, the edges
encode the interactions between these qubits. However current topologies are limitied to
nearest-neighbour connections, or maybe several qubits, but not fully connected. These
limitations can be addressed by using additional qubits to bridge the missing connections,
and nding ways to map the connectivity of the problem to match the connectivity of the
device results in the minor embedding problem [28, 29]. Modern day quantum annealers
are manufactured by D-Wave, the leading commercial provider of this technology. Their
current best device has a topology of 16 qubits connected to each qubit [30].

Figure 2.8: Graph Embedding of a 3x3 fully connected Hamiltonian to a square lattice.
The blue variable (initially S;) is now represented by 2 qubits in the square lattice.
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2.4 Quantum Approximate Optimization Algorithm
(QAOA)

The Quantum Approximate Optimization Algorithm (QAOA) is a quantum algorithm
designed to approximate solutions to combinatorial optimization and machine learning
problems. It is a variational quantum algorithm that utilizes a parameterized quantum
circuit, also called a trial circuit or ansatz , where the parameters are optimized classically
to minimize a cost function representing the problem at hand, usually a QUBO problem.
This hybrid approach, leveraging both quantum and classical computing resources, makes
QAOA a promising tool for near-term quantum computing. This is true because, in the
NISQ era, algorithms that require fault-tolerant qubits are not viable options. However,
controlling parameters via an external classical optimizer can circumvent this issue, as
the optimizer can adjust the circuit to accommodate qubit error rates. Th

The QAOA circuit operates in the following way:

Circuit Construction

1. Initialization : The circuit starts with each qubit in the jOi state, which then
undergoes a Hadamard transformation to create a superposition of all possible
states.

2. Applying Quantum Operations

" Unitary Operators  U(H; ): Using Trotterization, the quantum Hamilto-
nian, typically representing the problem's cost function, is broken down into
simpler components. Unitary operators built from these components are ap-
plied to the quantum state, controlled by the parameter (gamma).

Mixing Operators U(B; ): Following the unitary operators, mixing op-
erators controlled by the parameter (beta) are applied. These operators
encourage exploration of the solution space.

Final State and Parameter Optimization

The nal state of the circuit represents a superposition of potential solutions to the prob-
lem, with di erent probabilities assigned to each. The goal is to measure the state and
nd the most probable solution which minimizes the cost function.

The depth of the circuit, indicated by p, scales with the number of layers of unitary and
mixing operators applied. Generally, ap increases, the circuit can represent a richer
variety of states, potentially nding better solutions, but at the cost of increased compu-
tational complexity. For p!' 1 QAOA can exactly approximate adiabatic evolution and
can therefore (at least in theory) nd the exact optimal solution. For smallp in the range
from 1 to 10, the picture is more mixed, but there is some indication of the potential
guantum advantage.
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The parameters and are optimized using classical optimization algorithms to minimize
the expected value of the cost function with respect to the quantum state produced by
the circuit. The number of optimizable parameters and increases linearly with the
number of layersp. Since each layer has 2 parameters, the total number of optimizable
parameters is P.

j(; Ji=el® eleC glr1B glipaC i giiB g 1€ K njg (2.1)

Figure 2.9: The quantum circuit of QAOA. It is controlled by parameters and which
are optimized in a classical computer.

, I Py Pu P .
Recall the Ising HamiltonianHiging = 2, i=1 JiZiZ; + 2, hiZ;. We will show that
any 2 matrices in the form ofl  ::: Z; ::: Z; it | commute. First of all,
without loss of generality, let's assume that>j andk>m andi 6 k andj 6 m.

A=1 0z o o o |
B=1 =::: Zv i Zn oo |
AB=BA=1 . Z it Z¢ it Zyp it Zmo il |
AB BA =0

The reason why this is true is because

1 0 1
0O 1 O

Also, the product of 2Z matrices is:

- 0 1 0
Z | = 1

Therefore, no matter the position of theZ matrices in the tensor product, any Ising matrix
commutes with every other. This is extremely important, because it means that we can
accuratly calculate the unitary transformation via the time evolution of this Hamiltonian
using Schrodinger's equation.
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U( yH ising) =€ H iang

U(;H |smg)— el ( N L 35 Zizy i P{\‘:1 hiZi)

Since the Ising Hamiltonian is a sum of matrices that commute, we can break the sum
in the exponent into a product of exponential terms like so:

YW |
U( 5 H ising) = e JiZi Z e ihiZi
i=1 j=1 i=1
2 3
1 O 0 O
10 10 _ RO 1 O ((})é
Z Z= 01 01 o o .
0O O 0 1

Exponentiating a diagonal matrix is a very simple task:

iJ; 0 0 0
|.],JZI Zj — g 0 I‘]Ij 0 0 Z

i J 0
0 0 i J
This quantum gate is calledR,,. The unitary transformation of this gate is:
2 3

e'=2 0 0 0

_ ai=2Z 7 _ g 0 €= 0 0

Rau()=e 0 0 €72 0

0 0 0 el=2

We can see from this that we need to substitute = 2J;; to get our desired quantum gate.

Rz2(2J; )

The Rzz gate can be decomposed into 2 CNOT and 1 Rz gate. Let's assume that the top
wire is the least signi cant qubit. This means the unitary matrix of the CNOT gate is:

R S 10 10,01 00
CNOT; =1 j 0ihgj+ X j lihlj = 0 1 0 O 10 01
2 3 2 3 2 3
1000 0000 1000
___oooggoooggooog
CNOT'J_§001 40 0 0 001
0000 0100 0100
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Next, the Rz( ) gate applied to the most signi cant qubit is:

212 3

-

Finally, the whole circuit is the combined unitary transformation of:

|
_elF2 0 1 0
Rz() 1= "¢ g=2 ¢ 0 0 &
0

1ooo 2eiz2 0 00
oooggo e'20 oég og_
00 1 0 - 1 ¢~ Rzz()
1000 0 o g 0 0

The Rzz gate is symmetric, meaning that it doesn't matter which is the control and which
the target qubit. We can easily prove this by assuming that the control qubit is the most
signi cant. In this case, the CNOT gate is written as:

. e _ 10 10 00 01
CNOTj; = joihoj I + jlihy X = 00 0 1 + 01 10
2 3 2 3 2 3
1 000 0 00O 1 000
___010%%000%_&010%
CI\'OT“‘gooo 4000 b 400 0
00O00O 0010 0010
Next the R;( ) gate applied to the least signi cant qubit is:
2
e'=2 0 0 0
10 ef=2 0 _§ 0 €2 0 0
I R()= 01 0 e€=2 = 0 0 e'2 0
0 0 0 €72

Finally by performing the previous unitary operation one can prove that indeed the result
is the same:

3 ) 2 3
1000 e'-20 0 0 1000
010% 0 €2 0 oé§01o%_R()
000 0 0 ei=2 0 000 P~ "%
0010 0 0 0 €2 001 0
&—R.()—®
&— R,( )&

Figure 2.10: Equivalent quantum circuit decompositions of th&,,( ) gate
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The next step is to analyze the term

Since this is a product of unitary transformations, we can analyze one and apply this rule
to every other.

1 0
0 1

Exponentiating this diagonal matrix gives us:

Z =

ihzZ, — eihi 0
€ -0 dhi

The unitary matrix of the R,( ) gate is:
e'=2 0
0 €72

We can therefore conclude that this unitary transformation is equivalent to applying
R,(2 h) on all qubits in parallel. Notice that, similarly, one can prove that the mixing
Hamiltonian corresponds to applyingRx(2 ) gates in parallel.

R.()=

Figure 2.11: QAOA circuit layer of fully connected Ising Hamiltonian for 5 qubits

Figure 2.12: QAOA circuit layer of sparsly connected Ising Hamiltonian for 5 qubits

The number of Rzz gates increases quadratical(n?) where n is the number of qubits
if the original Q matrix of the QUBO problem is full (does not contain 0 anywhere). This
is a critical factor that limits the performance of this algorithm in the NISQ era, as the
increased circuit depth is more susceptible to decoherence.
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2.5 Hardware E cient Approach

The QAOA shows promising theoretical bene ts agp approaches in nity. However, in
practice, it is very di cult to execute even a small number of layers due to issues such as
decoherence and low gate delity, which render the nal results predominantly noisy and
largely unusable [31]. This led to the development of a new kind of ansatz termed the
\Hardware E cient Ansatz". This alternative approach exclusively employs native gates
speci ¢ to a particular quantum computer, utilizing RY rotations followed by nearest-
neighbor entangling CNOT gates. Consequently, the quantity of two-qubit gates scales
linearly with the number of layers, a stark contrast to the quadratic increase seen with
QAOA.

Despite lacking theoretical advantages, this circuit con guration is motivated by the aspi-
ration to alter the existing cost function, thereby exploring a di erent problem landscape
in hopes of achieving improved results. It nds substantial application in the Noisy
Intermediate-Scale Quantum (NISQ) era.

Figure 2.13: Hardware E cient Ansatz

It is clear that the number of optimization variables escalates &(N p), wherep denotes
the number of layers andN the number of qubits. This trend implies a substantial
increase in optimization variables with each additional layer, unlik®©(2 p) in QAOA,
potentially facilitating the attainment of more re ned solutions for a limited number of
layers. Despite the potential to incorporate more layers due to the circuit's inherent
e ciency, in practice, these circuits encounter a distinct challenge when many layers are
added: the emergence of barren plateaus. This phenomenon signi es that the optimizer
reaches a plateau, making further optimization arduous. This was proved in a recent
paper [32].
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Chapter 3

Solving the Subset Sum and
Travelling Salesman Problem on
Cloud Quantum Computers

The evolution of quantum computers has spawned an entirely new industry that leverages
them to address real-world challenges. Signi cant research has been conducted to dis-
cern the potential advantages of the current state-of-the-art technology. While previous
experiments have claimed quantum supremacy, the problems they tackled lacked prac-
tical real-world applications. E orts have been made to harness the power of quantum
computers with fewer qubits through qubit compression techniques, aiming for tangible
real-world utility.

This chapter delves into two prominent computer science problems: tHeubset Sum
and the Travelling Salesman Problem . Both of these problems, or some variation
of them, has real world applications. The Subset Sum is a derivative of thénapsack
0-1 problem and is interconnected with resource allocation, while the TSP is closely con-
nected with route minimization. In subsequent sections, we de ne these problems, recast
them as QUBO, and implement them on quantum computers using QAOA and VQA,
as well as Quantum Annealing. Additionally, we conduct rigorous tests, validating the
theories presented in Chapter 2 and o ering comparative analyses.

Time Time
Complexity for Complexity for Class of the
Problem Name Finding Verifying Problem
Solution Solution
Sorting O(nlog, n) O(n) P
Subset Sum O(n 2M) O(n) NP-complete
Knapsack 0-1 O(n 2") O(n) NP-complete
TSP O(n!) O(n) NP-complete
Table 3.1: Complexity and Classi cation of Problems
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3.1 Subset Sum

3.1.1 Problem Description

Let A be a multiset of integers andS a constant number. Our objective is to nd a
subset of the initial multiset such that the sum of all the elements of the subset is as close
as possible to the constan§. Note that this is a variation of the original problem, where
we need to decide weather or not such subset exist and sums up to exactly the number
S. Here we already know that an exact answer exists and we compare di erent methods
to see how close to the actual solution they get.

Let's use a binary vectorx of length n to denote whether or not we pick a speci ¢ number
from the set.

=[X1;X2;::1; %] where x; 2f0;1g for eachi 2 [1;n] Z

Using this encoding, we can compute the sum for every given vectoras follows:

X
Cx)=  axX
i=1
To solve the problem, one must calculat& such that the following equation is satis ed:

X
C(x) = axi=S
i=1
Notice how this is aConstrained Linear Binary Optimization problem. The next step
is to transform it into a QUBO (Quadratic Unconstrained Binary Optimization)
problem. We can do this by creating a quadratic energy well with the following transfor-
mation:

C(x) = axi S 0

This is now anUnconstrained Problemand the reason is that every quadratic expression
must be greater than or equal to 0. This means that we can treat this new expression as
Unconstrained and move on. By transforming this QUBO problem to the Ising Hamilto-
nian we obtain the coe cients of the Ising model:

1 . L
Jijzéa,-a,-;W|thN>|>J 0

hi = &(S KE);WithN>i 0
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3.1.2 Subset Sum on Quantum Computers

Here we will perform tests for di erent input data, starting from a very simple problem
and then moving to harder problems. First we will test QAOA and then we compare
VQA with Quantum Annealing. Let's consider a very simple example where the list
A=[1;11]andS=1.

X
000
001
010
011
100
101
110
111

C(x)

wm
wmmn—xmppo%

NPrPrORrROOR

Table 3.2: Brute force solution of the problem. The desired solutions are those that
minimize C(X)

We can calculate theQ matrix by obtaining all the coe cients of the polynomial expres-
sion C(x) as such:

o

x3
C(x) = aXi S =(xi+xptXxs S)
i=1
C(X) = X2+ X5+ X5+2X1Xo +2X1X3+2XoX3 2SX; 2SX; 2Sxz+ S?
Notice how sincex; are binary variables, this means thatx? = x;. By collecting all the
coe cients in a matrix, we construct the Q matrix of the QUBO problem:

2 3 2 3
1 2S 2 2 . 1 2 2
Q -4 2 1 2S 2 5 substltu:te S=1 4 2 1 2 5
2 2 1 2S 2 2 1
2 3
0 05 05
The J matrix of the Ising Hamiltonian is: J = 40 0 (Q59.
0O 0 O

Figure 3.1: QAOA circuit for p = 1. Notice the interactions between the qubits corre-
spond to the positions of the] matrix, where the valueJ; with i>] is not O.
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QAOA

The next experiments implement the use case described above. We perform QAOA for
1, 10 and 20 layers. The quantum circuit of each layer is the circuit shown in gure 3.1
and the execution was performed in a simulator. We perform the optimization process
20 times, with 10,000 shots per circuit execution. In gure 3.2, we see on the left column
the average evolution of the cost function and on the right column the average measured
state after the optimization process. The optimal solution is marked with green.

Figure 3.2: Comparison between instances of QAOA with 1, 10 and 20 number of layers
(signied by p). Notice how the variance of the cost function whem = 20 is close to

0, meaning that with 20 layers we almost always get the optimal measurement after the
optimization.

48



Quantum Annealing

Here we perform a simulation of quantum annealing given the previous use case. The
goal of this is to get an insight into how quantum annealing works and to compare it
with QAOA. The Hamiltonian of the system is:

H (t) = (1 t)Hinit + tH ising

wheret 2 [0; 1] is the time, and

+
or X
R o

Hinit =

o
o P
= O
= O
(@l

Hinit =

OO0OO0ORORRFRO OpP
OORrROROORrR RO
OrO0OORrROCOR
RPrOoOOOORRLRO PO
OrRrRFrRPOOOOR OF
POORrROORO
RPOOROROO
O KHRFRBHRRBREI Ow T ©

Hising = J12l 2 Z+J13Z | Z+J33Z Z 1+hl | Z+h Z 1+hgZ | It

2
Hising = E

The nal Hamiltonian expressed as a function of is:

Ooooooo
- ©
O o

cocoo®Poocoo
W OrRBrRFBIRIE Ow

cNeoNeoNeoNoNa
cNeoNeoNeoNa

cNeoNeoNoNeoleNoNe)
cNoNeclNlcleNoNe)
coo®Poocoo
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At t = 0 the total Hamiltonian of the system is only the initial one. The ground state
of the initial Hamiltonian, i.e. the eigenstate with the minimum eigenvalue (energy) is a
uniform superposition of all qubits. In this case since we have 3 qubits, the initial state
will be:

1 X 02

j (t=0)i=p= jni= |+

8 n=0 n=0
At t = 1, assuming that the annealing process was perfect, the system will be in a
uniform superposition of the ground states of the Ising Hamiltonian. In this particular
example, we see that the Ising Hamiltonian has 3 minimum eigenvalues corresponding to
eigenvectorg001, j010 andj10d. The ground state will therefore be:

j (t=1)i= p%(jOO]j +j010 + j10Q)

In gures 3.3, 3.4 and 3.5 we see the evolution of the system transitioning frotm= O

to t = 1. The right columns of the gures show the eigenspectrum. The green line is
the ground state and the left columns of the gures correspond to the eigenstate of the
ground state at the given times. These snapshots of the evolution are for 0 (start of
the annealing),t =0:25,t =0:5,t = 0:75 andt = 1 (end of the annealing).

Figure 3.3: Simulation of quantum annealing at =0 and t = 0:25.

50



Figure 3.4: Simulation of quantum annealing at = 0:5 andt = 0:75.

Figure 3.5: End of the annealingt(= 1).
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Comparison between VQA and QA

For this next experiment, the size of the multise®A is 15. That means that the number of
binary variables and (as a result) the number of qubits used is 15. There are a total of 50
experiments with di erent randomly created multisetsA and di erent randomly picked
constantsS. The goal of this experiment is to compare VQA with quantum annealing
in the quality of the regjlts. The criterion for the quality of the solution is the distance
from the optimal i.e. iN:o jaix; Sj. The number of layers used for VQA is 2 with
10000 shots per circuit execution. The number of experiments performed using quantum
annealing was also 50, with 100 runs per experiment, totalling 5000 measurement results.
The results are shown in gure 3.7. Figure 3.6a shows us the average evolution of the
cost function while gure 3.6b shows us what happens when we use too many layers.

() VQA (2 layers) (b) VQA (20 layers)

Figure 3.6: Optimization process for 15 qubits depicted as the average among 50 experi-
ments. In the right image the optimizer fails to optimize due to barren plateaus.

Figure 3.7: Performance comparison of quantum annealing vs hardware e cient VQA
(lower is better). D-Wave performs better on average.
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3.2 Travelling Salesman Problem (TSP)

3.2.1 Problem Description

The Travelling Salesman Problem (TSP)s a very interesting and well-known problem
in computer science. In addition to being a notorious NP-complete problem that has
drawn the attention of computer scientists and mathematicians for over two centuries,
the TSP has also important bearings on nance and marketing, as its name suggests.
Colloquially speaking, the traveling salesman is a person that goes from city to city to
sell merchandise. The objective in this case is to nd the shortest path that would enable
the salesman to visit all the cities and return to its hometown, i.e. the city where he
started traveling. By doing this, the salesman gets to maximize potential sales in the
least amount of time.

The mathematical formulation with some early analysis was proposed by W.R. Hamilton
in the early 19th century. Mathematically the problem is, as in the case of Max-Cut, best
abstracted in terms of graphs. The TSP on the nodes of a graph asks for the shortest
Hamiltonian cycle that can be taken through each of the nodes. A Hamilton cycle is
a closed path that uses every vertex of a graph once. The general solution is unknown
and an algorithm that nds it e ciently (e.g., in polynomial time) is not expected to exist.

Let G = (V;E) be a fully connected undirected weighted graph, witiN vertices and
N2 edges. Letc; be the distance between verticeg; and v;. The Hamiltonian cycle is
de ned by N2 variablesx; , each one representing a connection between nodesnd v; .

1 if there is a connection between; and v;;

Xijj = .
0 otherwise.

Notice how it does not make any sense fog; variables to be 1, since the path from a
node to itself does not exist. Therefore, we can discaM variables and we are left with
N2 N binary variables. The objective is to minimize the tour length:

XX
C(x) = Cij Xij
i=1 j=1
i6i

Without any further constraints however, assuming thatc; > 0, which is reasonable
since distance is always positive, the cost function is minimized wheg = 0 for every
combination ofi andj. This does not correspond to a path, meaning that we need to add
constraints to force each vertex to have exactly one incoming and outgoing edge. This
can be done with A linear constraints:

53



We can map thex; variables into a square matrix in order to obtain a more intuitive
way to understand the constraints. Consider a graph with 4 nodes:

1 0 O
0 0 1
1 0 0
0O 0 1

This means that the path goes fromv; ! v, ! v4! v3. The constraints basically tell
us that the sum of the binary variables in each row and each column in this matrix must
be equal to 1. The next step is to transform this problem which is linear constrained to
guadratic unconstrained. We can modify the cost function to transform the problem into
QUBO:

0 0 1,

1,
PN XX X X
C(X) = Gij Xij + A % Xij 1 + A % Xij 1&
i=1 j=1 =1 j=1 j=1 =1
i isi i6]

The constraints are controlled by a constant multiplierA. In order to make sure that the
constraints are respectedA > max(c; ). We can examine only one constraint since they
are all similar.

0 1,

(0]
o |l
o Il

The QUBO matrix can be constructed by linearizing thex; variables, which now form a
matrix. Since we have a total oN2 N binary variables, the QUBO matrix will have a
total of N4 2N 2+ N2 variables. Consider this very simple example whei¢ = 3. The
QUBO Matrix of the constraints will have dimensions 6x6 and the its generic formula is:

2 3

>>oocooX»

However, these constraints are not enough to get a valid answer. Note that the following
matrix corresponds to a solution that satis es the constraints above (each vertex having
1 incoming and 1 outgoing edge):

2 3
1 0 O
1 ooé
0 0 1
0 0 1
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In this particular examplev; ! v, and back tov;. Similarly v4! v3; and back tov,. This
represents 2 disconnected graphs and is not a Hamiltonian Cycle. For this reason, we
need to force each outgoing edge to be di erent from the incoming one. Mathematically
speaking:x;; 6 x; if and only if x; =1 or x; = 1. We can express this as a sum since
these are binary numbers.

Xij + Xji 62

We can transform this inequality constraint into 2 linear equality constraints:
Xjj + Xji = 0 and Xjj + Xji = 1

Notice how whenx; 6 x; or X; = X;; = 0 only one constraint is violated, while when
Xj = X;i and they are both equal to 1, both constraints are violated. The next step is to
transform them into QUBO constraints.

X 1 X XX
(xj + x;i)? and (i + X 1)
i=1 j=i+l i=1 j=i+l

X 1 X X 1 X
(Xij + X + 2Xij Xji ) and ( Xij Xji + 2Xij Xji )
i=1 j=i+1 i=1 j=i+1
Next we can express the constraint controlled via a constant multiplieB as:
!

X 1 X X 1 X
CYx)= B (X + Xji +2Xi X)) + (X Xji +2XiXji )
i=1 j=i+1 i=1 j=i+1
X 1 X
CO(X) =B 4Xij in
i=1 j=i+1
The generic QUBO matrix of this constraint forN = 3 is:
2
08 0 O
0O 0 O

cooooo
cooo
cooo
cooo
cooco®
co®oCo
w

The nal complete expression of the cost function is:

O 1 2 O 1 5
XX X g X X ) X 1 X
C(X) = Gj Xj + A % Xij Ix +A % Xij 1& +B 4Xij Xji

1 i=1 =1 j=1 =1 i=1 j=i+l
|

i=1 j
] j6i i6]j

o Il
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3.2.2 TSP on Quantum Computers

In order to test this theory, we rst consider a very simple graph withN = 3 vertices
ignoring the distances for now, meaning that the number of qubits used is 6. We rst
shift out focus to the constraints to test if the model is build correctly. We sefA =1
(even though it does not matter for this experiment) andB = 0. The experiment is
done in D-Wave's quantum annealer. The QUBO matrix and thel matrix of the Ising
Hamiltonian are:

2 3 2 3
2 1 0 0 0 1 065 0 0O 0 05
1 2 0 1 0 O 0O 0 005 0 O
O O 2 1 1 O 0O 0 005 05 O
O 1 1 2 0 0 0O 0 0o 0O 0 O
O 0 1 o0 2 1 0O 0 0 0O 0 o
1 0 0 0 1 2 0O 0 0O O 0 O
QUBO matrix J matrix

In Figure 3.8, we see the mapped graph of the Ising Hamiltonian as well as the result
after the annealing. The blue vertices correspond to "1' and the black vertices correspond
to "0'. The blue edges between the vertices represent interactions between these qubits.
The matrix adjacent to the gure depicts the extracted solution post-annealing.

Figure 3.8. D-Wave Result Graph

We can use the reconstructed matrix of; variables to calculate the path. In this specic
example, the path is fromvy ! v, ! v3! vy, which is a valid solution to the problem,
meaning it does not violate the constraints. In order to verify that the constraints are
built correctly, we can perform an even bigger experiment withN = 6. This means that
we have 30 binary variables and the QUBO matrix contains a total of 900 variables. The
penalty terms areA = 1 and B = 1. Figure 3.9 shows the complexity of the system
for this use case. The extracted result pos-annealing is shown in the matrix next to the
gure. The result shows that no constraints are violated.

2 3
0 O 0 O

0 0 1 O

0 O 0 0 1

0 0 O 1 0

1 0 0 O 0

01 0 0 O

vil vl vg! vl vyl vs! vy
Figure 3.9: D-Wave Result Graph
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Figure 3.10: A trivial example of the TSP

The next step is implement TSP using QAOA. Consider the graph in Figure 3.10. First
of all we setA =2 max(c; ) = 182 to make sure that the constraints are met and = 0.
The reason why we seB = 0 is that for this particular example the rst constraints are
enough to get a valid solution, since there is no possible con guration that could lead to
disconnected graphs. The QUBO matrix of this problem is:

316 182 0 0 0 18é>>
182 273 O 182 0 0
0 0 316 182 182 0
0 182 182 301 O 0

0 0 182 0 273 182
182 0 0 0 182 301

The J matrix and h vector of the Ising Hamiltonian can be calculated from the initial
QUBO matrix:

2 3 2 3
099 0 0 0 91 24
0 0 091 O 455
J= 0 0 0 91 91 h= 24
0O 00 0O O 315
0O 0 00O 009 455
0 0 00O 0O O 315

Figure 3.11: QAOA circuit for single layer implementing the Hamiltonian described
above. Notice how the interactions between qubits (ZZ gates) are coherent with the
positions of theJ matrix where the value is not zero.
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The next experiment implements the use case described above. There ldre 3 nodes
and we have a total of 6 binary variables; . This means that the total number of
qubits is 6 (as seen in Figure 3.11). There are a total of 3 experiments. Each experiment
performs the optimization of the variational ansatz 50 times to get an average estimation
of the expected result. The experiments are executed for 1, 10 and 40 layers accordingly.
The optimized circuit at the end of the optimization routine is executed one last time
with the optimized parameters to get the nal results. After this, the average probability
distribution is generated among the 50 total experiments for every di erent number of
layers. The optimal solution as well as the result of the experiments are summarized
below (Figure 3.12).

2 2
1 0 0 1
40 15 4 1 05
1 0 0 1
vil vl vl g vil w3l w!l v
Xopt = 100110(38) X = 011001 (25)

Figure 3.12: Result of experiments. Optimal answer is marked with green.
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Large Scale using Quantum Annealing

This experiment is done using real-world data. The vertices are the cities listed in
the table below. There areN = 7 cities, meaning that we have a total of 42 binary
variables. The optimization is executed using D-Wave's Quantum Annealer. The result
below corresponds to the best measurement out of a single experiment with 2ms an-
nealing time and 300 measurements. The table below contains the distance between each
pair of cities in km, and the matrix of binary variables corresponds to the optimized path.

Athens | Soa Rome Kiev Berlin Paris | Moscow
Athens - 525.29 | 1050.86| 1486.68| 1802.88| 2095.85 2231.02
Soa 525.29 - 894.07 | 1021.70| 1318.55| 1757.24| 1777.41
Rome | 1050.86| 894.07 - 1675.21| 1182.55| 1105.28| 2375.33
Kiev 1486.68| 1021.70| 1675.21 - 1204.45| 2023.48| 755.74
Berlin | 1802.88| 1318.55| 1182.55| 1204.45 - 877.46 | 1608.83
Paris | 2095.85| 1757.24| 1105.28| 2023.48| 877.46 - 2486.25
Moscow | 2231.02| 1777.41| 2375.33| 755.74 | 1608.83| 2486.25 -
2 3
1 0 0 0 0 O
0 O 0 0 0 1
1 0 O 0 O
O 0 O 1 0 O
O 0 0 O 1 0
O 01 0 O 0
O 0 01 0O
vil vl vzl vyl vl vg!l val vy

Figure 3.13: Optimized Hamiltonian Cycle
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Chapter 4

Quantum Computing for Financial
Portfolio Optimization

The swift advancement of quantum computing technology has ignited intense research
into its potential applications for solving tangible real-world issues. Notably, the nan-
cial sector has emerged as a focal point of this exploration due to its vast diversity and
signi cant audience engagement. Finance is de ned as the management of money and
includes activities such as investing, borrowing, lending, budgeting, saving, and forecast-
ing. In this context it must be noted that this eld of science deals with many sensitive
data, like personal data, investments, and contracts among others. It also means that it
can become extremely di cult to deal with some of the aforementioned activities, since a
restriction in the data can possibly lead to a halt in computations. Within the realm of -
nancial services, a multitude of computationally intense challenges emerge, spanning from
asset management to investment banking and extending to retail and corporate bank-
ing. Quantum computing carries the potential to profoundly transform our approaches
to these computationally demanding issues. It enhances Monte Carlo simulations [33]
used in risk management [34], allowing for more precise and e cient predictions. Deriva-
tives pricing, currently reliant on models like Black-Scholes, can also be vastly improved
with quantum algorithms that provide faster and more comprehensive evaluations. Fi-
nally Quantum Machine Learning (QML) [35] represents another promising application.
Moreover, machine learning streamlines process automation, aids in fraud detection by
monitoring user actions and network security, evaluates customer loan risks, and supports
algorithmic trading by analyzing real-time news and trade results.

Here we consideportfolio optimization which is the main part of this thesis. As-
set managers and nancial analysts must sift through a myriad of investment options,
balancing risks and returns, to develop a robust portfolio for their clients. Classical
computational models can take inordinate amounts of time to weigh and correlate the
thousands, if not millions, of potential asset combinations. Quantum computers have the
potential to rapidly assess combinations, allowing investors to make quicker, yet more
informed decisions. In the next sections we rst de ne the problem of portfolio optimiza-
tion. Next we introduce the basic terminology of nance, like risk and gain. After this
we express the objective of the problem as a cost function which is then transformed
into a QUBO problem. Then we run extensive tests of the model in D-Wave's quantum
annealer for small input to prove its validity and then we execute a real world model with
data. Finally we propose a new method of solving this speci c problem.
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4.1 Problem Formulation

Portfolio optimization is a process that allows investors to select the best possible port-
folio, given their risk tolerance, investment objectives, constraints, and the anticipated
returns of various assets. The goal is to determine the optimal allocation of assets in a
portfolio in order to maximize expected return for a given level of risk, or equivalently,
to minimize risk for a given level of expected return.

Figure 4.1: Comparison between di erent portfolios

Let's begin by de ning our variables. LetG be a constant representing the total budget
we have. Suppose we have a list bf assets. Lett be a vector of real variables bounded
between 0 and 1. Mathematically we write it like this:

' 2R":1;,2[0;1] R8i=0;1;2:::;N 1

Each ! ; variable represents the proportion of the budget assigned to asset Consider
the following example, where we have 4 assets: TSLA, MSFT, AAPL, AMZN.

B TSLA 2 3 2 2 3
O MSFT 062 62%! Tesla

I
OAAPL | _ '1 0252 %22%! Microsofté
OAMZN '2 12%! Apple

! 04

I3 0: 4%! Amazon

ol

Finally given G we can calculate the budget allocated for each asset by simply multiplying
G with I . One can then calculate the numbers of shares they can buy. Since most modern
investment platforms allow the users to buy fractional shares, the number of shares is
calculated as a simple division of the budget allocated for this speci c asset and the asset
price.

number of shares =G |  asset price
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De nition of risk and return

We de ne the daily return dr" and the daily growth factor dgf" of an investment
in asseti at timestamp t as:

(t)
dr i(t) pi

(t 1)

P

t 1
pt Y

The cumulative return cr; is calculated simply by multiplying all daily growth factors
for the whole timeline that consists ofD days. The annualized returnr; depends on
the number of daysn in the year the asset was held. For simplicity we assume that we
perform long term investments, and therefore sat = D.

dgf® = dr® +1

D
cri=  dgfl” r = cr’
t=1

1

The risk taken by the investor in the portfolio is measured by the volatility = P LI
which is computed from the covariance matrix . The covariance matrix is a matrix that
captures the variance and covariance among multiple variables (here assets). It provides
a measure of how changes in one variable might be associated with changes in another.
Let's de ne a; as a vector of daily returns of each asset

x

1
a; = [dri;drz;drd;:::;drP] Elal= 5 dr!
t=1
The variance and covariance of assetis de ned as:
— 1 >@ t 2 . — 1 XD t t
var(@i) = 5 (dri  E[ai])® cov@ia)= 5 (dri E[ai]) (dry E[a;])
t=1 t=1
2 3
var(ap) cov(apg;ay) ::: cov(@p;an)
Ecov(al,ao) var(ai) ;oo cov(@g;an)
cov(ay ;ap) cov(any;ap) ::: var(an)
(a) Positive covariance (b) Negative covariance

Figure 4.2: Description of covariance.
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4.2 QUBO Formulation of the Problem

The optimal portfolio [36] is one that maximizes reward and minimizes risk. Each max-
imization problem can turn into a minimization problem by just ipping the sign. The
optimal portfolio therefore minimizes the cost function:

1) = Ty 1T
C(l) r.+2. !

In this equation, the vectorr is the vector of annualized returns and the parameter is
the so-called risk aversion, which controls the portfolio's penalty for risk. As it is obvious,
increasing risk aversion translates to a decreased amount of risk the investor is willing
to take. Both the covariance matrix and the vector of returns are precalculated by the
collected stock data. In practice, we also want to x the entire budget being invested
to a constant (de ned asG previously). This means that theomega vector must be
normalized . We can achieve this by adding a penalty constraint to the cost function
controlled via a Lagrangian multiplier:

X 2
Cl)= r"l + 1T 1 + i1
2 .
i=0
In real life settings, nancial institutions construct a variety of portfolios for di erent
risk pro les. The problem then is to obtain the best possible portfolio, i.e., the one that
maximizes returns, for a given value of the risk as measured by the portfolio's volatility.
There are two ways we can achieve this. One is to perform the calculation for di erent
values of the risk aversion; to obtain di erent values of volatility and then choose the
one that suits us. This method is arguably very ine cient. The other way is to force the
cost function by introducing another constraint controlled via a Lagrangian Multiplier.
X 2
c(l)= r"l + N (. —
i=0
Finally we need to also integrate investment bands into the model. In simple words, this
means that there is a minimum and a maximum investment for each asset. The reason
we need this is because it enforces diversi cation in the portfolio, so as to avoid possible
corner solutions, like for example portfolios where most of the budget is allocated in only
a few assets. These solutions, even if mathematically correct, are not wanted because
there are other factors (environmental e.t.c.) that cannot be modeled and may a ect
the course of a company. Also some companies allow investments only in large bundles,
meaning that they set a minimum investment. Mathematically speaking this means that
omega is bounded by a minimum and a maximum value.

L2pmeme R
We can, however perform a linear transformation so that counting starts from O instead
of an arbitrary number. This will come handy later as it is much easier to count in binary
numbers starting from 0. Note that it is also very easy to retrieve the origindl; variables
by performing the linear transformation in reverse.

M=ty 1M S) 2o 1
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Discretizing !

The variables!~ are discretized by using binary variables. This implies that investments
come in discrete packets. Also, by using a xed number of bits for eadh variable, a
natural upper cuto is implemented making the process of counting much easier. The
encoding we use for this particular case is:
g
A
M= — 2qu;q + M Xi:B;

K

g=0

Xiq 2 f 0; 1g is the readout value of theg" qubit assigned to asset.

" K is a constant and represents the resolution of the discretization.

M=K (1M pmny (2B 1 1) Qisa constant representing over ow o set.
" Bj=1+ log, 1+ K (Ima 1mn) s the number of bits used pet ;

The above expression of ;~can be simplied whenK is one less than a power of 2
(K =2% 1). The simpli ed expression is:

k
1 R
!“i = E 2qu;q
g=0
Treating the bitvector as an unsigned integer , it is now clear how this formulation

works. Below is a table that demonstrates counting in discrete steps and shows the
resulting & variable for K = 4.

Bitstring i
0000 0.00
0001 0.07
0010 0.13
0011 0.20
0100 0.27
0101 0.33
0110 0.40
0111 0.47
1000 0.53
1001 0.60
1010 0.67
1011 0.73
1100 0.80
1101 0.87
1110 0.93
1111 1.00

If the resolution K is not a power of 2, then things get a bit more complicated. This
is where the constantM is used. By replacing the coe cient of the most signi cant bit
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with M, the counting process can be manipulated to always reach the desitetF~when
all bits are 1. Overall, this is a great encoding that uses linear binary terms for eath ~
variable. This means that!+ will produce quadratic binary variables, which is on the
right path of transforming this problem into QUBO.

To nally turn the problem into QUBO, we have to slightly change the cost function.
Since it is now clear that the binary representation of the cost function will be a polyno-
mial of the same rank as the initial expression, there is one constraint in the cost function
that poses a problem, which is:

T 2 2
( ! ! target )

Notice how this term contains 4 order polynomial ! # terms. This means that the
binary mapped equivalent constraint from the mapping we showed earlier will havé' 4
order polynomial binary terms. Problems of this type are referred to as HUBO (Higher
order Unconstraint Binary Optimization). Solving such problems is known to be quite
complicated since they involve order reduction techniques with a substantial number of
overhead bits. In order to avoid this unpleasant and non-optimal situation as well as
increasing the number of binary variables and yet be able to impose the constraint, we
will linearize the portfolio covariance:

T 2 2
( K ! target )

Herek is a vector of constants usually referred to as linear weights. This linearization im-
plies that the constraint remains quadratic, but at the price of having to ndk somehow.
Di erent options are possible, like optimizingk in some tensor network algorithms [37].
Another option is to ne-tune k starting from a suitable approximation like for example:

ki = Ni for each asset:

Note that, for the purpose of simplicity, thek vector will remain untouched in the fol-
lowing experiments. The nal cost function is:
X 2
C(')= r"l + i1+ (kT rget)’
i=0

=4+ 1m0

§(l
o=

=
K o

Since the problem is now correctly formulated as a QUBO, we can go ahead and imple-
ment it on a quantum computer. However, the number of binary variables ©(N logK).
With K =100 i.e. 001 resolution, which is a reasonable number, the number of binary
variables and, as a result, the number of qubits increases as/ N. Even a toy problem
whereN = 4 would require approximately 28 qubits. For this reason, this problem will

be executed only on D-wave annealers which can handle up to 5000 qubits, since using
QAOA or hardware-e cient VQA is futile.
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4.3 Implementing on D-Wave Quantum Annealer

Each part of the model will be tested separately to make sure the behavior of the quantum
computer is as expected and possibly gure out any limitations. At the end, the entire

model will be executed using the Hybrid Binary Unconstrained Solver provided also by
D-Wave that can handle a lot more variables. The cost function is separated into 3 parts:

Cy(t)= r" |
Ca(!) = |

C()= kTt 2 2

Testing term 1

For this experiment we consider the average return oAAPL , MSFT , NVDA , and
TSLA from 01-01-2020 to 01-01-2023. The symbols highlited in bold are called tickers
and correspond to Apple, Microsoft, Nvidia and Tesla accordingly. The vector of average
annualized return is:

2 3 3
I aaPL O 102
P = § I'mMsFT é 0:081:
I'NvDA 0:18
ItsLA 0:296

The goal is to minimize the cost functionC,(! ) = r'!. There areN = 4 assets (those
described above) and we sét™> =1 and ! ™" = 0. The resolution is set toK = 10°5.
This means that we have 15 qubits per asset, totalling 60. Note that this is a trivial
problem, since the cost function is linear and the minimum is very easy to compute. The
values that minimizeC,(! ) are! =[1;1;1;1] and that is true because > 0 for everyi.
This means that the binary variables should all be 1, because of the expression:

g

A

M= — 2qu-q + M XiB,
K ’ )
g=0

The cost function is minimized in a quantum annealer. Since there are no quadratic
terms here, the qubits do not interact with each other and they are only subject to their
bias. We perform the minimization a total of 100 times. Each experiment performs 100
runs and the total annealing time per run is 26 . We count the number of times each
variable was measured to be 1 and then we average out by all the number of measurements.
Finally, each qubit's probability is plotted in a diagram. If the result is Q8 for a qubit, for
example, this means that in all experiments and all measurements this particular qubit
was '1' 80% of the time.
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Figure 4.3: Average probabilities of qubits among 100 experiments with 100 measure-
ments per experiment with 20 us annealing time = 10°). The expected readout result
of binary variables should be all '1".

Notice how most signi cant bits (right) have a higher tendency of being one than least
signi cant bits (left). In fact, measurement results from bits O to 6 are considered pure
noise since their average tendency is close tdb0 The reason for this is that the bias
decreases exponentially when moving from most signi cant to least signi cant bits. Inter-
estingly enough, we can predict the sequence of the biases from smallest to largest, just
by watching how fast the tendency decays. However, the deviation from the expected
correct result is very small, even though most readout results in the least signi cant bits
are noisy. This is because the least signi cant bits do not a ect the result of thé vari-
ables that much. This should provide insight into why we should not increasé too
much. A more modest value, likeK = 100, should work just as well.

Figure 4.4: The sum of all! variables, i >, i, is used as a measure of the quality of
the solution. We are expecting all ; variables to be equal to one, and therefore the total
sum should be 4. We can see that despite the random behavior of the least signi cant
bits, the quality of the solution is still good.
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Testing term 2

The goal of this test is to check whether or not the constrainC,(! ) is implemented
correctly. Note that
X\I 2
C(') = i 1
i=0
It is very easy to see that this function is minimized when the sum df; variables is
equal to 1. We can therefore use this as a measure of the accuracy. In this benchmark
we considerN = 6. Although it doesn't matter, we chose "TSLA', "AMZN', "AAPL',
"MSFT', "GOOGL', and 'NVDA'. The ! ™ js set to 1 and the! ™" is set to 0. The
resolution is set toK = 100, meaning that there are 7 binary variables per asset, totalling
42 binary variables. We perform a total of 20 experiments with 100 measurements per
experiment. From those measurements, we select the one with the "minimum energy"”
which is returned by the annealer. We plot the cumulative sum of thé; variables of
the best answer per 100 measurements (top 1%) in each experiment, as well as the ideal
result. Finally, we do this for 20s and 2ms annealing time to see if there is any di erence
between them.

Eigure 4.5: Performance tracking of constraint 2. This experiment tracks the result
>, i, which must be as close to 1 as possible. Performed a total of 20 experiments

with 20 us and 2 ms annealing time.

We observe from the results depicted above that the model behaves as expected and the
total cumulative sum is really close to 1. The annealing time does not seem to have a
huge impact on the results, but this may be because the total number of experiments is
not enough to make objective conclusions. However, 2ms seems to be better, since it's
peak deviation is smaller than 23 .
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Testing term 3

The goal of this third and nal test is to check whether or not the target volatility
constraint is implemented correctly:
— T 2 2

C3(! ) - k ! target
We start by setting N = 6 (the same assets as the previous experiment) arkl = 100.
Next, we minimize C3(! ) given several di erent values of tzarget: [0, 0.15, 0.20, 0.25,
0.30, 0.40, 0.50, 0.70]. For each of these values, we perform 10 experiments with 400
measurements per experiment with an annealing time of 280 We once again select the
answer with the minimum energy which represents the top:B5% of the answers. Finally,
after the annealing process, we compute, given the best result, the return and volatility,
and we plot them in gure 4.6.

Figure 4.6: Benchmark of the accuracy of nding the target volatilityN = 6 and K = 100.

The x-axis of the left graph is the linearized volatility, which corresponds to the actual
value that was targeted. We observe that most measurements are really accurate with
the exception of target volatilities greater than 60 or smaller than 20. This is probably
due to the fact that this speci c portfolio simply cannot produce such volatilities.

The x-axis of the right graph shows the actual volatility. Notice how results are skewed
from the initial target. This is due to the linearization of the volatility that we performed
earlier to transform the problem into QUBO. The shift, however, seems to be linear
and does not distort the target volatility that much, meaning that we might be able to
purposely change .. to accommodate for this error.
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