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Summary

The study of one-dimensional (1D) strongly correlated quantum liquids is

a fascinating area and has attracted a lot of attention recently. In spite

of their apparent conceptual simplicity, both their ground states and exci-

tated states exhibit a large number of exotic strong-correlated effects. On

the other hand, the achievement of strongly correlated quantum optical

systems which accurately describe condensed matter physics and quan-

tum field theory models has opened many new perspectives for research

on strongly correlated systems. These quantum optical systems with the

most famous examples being optical lattices and ion traps share many

features with conventional systems, while several of their properties distin-

guish them from the traditional setups like, their long coherence times and

the ability to control Hamiltonian parameters over a wide range. Recently,

the 1D optical nonlinear waveguide as a promising optical system with a

tight field confinement and coherent photon trapping techniques has been

proposed, where the dark-state polaritons are formed as a combination of

light and matter excitations. Their highly nonlinear behavior has provided

a platform to enable amazing experiments in the field on quantum nonlinear

optics and slow-light applications. It is the purpose of our work to employ

such setups to emulate and efficiently observe some of the well-known mod-

els and phenomena in condensed matter physics and quantum field theory

by using the dark-state polaritons, where the polaritons are shown to fol-

low the dynamics of quantum systems such as the Lieb-Liniger model, the

Bose-Hubbard model, the quantum sine-Gordon model, the Fermi-Hubbard

model, and the relativistic Thirring model. These quantum simulators pro-

vide a new platform in the field of understanding complex condensed matter

ix



Contents

phenomena and quantum field models with currently accessible quantum

optical techniques. The main tools used in our proposals involving sta-

tionary light-matter polaritons, condensed matter physics, and quantum

field models, are textbook examples in the fields of quantum optics and

strongly correlated systems. However, this inter-disciplinary combination

can be used to resolve some of the long standing problems such as a direct

observation of spin-charge separation, the correlations as witnesses of pin-

ning transition and BCS-BEC crossover, and the realization of interacting

Dirac particles in a continuous system, which have been proven undoubt-

edly difficult, and which have been demonstrated to be possible in our

proposed schemes.
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Chapter 1

Introduction

A one-dimensional (1D) system is typically formed by performing a tight

confinement in its transverse directions, such that only the ground states

in these directions need to be considered, and the particles only move and

propagate along its longitudinal direction. The 1D systems is usually con-

ceptually simple compared to its counterparts in two- and three-dimension.

Several sophisticated approaches have been developed to solve some 1D sys-

tems exactly, such as the Bethe-ansatz method [1], while for other more

complicated systems, methods like the Luttinger liquid theory have been

introduced to solve them in the low energy domain [2]. In spite of the

successful applications of these methods, complete knowledge about 1D

systems remains elusive, such as the non-equilibrium evolutions and the

behavior of correlation functions. To probe deeper into these elusive prop-

erties of 1D systems, the importance of system simulations becomes ap-

parent. Along this line, numerical simulations using classical computers

have been performed efficiently. One famous numerical approach to study

1D systems is the Density Matrix Renormalization Group (DMRG), where

the main idea is to perform iterative diagonalizations in a reduced Hilbert

space [3]. However, as the system size gets larger and larger, some problems

become computationally intractable on classical computers. An alternative

way is to study systems directly through quantum simulators. The basic

idea is to use a well-controlled quantum system to simulate a desired quan-
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Chapter 1. Introduction

tum system which is computationally difficult or experimently inaccessible.

The desired quantities are either detected or measured in a real experiment,

where the uncharted regimes which are originally deemed impossible are

explored and investigated.

The idea that a quantum system is best simulated with a quantum

mechanical device stems from a seminal presentation by Richard Feyn-

man thirty years ago [4]. However, at that time, the state of technology

in manipulating cold atoms and molecules and constructing optical se-

tups have not reached the current level of sophistication. Recent advances

in technology, especially trapping technology, have demonstrated convinc-

ingly that such the possibility for a scalable quantum simulator could be

achieved in the foreseeable future. In principle, quantum simulators are

controllable quantum systems that could be used to simulate other quan-

tum systems. They are essentially analog (quantum) computers capable of

studying other quantum systems directly through measurements and ob-

servations. In some sense, they behave some primitive computer of nature

[4, 5]. This direction also creates a motivation for the need to advance the

current state of technology for cooling, addressing and manipulating atoms

and molecules.

Many platforms for experimental realization of quantum simulators

have been proposed and tested to some extent. Among the potential can-

didates for quantum simulators, the trapping of ultracold atomic gases in

optical lattices has been widely used for a number of schemes, including

the study of Mott transition from superfluid (SF) to Mott insulator (MI)

phase [6, 7], the Tonks-Giradeau gas for strongly interacting bosons [8], the

crossover from Bardeen-Cooper-Schrieffer (BCS) to Bose-Einstein conden-

sate (BEC) in both fermionic and bosonic systems [9, 10, 11, 12, 13, 14, 15],

2



the realizations of field theory sine-Gordon (sG) [16] and Thirring models

[17], and so on. While some marvelous achievements have been obtained

experimentally for quantum simulations, there are still some inherent chal-

lenges in these schemes, for instance, fermionic atoms have been found to

be difficult to cool to a sufficiently low temperature due to the existence of

Pauli exclusion principle and measurements of certain correlations are still

intractable despite advances in single-site addressing of atoms [18, 19].

A new research direction with strongly interacting dark-state polari-

tons through light-matter coupling has been proposed in recent years,

where the polaritons are formed between the lower two stable levels of

three-level atoms and resonant probe light in a nonlinear optical waveg-

uide [20, 21, 22, 23, 24], based on a typical electromagnetically induced

transparency (EIT) effect [21]. In the nonlinear waveguide case, the

light beams are injected into a hollow-core waveguide doped with atoms

[25, 26, 27, 28, 29, 30] or a nanofiber with atoms brought close to the sur-

face of the fiber [31, 32]. A natural quasi 1D system is formed due to the

tight-confinement of the waveguides. With a pair of counter-propagating

classical control lasers in the waveguide, a weak quantum pulse is trapped

as a standing wave formed by control lasers due to the Bragg scattering

[22, 23, 24]. The principal differences between the quantum and classical

lights are their frequencies and intensities. The classical lights are in or-

ders of magnitude stronger and contain macroscopically large number of

photons. They are also detuned from each other, by several GHz. This

trapping allows enough time for polaritons to evolve according to like, e.g.,

the nonlinear Schrödinger equations of a designed system. During the evo-

lution, the polaritons obey approximate bosonic statistics and can interact

strongly with each other. After reaching the desired state, one of the con-
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Chapter 1. Introduction

trol lasers is turned off and the polaritons are released as outgoing photons.

The photons continue to carry the information of polaritonic correlations,

and the typical optical measurements on photons can give information on

polaritonic correlations.

The nonlinear waveguide system can offer distinct advantages in en-

abling strong interactions between particles due to the tight field confine-

ment and allowing for direct measurements of correlations. Based on this,

we have proposed several schemes of quantum simulations using dark-state

polaritons in the nonlinear waveguide [33, 34, 35, 36, 37]. These proposals

include simulating pure bosonic features, and mimicking effective fermionic

behaviors. In the latter case, we know that there is only a sign difference

in the wavefunctions of hard-core bosons and fermions [38, 39]. When the

studied features do not involve the sign difference, the hard-core bosons act

effectively like the fermions [38, 39]. For instance, in the density-density

correlations, the sign difference in the wavefunctions is squared such that

the hard-core bosonic and fermionic systems share the same density-density

correlation behaviors. In spite of the natural feature of a waveguide sys-

tem, i.e., it is a continuous system, by superimposing an optical potential

in the microwave regime, we have also created discrete polaritonic models

[33, 34].

The strongly correlated models have been extensively investigated in

the context of cold atoms in optical lattices [6, 7, 8, 15, 16, 17]. Motivated

by these works, we explore the connection one step further to see if we

could employ the light-matter systems which exhibit bosonic excitations, to

simulate many-body phenomena. We show that in our case, the polaritons

as dressed photons can be tuned to exhibit bosonic behavior on demand

through the control lasers, and the intensities and correlations of polaritons

4



can be accessed with a high efficiency through standard optical techniques

[33, 34, 35, 36, 37]. To start with our polariton-based simulations, we first

introduce some basic knowledge, including the EIT effect [21], the light

trapping techniques [22, 23, 24], the Lieb-Liniger model [40], the Luttinger

liquid theory [2], and the correlations in 1D systems, in Chapter 2. After

that, we describe our simulation schemes in the following Chapters.

In Chapter 3, we show that it is possible to impose an effective lattice

potential on a single-species polaritonic gas and tune it to juxtapose be-

tween sine-Gordon and Bose-Hubbard models [33]. The sine-Gordon model

is one of the well-known quantum field theory models starting from 1970s

due to its soliton solutions [2], and the Bose-Hubbard model is a model

describing interacting bosons in a lattice system [6]. The generation of

the superimposed lattice is achieved through a slight modulation of atomic

density.

Extending to a two-species polaritonic gas which is generated by utiliz-

ing two kinds of atoms and two quantum beams with different frequencies,

in Chapter 4, we put the generated two-component polaritonic gas into

two effective polaritonic lattice potentials to see the BCS-BEC crossover

from a regime with weak attraction and pairing in momentum space (BCS

regime) to a regime with strong attraction and pairing in real space (BEC

regime) [34]. We begin with two types of four-level atoms interacting with

two quantum lights and two control lasers. By tuning optical parameters,

we make the intra-species interaction between the same-type polaritons

extremely repulsive while keep the inter-species interaction between the

different-type polaritons attractive. For infinite intra-species repulsion, the

resulting model is mapped to an attractive Hubbard model by the Jordan-

Wigner transformation, which allows us to study the BCS-BEC crossover

5



Chapter 1. Introduction

in the Hubbard model. The essential physics of the BCS and BEC limits,

the long- and short-range spatial correlations, are readily attainable in our

scheme by typical quantum optical techniques performed on photons.

We next discuss the possibility of the simulation of a two-component

Luttinger liquid and a direct observation of the spin-charge separation in

Chapter 5 [35, 36]. Although the spin-charge separation has attracted a

lot of interest in condensed matter physics, its direct observation in exper-

iments remains elusive. In our case, we first generate interactions between

two polaritonic species. Then we derive the necessary intra- and inter-

species terms by tuning the Rabi frequencies of the quantum and classical

lasers, and their detunings from each atomic transition under consideration.

When the terms achieve a required strength, we map the Lieb-Liniger model

to a regime of spin-charge separation. Finally we analyze the possibility of

directly accessing the velocities of the spin and charge waves in the Lut-

tinger liquid. We introduce two schemes to simulate the two-component

Luttinger liquid dynamics and the spin-charge separation, where in the

first scheme we employ two quantum pulses with different frequencies in-

teracting with two kinds of four-level atoms, and in the second scheme we

utilize two oppositely circularly polarized quantum beams to interact with

a single-type multi-level atomic gas. The quantum fields are weak coherent

pulses containing a few photons (order of 10) initially. We would like to

note the difference between these two schemes. In the first scheme, the

parameters are relatively more flexible with less constraints, which allows

for more complicated tasks of simulations. While for the advantage of the

second scheme, it is easier to load one-species atoms and to distinguish two

outgoing quantum lights with different polarizations.

In Chapter 6, we show that the interacting relativistic Dirac particles

6



in 1+1 dimensions can be generated with two kinds of differently polarized

photons [37]. By storing and confining light pulses, and manipulating their

dispersion relations and nonlinear interactions with nearby atoms, the light

can behave effectively as either interacting bosonic or fermionic relativis-

tic particles, and massive or massless, thus emulating the famous Thirring

model from the quantum field theory. The realization of the Thirring model

can demonstrate the famous mass renormalization due to the interactions.

Typical quantum optical measurements collect the information on the scal-

ing behavior of the correlation functions, and from that we can infer the

properties of the model under consideration.
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Chapter 2

Background

In this chapter, we will briefly review the basic tools from quantum optics

and condensed matter physics which have been employed to develop the

models of strongly correlated photons. According to the process of our

simulations: generating the dark-state polaritons, achieving the desired

regimes, and finally detecting the correlations, we will introduce the EIT

nonlinearities and slow-light effect in the first section, review the basics of

Lieb-Liniger model and Luttinger theories in the second section, and finally

discuss the correlation functions in the third section.

2.1 Electromagnetic Induced Transparency

and Dark-State Polaritons

The atom-doped nonlinear optical waveguides with well-controlled param-

eters, strong nonlinearities, and correlation accessing have provided a plat-

form for studying condensed matter physics and quantum field models in

a many-body context. The atoms are well trapped and manipulated by

optical lasers, and their nonlinearity are enhanced by slowing light in the

medium due to quantum interference mechanisms. One successful tech-

nique to slow light is based on the EIT effect, which is a quantum effect

permiting the light propagation through an otherwise opaque medium [21].

It usually occurs in a system with three-level atoms and two optical pulses,
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Figure 2.1: The (a) ladder, (b) Vee and (c) lambda structures of atoms. In
each scheme, one of the three states is connected to the other two by the two
optical fields: the probe and control fields. The three types of EIT schemes
are differentiated by the frequency differences between this state and the
other two. When the frequency difference (the sum for ladder system in
(a)) between the probe and control fields matches the level splitting of the
two un-coupled states, the otherwise opaque medium becomes transparent
for the probe field.

one termed probe pulse and the other one called control or pump pulse.

The atomic structure can be ladder, Vee or lambda (see Fig. 2.1), and

the atoms are usually initialized in their ground states. In principle, the

EIT effect originates from a destructive interference of two different tran-

sition paths. As shown in Fig. 2.1, we label these states as |1〉, |2〉, and
|3〉. A weak probe pulse is tuned to near resonant to the atomic transition

|1〉 → |2〉, and a strong control field is tuned to near resonant to another

transition |3〉 → |2〉. Next, we will focus on the lambda level in Fig. 2.1(c)

as the EIT setup in the following. When the frequency difference between

the probe and control fields is within the transparency window, the oth-

erwise opaque medium becomes transparent for the probe pulse. At this

time, the probe pulse can pass through the medium without any atomic

absorption. Specifically, the probability amplitudes for the excitation of

state |2〉 come from two different driving paths: |1〉 → |2〉 directly and

|1〉 → |2〉 → |3〉 → |2〉. These two paths interfere destructively and allow

a transparent window inside the |1〉 → |2〉 absorption line.

The EIT effect can be used to slow and localize the probe pulse in the

medium. As dictated by the Kramers-Kronig relation, a change in the
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Polaritons

absorption over a narrow range of two-photon detuning must correspond

to a change in the refractive index over a similarly narrow region, leading

to an extremely low group velocity as vg = c tan2 θ with tan2 θ = g2n/Ω2

[41]. Here c is the speed of light in an empty waveguide, g is atom-field

coupling strength proportional to the dipole matrix element of the |1〉 ↔ |2〉
transition, n is the atomic density, and Ω is the Rabi frequency of the

control laser. By adiabatically turning off the control laser, the probe

amplitude will vanish and its state will be stored in a stationary atomic

excitation.

This phenomenon can be well captured in the picture of dark-state po-

laritons, which are excitations coherently shared between light and atomic

dark-state excitations: Ψ(z, t) = ΩE(z, t) − √ngσ13(z, t). Here Ψ is the

polariton operator, E is the quantum light operator, and σ13 = |1〉〈3| is
the atomic operator. The so-called "dark-state" means that only meta-

stable state is excited with no populations in higher excited states. Under

certain conditions, the photons in the initial coherent quantum pulse will

propagate in the medium as dark-state polaritons with a reduced group

velocity [22, 23, 24].

In the slow-light scheme, a large ensemble of the atoms is initially pre-

pared in the ground state. A weak quantum pulse, given by a coherent

state, enters into the waveguide with a copropagating EIT control field

from one side of the waveguide. By reducing the intensity of the control

field, the quantum light is stored in stationary atomic excitations. Subse-

quently, in the form of a pure spin coherent wave, the excitation is stored

and well protected from the environment for rather long times, and also sta-

tionary thus preventing any manipulation of its spatial shape. This atomic

excitation can be converted back into a light pulse by turning on the control

11
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laser, and the light pulse can then propagate in the direction of the control

laser. To introduce an interaction between polaritons, a weak stationary re-

trieval field created by forward and backward control beams is adiabatically

ramped up, where a small photonic component of the polariton is regen-

erated. By using forward and backward control fields, with time varying

Rabi frequencies Ω+(t) and Ω−(t), respectively, the weak pulse of signal

light is manipulated [23]. The atomic coherence now is converted into a

stationary photonic excitation. As the pulse-matching mechanism predicts,

the quantum light becomes quasi-stationary to follow the oscillatory profile

of the control fields. Specifically, if the two create a standing wave pattern,

the EIT suppresses the signal absorption everywhere but in the nodes of

the standing wave, resulting in a sharply peaked, periodic modulation of

the atomic absorption for the signal light. Illumination with these beams

also results in partial conversion of the stored atomic spin excitation into

sinusoidally modulated signal light, but the latter cannot propagate in the

medium owing to Bragg reflections off the sharp absorption peaks, leading

to a vanishing group velocity of the signal pulse. It is sufficiently mobile

for the polaritons to follow the profile of control fields although the pho-

tonic component is at all times very small. By introducing an additional

fourth-level of atoms, the nonlinearity between polaritons is generated in

such a stationary shape with a finite photonic component [42, 43].

2.2 Lieb-Liniger Model and Luttinger Liquid

Theory

In 1D systems, the particles move along one direction, say z direction.

Strong confinements in the transverse directions r⊥ = {x, y} are applied

12
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such that only the lowest energy transverse quantum states ϕ0(r⊥) need to

be considered. The wavefunction of N particles reads as

ψ(r1,..., rN) = ψ(z1,..., zN)
N∏
i=1

ϕ0(r⊥,i), (2.1)

and usually we only consider ψ(z1,..., zN) for the study of the 1D system.

For bosons with Dirac-delta interactions in a continuous system, they are

described by the Lieb-Liniger model [40]

H = − 1

2m

N∑
i=1

∂2

∂z2
i

+ χ
N∑

i<j=1

δ(zi − zj), (2.2)

where m is the mass, and χ is the interaction strength. As shown by Lieb

and Liniger [40], this model is solvable using the Bethe ansatz method,

where both the ground and excited states are attainable. However, in

general, it is still very difficult to extract correlation functions from the

solutions, while at the same time, correlation functions are very important

because they are characteristic features of a quantum system. One alter-

native approach is to give a general description of the low energy sector of

the above Lieb-Liniger model, where a liquid phase called Luttinger liquid

appears [2]. In this phase, the low energy excitations are collective modes

with a linear dispersion, and correlation functions exhibit an algebraic de-

cay which is characterized by exponents that depend on the parameters of

the model at zero temperature. The collective character of these low-energy

excitations gives rise to a description in terms of collective fields called

“bosonization” [2]. The bosonization method is used to approximately de-

scribe the low energy physics by a density-phase representation [2]. The

reason of such a collective nature is that, with particle-particle interac-

tions, one particle needs to push its neighbors away in order to propagate.
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Therefore, when the confinement forces the particles moving along a line,

any individual motion will be quickly converted into a collective one.

We express the bosonic field operators ψ and ψ† in the form of collective

fields as

ψ(z) = e−iθ(z)[ρ(z)]1/2, (2.3)

ψ†(z) = [ρ(z)]1/2eiθ(z). (2.4)

Here ρ(z) = ψ(z)†ψ(z) is the particle density, and θ(z) is the phase. To see

the quantum mechanical nature, we specify their commutation relations as

[ρ(z), ρ(z′)] = 0, (2.5)

[θ(z), θ(z′)] = 0. (2.6)

Together with

[ψ(z), ψ†(z′)] = δ(z − z′) (2.7)

for the bosonic field operators, we have

[ρ(z), eiθ(z
′)] = δ(z − z′)eiθ(z′). (2.8)

Here the phase and density are canonically conjugated fields. We write the

density operator ρ(z) as a combination of delta functions

ρ(z) =
∑
n

δ(z − zn). (2.9)
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2.2. Lieb-Liniger Model and Luttinger Liquid Theory

With the expression for the delta function as

δ(z − zn) = δ(z − φ̃−1(2nπ))

= δ(φ̃−1(φ̃(z))− φ̃−1(2nz))

=
1

|dφ̃−1(z)
dz
|
δ(φ̃(z)− 2nπ)

= |∂zφ̃(z)|δ(φ̃(z)− 2nπ), (2.10)

the density becomes

ρ(z) = |∂zφ̃|
∑
n

δ(φ̃− 2nπ) =
1

2π
|∂zφ̃|

+∞∑
m=−∞

exp(imφ̃), (2.11)

where we have introduced a quantity φ̃ as φ̃−1(2nπ) = zn.

We continue to introduce another slowly varying quantum field operator

as

∂zφ̃ = 2πρ0 + 2∂zφ. (2.12)

Substituting Eq. (2.12) into Eq. (2.11), the density operator becomes

ρ(z) = (ρ0 +
1

π
∂zφ)

+∞∑
m=−∞

exp[im(2πρ0z + 2φ)]. (2.13)

When ρ(z) varies slowly, we can only keep the lowest frequency compo-

nent with m = 0 for it:

ρ(z) ' ρ0 +
1

π
∂zφ(z). (2.14)

Going back to Eq. (2.8) about the commutation relation of ρ(z) and eiθ(z′),

we have

[θ(z),
1

π
∂zφ(z′)] = iδ(z − z′). (2.15)
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For the one-component Lieb-Liniger model, the Hamiltonian is

H =

∫
dz[

1

2m
∂zψ(z)†∂zψ(z) +

χ

2
ρ2(z)]. (2.16)

Going beyond this simple case, novel physics can be obtained by considering

two-component bosons or two internal degrees of freedom of bosons, where

the Hamiltonian of this two-component Lieb-Liniger model is given by

H =

∫
dz[
∑
s

(
1

2ms

∂zψ
†
s∂zψs +

χs
2
ρ2
s) + χ↑↓ρ↑ρ↓]. (2.17)

Here the field operator ψs and the density operator ρs with s =↑, ↓ corre-
spond to two species of bosons with a mass ms, an intra-species interaction

strength χs, and an inter-species interaction strength χ↑↓.

2.3 Correlation Functions

The first-order correlation of a signal pulse Ê(z, t)

g(1)(z, z′; τ) =

∫ ∞
−∞

Ê(z, t)Ê∗(z′, t− τ)dt (2.18)

describes the similarity between observations as a function of time and sep-

aration between them. In experiments, correlation functions are expected

to be readily detected by placing a detector at the output of a Michelson

interferometer, where the detector is illuminated by the input field Ê(z, t)

coming from one arm, and by the delayed replica Ê(z′, t − τ) from the

other arm. If the time response of the detector is much larger than the

time duration of the signal Ê(z, t), or if the recorded signal is integrated,
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2.3. Correlation Functions

the detector measures the intensity AM as the delay τ is scanned:

AM(τ) =

∫ ∞
−∞
|Ê(z, t) + Ê(z′, t− τ)|2dt. (2.19)

Expanding AM(τ) reveals that one of the expanded terms is the field cor-

relation

g(1)(z, z′; τ) =

∫ ∞
−∞

Ê(z, t)Ê∗(z′, t− τ)dt. (2.20)

At this time, the momentum distribution can also be easily constructed by

taking the Fourier transform of the correlation g(1).

For the second-order correlation

g(2)(z, z′; τ) =
〈I(z, t)I(z′, t− τ)〉
〈I(z, t)〉〈I(z′, t− τ)〉 , (2.21)

we can detect it by measuring the intensity correlation

g(2)〈I(z, t)〉〈I(z′, t− τ)〉 =

∫ ∞
−∞

I(z, t)I∗(z′, t− τ)dt. (2.22)

Here I(z, t) = |Ê(z, t)|2 is the intensity of the pulse Ê(z, t) up to a con-

stant in the convertional definition of intensity. Similar to the above setup

to measure the field correlation, two parallel beams with a variable delay

are generated, and then focused into a second-harmonic-generation crys-

tal to give a signal proportional to |Ê(z, t) + Ê(z′, t − τ)|2. Only the

beam propagating on the optical axis, proportional to the cross-product

Ê(z, t)Ê(z′, t− τ), is retained. This signal is then recorded by a detector,

which measures

AM(τ) =

∫ ∞
−∞
|Ê(z, t)Ê(z′, t− τ)|2dt =

∫ ∞
−∞

I(z, t)I(z′, t− τ)dt. (2.23)
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We note here that AM(τ) is exactly the intensity correlation

g(2)〈I(z, t)〉〈I(z′, t− τ)〉 =

∫ ∞
−∞

I(z, t)I∗(z′, t− τ)dt. (2.24)

In our system, the correlations are obtained by turning off one of the

control lasers and performing the above described measurements on the

outgoing photons. For the quantum optical simulation of models and phe-

nomena in many-body physics, the attainability of correlations is signifi-

cant. This is because that the large number of results on 1D systems can

be roughly divided in two main classes. One is the exact results based

on the Bethe ansatz analysis. While they are rigorous and give very non

trivial information on the spectrum, it is essentially difficult to compute

the correlations, which are the quantities directly related to the physical

observables. Even if one has the full form of the wave functions (what is

actually not the case as the Bethe ansatz gives the wave functions as the

solutions of complicated integral equations), computing the correlations

from them is essentially impossible. Furthermore, as they rely on deli-

cate integrability properties of the system, they are not robust when there

are modifications of the model, such as extensions to two components or

nonlocal but short-ranged interactions. Beyond the exact solutions, a com-

bination of techniques including numerical simulations, bosonization, and

Renormalization Group gives information on correlations. However, theses

results are generally not rigorous. For instance, the first- and second-order

correlations of a Luttinger liquid are given by [2]:

g(1) ∼ 1/(z − z′)2K (2.25)
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and

g(2) ' I2 +
cK

(z − z′)2
+
c′ cos(2πI(z − z′))

(z − z′)2K
(2.26)

with the Luttinger parameter K and two constants c and c′.
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