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Abstract
Strong e↵ective photon-photon interactions mediated by atom-photon couplings
have been routinely achievable in QED setups for some time now. Recently, there
have been several proposals to push the physics of interacting photons into manybody distributed architectures. The essential idea is to coherently couple together
arrays of QED resonators, such that photons can hop between resonators while
interacting with each other inside each resonator. These proposed structures have
attracted intense theoretical attention while simultaneously inspiring experimental
e↵orts to realise this novel regime of strongly-correlated many-body states of light.
A central challenge of both theoretical and practical importance is to understand
the physics of such coupled resonator arrays (CRAs) beyond equilibrium, when
unavoidable (or sometimes even desired) photon loss processes are accounted for.
This thesis presents several studies whose purpose can roughly be divided in two
aims. The first part studies just what constitutes a valid physical and computational
representation of non-equilibrium driven-dissipative CRAs. Addressing these questions constitutes essential groundwork for further investigations of CRA phenomena,
as numerical experiments are likely to guide and interpret near-future experimental array observations. The relatively small body of existing work on CRAs out of
equilibrium has often truncated their full, rich physics. It is important to establish
the e↵ects and validity of these approximations. To this end we introduce powerful
numerical algorithms capable of efficiently simulating the full dynamics of CRAs,
and use them to characterise the non-equilibrium steady states of arrays reached
under the combined influence of dissipation and pumping.
Having established the rigour necessary to realistically describe CRAs, we examine two novel phenomena observable in near-future small arrays. Firstly we relate
a counter-intuitive ‘super bunching’ in the statistics of photons emitted from arrays
engineered to demonstrate strong e↵ective photon-photon repulsion at the single
and two-photon level, to an interplay between the underlying eigen-structure and
details of the non-equilibrium operation. Secondly we characterise a dynamical
phenomenon in which domains of ‘frozen’ photons remain trapped in sufficiently
nonlinear arrays. Finally we present a preliminary characterisation of a previously
unexplored phase diagram of arrays under coherent two-photon pumping. Competition between the coherence injected by the pumping, photon interactions and
delocalisation processes lead to interesting new physical signatures.
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Chapter 1
Introduction

This thesis is concerned with the non-equilibrium quantum physics of strongly correlated photons in coupled resonator arrays (CRAs). In this first chapter, we motivate
the study and experimental realisation of such strongly interacting photonic systems.
We briefly introduce the essential concepts and review the major strands of research
in this relatively youthful field. The importance of including photon loss processes
in the description of these devices is stressed. Lossy arrays must of course be driven
in order to maintain a non-trivial array state. Realistic descriptions of CRAs are
therefore fundamentally non-equilibrium in nature, as we discuss. Candidate systems for realising strongly interacting photonic gases in CRAs are presented, and
their relative merits contrasted. The chapter concludes with a summary of the rest
of the thesis.

1.1

Background and motivation

Understanding strongly-correlated many-particle quantum systems remains one of
the key challenges of quantum physics today. Such many-body systems are of great
interest in solid-state materials, where strong local electronic correlations are fundamental to phenomena such as high temperature superconductivity [1] and the
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fractional quantum Hall e↵ect [2]. Experimental observation of microscopic properties of strongly-correlated condensed matter systems is difficult because of the short
length- and time-scales involved. Meanwhile on the theoretical side, even simplified
models capturing the essential details of these correlations remain extremely difficult
to treat analytically or numerically.
Another route towards studying strongly correlated systems which has been met
with considerable success in recent years is to artificially construct quantum systems
capable of simulating the physics of interest in the original systems [3]. Such fabricated quantum simulators are easier to manipulate experimentally than the original
simulated system. This allows reconstruction of the original system’s properties in
regions of parameter space which are inaccessible to experimental observation of the
simulated system.
The first systems acting in a quantum simulation capacity were arrays of Josephson junctions [4, 5, 6] emulating properties of interacting bosons. Further progress
followed with cold atoms in optical lattices [7], the physics of which can be neatly
described by the Bose-Hubbard Hamiltonian [8]. Early famous optical lattice experiments demonstrated clear simulation of the superfluid-Mott insulating quantum
phase transition [9] and the realisation of a Tonks-Girardeau gas [10].
Coupled resonator arrays, the central system of interest in this thesis, were originally proposed as a new direction in the field of quantum simulation. The essential
idea is to couple together many confining photonic resonators, each with an associated element (such as an atom) coupling to the resonator field generating e↵ective
photon nonlinearities at the single-quantum level [11, 12, 13, 14, 15]. An illustrative sketch is provided in Fig. 1.1. The combination of photon tunnelling between
resonators, and e↵ective local repulsion leads to the idea of novel quantum ‘fluids’
of light [16] delocalised over the structure. Interactions between single photons may
be large enough to induce sizeable correlations in such fluids. The ability to tune

1.1. Background and motivation
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Figure 1.1. (a) Schematic of an idealised coupled resonator array. Partially
transmitting mirrors lead to localised modes with significant modal overlap
(red) between neighbouring resonators enabling coherent photon tunnelling.
The presence of elements coupling to the optical fields, such as an atom
or multiple atoms in each resonator, may lead to nonlinearities at the twophoton level. CRAs are additionally open to external driving and monitoring
at the single resonator level. (b) Schematic of a single idealised optical
resonator, consisting of two perfectly conducting (reflecting) mirrors along
the z-axis separated by a distance L.

the magnitude of interactions and possibly also the resonator coupling amplitudes
raises the intriguing possibility of using coupled resonator arrays as photonic quantum simulators of quantum lattice models. Potential implementations of these platforms o↵er attractive features for the initialisation, manipulation, and measurement
of exotic quantum states of light. Adjacent photon resonators may be separated by
lengths on the order of µm – mm, depending on the implementation details. This
allows ‘sites’ to be resolved relatively easily, so that quantum states may be prepared
locally and expectation values could be measured directly on the light emitted from
a single resonator. As the elementary excitations are partly photonic in nature,
quantum states may be initialised via external lasers capable of resolving individual resonators. This is in contrast to, for example, quantum simulation schemes
based on cold atoms in optical lattices, where single-site resolution has only recently
been demonstrated [17, 18] and the initial loading of atoms is a complex, if well
established process.
Despite this potential advantage over optical lattice setups, it is anticipated that
the scalability and absence of imperfections a↵orded by optical lattice simulation
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schemes will be difficult to match in CRAs. Some amount of disorder in any fabrication process is inevitable. We also note that at the time of writing, CRAs have
not been demonstrated experimentally, though promising e↵orts are underway, as
we briefly review in Section 1.5.
The first generation of works concerning CRAs drew heavily on analogies with
equilibrium physics and quantum simulation schemes in the more established field
of optical lattices. These studies ignored for the most part perhaps the main qualitative di↵erence between these two classes of system – the unavoidable presence of
photon loss. Loss processes were initially treated as merely a hindrance, limiting the
available time for observing coherent quantum dynamics. However, near-future photonic devices will necessarily operate under driven-dissipative conditions on account
of unavoidable photon loss. Rather than being seen as a problem, the naturally open
nature of CRAs and the inherent ability to address and observe single resonators
from the side (or infer photonic statistics by measurements on the atom) make these
systems ideal platforms for the exploration of novel non-equilibrium many-body photonic e↵ects. Non-equilibrium quantum processes are notoriously difficult to treat
theoretically, as equilibrium principles of detailed balance no longer hold [19] Very
recently however, impressive analytic progress has been made in the particular case
of boundary-driven spin chains [20, 21, 22, 23, 24, 25, 26], which in many ways are
quantum analogs of the totally asymmetric exclusion process (TASEP) [27, 28], a
canonical model for 1D non equilibrium transport processes. Much of this thesis
is devoted to CRA dynamics in the strongly non-equilibrium regime, where driving
and losses are non-perturbative competing processes determining array properties.
CRAs are in many ways perfectly poised to play an important role in the exploration of driven-dissipative quantum systems, as they lie at the fruitful confluence of non-equilibrium statistical mechanics, quantum optics and condensed matter
physics. Many ideas from condensed matter physics, where the assumption of infi-

1.2. Brief review of cavity QED
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nite systems is usually valid, are finding novel application in CRA structures, as new
fabrication techniques allow traditional QED devices to enter the meso- or perhaps
even macroscopic regime. Conversely, it is hoped that CRA devices acting in a quantum simulation capacity may shed new light on difficult problems in conventional
condensed matter physics.

1.2

Brief review of cavity QED

Much of the promise of CRAs builds on the spectacular advances in the isolation and
manipulation of both real and artificial atoms over the last decades. Recently, experimental progress has allowed access to the deeply quantum regime where coupling
between single photons and atoms is observable. Clear experimental signatures of
these quantum optical phenomena require operating in the strong coupling regime,
where the coupling between confined light fields and atomic transitions is substantially larger than relevant photon loss and decoherence rates. Such conditions have
been attainable in quantum electrodynamics (QED) setups for some years now [29].
This opened the possibility of engineering strong e↵ective photon-photon interactions, mediated by single atomistic emitters.
In this section we give a concise review of the fundamental ingredients in cavity
QED relevant to this thesis, following the approach of [30]. Specifically, we begin
by deriving the allowed optical modes of a simplified resonator. We then outline
the quantisation procedure for these modes. Next, introducing a two-level quantum
system into the resonator, we show how the resonator-TLS interaction naturally
gives rise to the Jaynes-Cummings-Hamiltonian so ubiquitous in quantum optics
contexts and central to this thesis.

6

1.2.1

Introduction

Modes of a simple optical resonator

Figure 1.1 (b) shows an idealised optical resonator consisting of two parallel, perfectly reflecting (conducting) mirrors lying in the (x, y) plane at z = 0 and z = L.
We take the electric E field to be polarised along the x-axis such that E(r, t) =
ex Ex (z, t).

The forms of the permissible electric field solutions inside the res-

onator follow from Maxwell’s source-free equations [31], together with the boundary
conditions that the electric field vanish at the mirrors. We obtain discrete electric field solutions indexed by m, and a magnetic field polarised along the y-axis,
B(r, t) = ey By (z, t):
Ex(m) (z, t) = E0 sin(!m t) sin(km z)
✓ ◆
E0
(m)
By (z, t) =
cos(!m t) cos(kz) = B0 cos(!m t) cos(kz),
c

(1.1)
(1.2)

where km = m⇡/L for integer m > 0 and !m = ckm . The classical field energy E (m)
of each resonator mode m is then obtained as an integral of the electric and magnetic
local energy densities uE = 12 ✏0 |E|2 , uB =
E

(m)

1
|B|2
2µ0

over the resonator volume:


Z
1
1
=
dV ✏0 |Ex(m) |2 (z, t) + |By(m) |2 (z, t)
2
µ0
V
=
✏0 E02 sin2 (!m t) + cos2 (!m t) .
4

(1.3)

Here V is the volume of the resonator. Defining the new co-ordinates

q (m) (t) =
p(m) (t) =

s
s

✏0 V
E0 sin(!m t)
2
2!m
V
B0 cos(!m t) =
2µ0

(1.4)
r

✏0 V
E0 cos(!m t),
2

(1.5)
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the electromagnetic energy for mode m takes the form E (m) =

1
2

⇥

⇤
2
(p(m) )2 + !m
(q (m) )2 ,

mathematically identical to the energy of a simple harmonic oscillator, where p and

q respectively play the roles of a momentum and position. From now we consider
only one mode, which in these introductory sections we take to be the lowest lying
one corresponding to m = 1, and drop the sub- and super-scripts referring to the
mode index m. We assume that the energy spacing between this and higher-lying
modes is sufficiently large that the lowest-lying mode is e↵ectively isolated from the
others.

1.2.2

Quantised oscillator - photons

Quantising the modes of this electromagnetic resonator proceeds by promoting the
coordinate q(t) and momentum p(t) to the status of quantum mechanical operators,
yielding the Hamiltonian Ĥres =

1 2
(p̂
2

+ ! 2 q̂ 2 ). The operators q̂ and p̂ obey the

canonical commutation relation [q̂, p̂] = i~1̂. It is useful to introduce the operators
! q̂ + ip̂
p
2~!
! q̂ ip̂
= p
,
2~!

â =
â†

(1.6)
(1.7)

with commutation relation [â, â† ] = 1̂ following from the underlying commutation
relation of p̂ and q̂. The mode Hamiltonian can now be written in the form Ĥres =
~! â† â +

1
2

, and the electric field is expressed as Ex (z, t) = E0 (â + â† ) sin(kz).

The properties of Ĥres follow from the commutation relations for â and â† . We
briefly state the important results here, relegating the details to appropriate quantum optics textbooks [32, 33, 34]. The number operator n̂ = â† â satisfies the commutation relations [n̂, â] =

â, [n̂, â† ] = â† , so that â and â† respectively decrease

and increase the eigenvalues of n̂ by one. There exists a lowest vacuum state |0i
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satisfying n̂|0i = 0 so that the eigenvalues of n̂ are the integers 0, 1, 2, . . .. The corresponding eigenvectors are called the number, or Fock states, and satisfy n̂|ni = n|ni.
p
p
We have the useful relations â|ni = n|n 1i and â† |ni = n + 1|n + 1i. The Fock
states can be constructed from the vacuum state |0i by repeated application of the
creation operators as |ni =

p1 (â† )n |0i.
n!

The Hamiltonian can be written ~! n̂ +

1
2

,

so that the Fock states are also energy eigenstates Ĥres |ni = ~!c (n + 1/2)|ni.

1.2.3

Two-level systems

We now consider the addition of a single two-level system (TLS) into the resonator.
A TLS is a truncated description of a real or artificial atom, whose full quantised
level structure is complicated. Often, for instance when the atom interacts with
electromagnetic fields in a narrow frequency range around a transition frequency
between two of its levels, the rest of the eigen-structure can be safely ignored [35].
We denote the two remaining relevant levels by |gi and |ei, with corresponding
energies Ee

Eg = !a > 0. The TLS Hamiltonian ĤTLS and dipole transition

operator d̂ = q R̂ are represented as 2 ⇥ 2 matrices in this space. Setting the zero of
energy at the lower energy level, we have ĤTLS = !a ˆ + ˆ , where ˆ + = |eihg| and
ˆ

= |gihe| are raising and lowering operators between the levels. Assuming that

the two levels are of opposite parity, the odd-parity dipole operator is non-diagonal,
so that it can be written d̂ = d⇤ ˆ + + dˆ , where d = he|d̂|gi.

1.2.4

The Jaynes-Cummings interaction and photon blockade

Considering now the interaction between the TLS (located at z inside the resonator)
and field mode, the coupling is described by Ĥint =

d̂ · Ê(z, t). With dˆ = d̂ · ex we
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have
Ĥint =

†

E0 (â + â ) sin

⇣ ⇡z ⌘
L

dˆ

(1.8)

Defining the position-dependent Jaynes-Cummings coupling strength g(z) =

E0 sin

and making use of the relation ˆx = ˆ + + ˆ , the interaction is expanded as
Ĥint = g(z)(ˆ + + ˆ )(â + â† )
= g(z)(ˆ + â + ˆ â + ˆ + â† + ˆ â† )

(1.9)

Ideally, the TLS is positioned at the field anti-node such that g = gmax = E0 d. The
second and third terms in the last line of Eq. (1.9) correspond to non-excitation
number conserving processes, the destruction of a resonator photon accompanied by
the de-excitation of the TLS, and vice-versa. When |!c

!a | ⌧ !c , these are highly

non-resonant processes, as revealed by transforming to an interaction picture defined
0
through the transformation Ĥint
= exp( i(Ĥres + ĤTLS )t)Ĥ exp(i(Ĥres + ĤTLS )t):

0
Ĥint
= g ˆ + âei(

!c +!a )t

+ ˆ âe

i(!c +!a )t

+ ˆ + â† ei(!c +!a )t + ˆ â† e(

i( !c +!a ))t

.

(1.10)
Performing the rotating wave approximation [35], we neglect the high-frequency
terms rotating at !c + !a . Transformation back to the Schrodinger equation finally yields the standard form of the Jaynes-Cummings (JC) Hamiltonian [36, 34],
originally defined in 1963 [37]:

ĤJC = Ĥres + ĤTLS + Ĥint
= !c â† â + !0 ˆ + ˆ + g â† ˆ + âˆ + .

(1.11)

For decades an idealisation, recent experimental advances in the quality of optical

⇡z
L

d,
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Figure 1.2. The Jaynes-Cummings model consists of a single two-level system coupled to a quantised single-mode field as represented by a harmonic
oscillator. The strength of the coupling between the TLS and field is characterised by a rate g. Vertical arrows indicate that a loss of excitation in the
field appears as a gain in the TLS, and vice versa. The Lorentzian shapes
(not to scale) drawn on the |1, ±i levels indicate the finite line width (⇡ p )
of the JC levels induced by resonator losses.

resonators and the ability to trap and control single atomistic systems mean that
the JC Hamiltonian now accurately describes physical quantum optics setups [30].
Figure 1.2 (a) shows the levels of an uncoupled TLS and resonator while Fig. 1.2 (b)
shows the level scheme of the resonant (!c = !0 ) JC model. The more general nonresonant case is taken up in Chapter 3. The spectrum consists of an infinite series of
doublets above a non-degenerate ground state. The splitting of the n-th doublet is
p
equal to 2 ng. The anharmonicity of the JC spectrum means that a pump field on
resonance with, for instance, the lower state of the n = 1 one-excitation doublet as
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shown in the figure, the closest two excitation state is then detuned by a frequency
p
(2
2)g. If this detuning is comparable to or larger than the natural resonator
line-width

p,

a second photon is strongly inhibited from entering the resonator.

This phenomenon is known as photon blockade, by analogy with the electronic
Coulomb blockade [38, 39]. Photon blockade was anticipated in [40] and more fully
elaborated in [41]. The blockade e↵ect can be seen as an e↵ective photon-photon
interaction at the two-photon level. The requirement for observing strong quantum
nonlinear e↵ects is that the Jaynes-Cummings coupling parameter g be larger than
the resonator loss rate

p.

Minimising the loss rate

p

is equivalent to producing

high-quality resonators with large Q-factor (or a more convenient measure in the
optical domain - the finesse [32]). The Q-factor is a measure of the confining power
of a resonator, defined as the ratio of its natural frequency to its decay rate.
Clear experimental observation of the Jaynes-Cummings spectrum, as measured
by the transmitted anti-bunching of an incident photon stream, was first made
in a macroscopic optical cavity [29]. Slightly weaker signatures were soon after
observed with a single quantum dot in a photonic crystal nanocavity [42, 43, 44].
The strongest results yet have been obtained in the microwave domain in circuit
QED [45, 46] (though observing single microwave photons is certainly not trivial),
as the ratio of coupling to loss g/

p

achievable in these systems is currently at least

an order of magnitude higher than in optical setups.
Though we focus on JC nonlinearities (and approximations to JC physics) to provide strong e↵ective photon-photon interactions in this thesis, we note the existence
of alternative schemes. Notably, giant photon nonlinearities have been predicted
[47, 48, 49] in single mode cavities filled with an electromagnetically-induced transparency (EIT) medium [50, 51, 52], with experimental observation in [53]. Feshbach
resonances [54] have also been proposed to enhance the optical nonlinearity of polaritons.
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1.3

Coupled resonator arrays (CRAs) – the JaynesCummings-Hubbard model

In this section we go beyond single-resonator QED physics, and introduce coupled
resonator arrays (CRAs) as the central systems of interest in this thesis. We define
the relevant system parameters and Hamiltonians, and additionally briefly review
the equilibrium physics of these arrays, which has been well explored in the literature.
The photon blockade e↵ect discussed in the last section is at the heart of CRAs.
Many-body strongly-correlated states of light are realised by coherently coupling
together multiple Jaynes-Cummings resonators into so-called coupled resonator arrays (CRAs). Extending the simple picture of a single resonator as a pair of perfect
mirrors (Fig. 1.1 (b)), conceptually CRAs may be thought of as adjacent resonators
sharing partially transmitting mirrors as boundaries (Fig. 1.1 (a)). The field modes
of neighbouring resonators then couple, giving rise to coherent photon tunnelling
processes. Assuming discrete translational invariance of the CRA with periodicity
L, the tunnelling rate, or inter-resonator coupling constant J can be calculated by
solving for the normalised global electric field E(z) and integrating the overlap over
RL
a single resonator J = 0 E(z)E(z + L)dz. The more general case of resonators
with arbitrary geometry and refractive index profile is treated in [55].

The governing CRA Hamiltonian in many cases has come to be known as the
Jaynes-Cummings-Hubbard (JCH) model. For a one-dimensional CRA with M
resonators, the basic Hamiltonian is

ĤJCH =

M ⇣
X
j=1

â†j âj + ˆj+ ˆj

M
M
⌘ X
⇣
⌘
⌘
X1 ⇣ †
+
g â†j ˆj + âj ˆj+
J
âj âj+1 + h.c. , (1.12)
j=1

j=1

where the subscript j refers to the j th resonator in the array. The JCH Hamiltonian
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describes local photon-photon interactions (second term) competing with delocalisation processes induced by the coupling (third term), giving rise to nontrivial photonic
quantum states extended across these structures. Additionally in much of this thesis, we maintain external fields which coherently drive the photonic resonator fields,
to combat loss processes. The addition of driving terms to the system Hamiltonian
breaks number conservation, and significantly changes the physics. Full details are
given in Chapter 3.
Many early works were concerned with the ground state phase diagram of the
JCH model, and its departures from the well-known Bose-Hubbard (BH) Hamiltonian realised with cold atoms in optical lattices. The canonical Bose-Hubbard
Hamiltonian is

ĤBH

UX
=
n̂j (n̂j
2 j

1)

J

X⇣

â†j âj+1

⌘

+ h.c. ,

j

(1.13)

where U is a rate controlling an interaction strength quadratic in the particle number. The BH model has also been used to approximate the full dynamics of the
JCH Hamiltonian. In Chapter 3 we evaluate if this is a physically valid procedure,
or if the extra degrees of freedom available in the JCH Hamiltonian lead to di↵erent
features.
We now summarise the essential features of the JCH and BH phase diagrams
under a mean-field treatment. Illustrating the procedure for the case of the JCH,
we take the limit M ! 1 and add a chemical potential (µ) term [56], which in the
grand canonical statistical ensemble controls the filling of the system.
GC
ĤJCH
= ĤJCH

µ

X⇣
j

â†j âj + ˆj+ ˆj

⌘

(1.14)

Rigorous general solution of the ground states of Hamiltonian 1.14 is far from
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trivial. We may however gain appreciable physical insight into the ground state (GS)
phases by making the assumption that the ground state is a translationally invariant
Q P
product state | GS i = j ( i ci |ii), where the ci are amplitudes for the local basis
states |ii (canonically a polaritonic basis for JC-type couplings, and Fock states

for Bose-Hubbard models). Such a Gutzwiller ansatz [57] therefore treats the local
physics exactly, while breaking inter-site correlations. It is known to qualitatively
reproduce many important features of lattice model ground states, while failing to
capture higher-order details. We take up an investigation of the validity of employing
a similar ansatz in non-equilibrium settings in Chapter 4.
Making the substitution for |

GS i

GC
in ĤJCH
|

GS i

= !|

GS i,

we find that the

two-site kinetic energy terms â†j âj+1 + h.c. decouple as â†j âj+1 + âj â†j+1 =
â†j

⇤

| |2 , where

= hâi. The order parameter

âj+1 +

enters the theory as a mean-field

describing the influence of hopping between neighbouring sites.
The decoupling leaves us with an e↵ective Hamiltonian which is a sum of singleP MF
site mean-field Hamiltonians j ĤJCH
, where
MF
ĤJCH
= !c â† â + !a ˆ + ˆ + g â† ˆ + âˆ +

2J

â† +

⇤

â

The ground state is a site-wise product of the ground state |
with energy EMF ( ). The ground state |

MF (

µâ† â. (1.15)

| |2
MF (

MF
)i of ĤJCH

)i can be determined straightfor-

wardly by numerical diagonalisation of ĤMF once an appropriate photon cut-o↵
is introduced. The value of

is then determined self-consistently by minimising

EMF ( ).
Figure. 1.3 shows the value of the order parameter

measured with respect to

the ground states for di↵erent regions of parameter space, for both the JCH and BH
Hamiltonians. Regions with

= 0 indicate Mott phases, characterised by a fixed

number of excitations per site with no fluctuations. The nature of the Mott states
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Figure 1.3. Mean field ground state phase diagram for (a) the Bose-Hubbard
model and (b) the Jaynes-Cummings-Hubbard model. Both share several
common features, with Mott insulating ‘lobes’ (characterised by vanishing
order parameter
= hâi = 0, white) surrounded by superfluid regions
(blue) with a non-vanishing photon order parameter
6= 0. The Mott
lobes are labelled with the Fock basis {|ni} in (a), and the polaritonic basis
{|n, ±i}, n 6= 0 in (b), and |g, 0i denotes the ‘empty’ state of zero photons and
the atom in its ground state. (c) Changing the relative detuning between
the characteristic resonator and atomic frequencies changes the makeup of
the polaritonic excitations, and consequently the extent of the Mott lobes.
(d) A comparison between the mean field (solid red curve) |1, i Mott lobe
boundary and rigorous DMRG calculations (solid black + blue markers) [58].
Note the di↵erent scales between (b) and (d). Re-entrant behaviour similar
to the Bose-Hubbard model [59] is observed in the DMRG results, where
monotonically increasing J crosses the phase boundary twice for some fixed
µ.
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is di↵erent between the models. For the BH Hamiltonian, the Mott lobes (under a
mean-field treatment) are composed of product Fock states of 0, 1, 2, · · · photons.
The JCH Mott lobes meanwhile are also characterised by a fixed total local particle
number, however this is shared between the photonic and atomic degrees of freedom
– the Mott states are product polaritons e.g. · · · ⌦ |1, i ⌦ |1, i ⌦ |1, i ⌦ · · · .
The total particle number fluctuation is zero. However, if the fluctuations of just
one component (say, the photons) is measured, a non-zero variance is obtained
even in the Mott regions. The novel features of CRA equilibrium physics due to
their bipartite atom-photon nature were rigorously explored in the context of a tworesonator system in [60]. Figure 1.3 (c) additionally reflects the e↵ect of the extra
(atomic) degree of freedom that the JCH possesses, relative to the Bose-Hubbard
model [61]. Varying the atom-resonator detuning

changes the makeup of the

polaritons and consequently changes the features of the diagram, in particular the
extent of the Mott lobes.

The superfluid phase meanwhile has a non-zero order parameter

6= 0, and the

local photon number distribution changes from being a Kronecker delta function
to being approximately Poissonian. The boundary between the

= 0 and

6= 0

phases denotes a quantum phase transition of light for both models [56]. In general,
we expect that when photon-photon interactions dominates over hopping, the system
is in a Mott phase, and when the converse is true, the system will be in a superfluid
phase.

1.4. Survey of existing work on CRAs
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Survey of existing work on CRAs
CRAs as quantum simulators

Proposals to use CRAs as platforms for quantum simulation date from the earliest
works on these structures [12, 13, 14]. There is much interest in using CRAs as simulations for the JCH Hamiltonian to probe the polaritonic Mott-superfluid transition
just discussed, analogously to the ground-breaking first evidence for the transition in
optical lattices [9]. Beyond the JCH which is naturally realised in CRAs, there have
been several proposals [12, 62, 63, 64, 65, 66] to simulate quantum spin chains, of
great interest to fundamental condensed matter physics and more recently quantum
information.
An early scheme to obtain an XY spin Hamiltonian from the JCH model relies
on decoupling the upper (+) and lower ( ) polaritons in the polaritonic Mott phase
[12]. The local basis, e↵ectively truncated at {|g, 0i, |1, i} when the atom-photon
coupling is large, is mapped onto a spin 12 .
Though we focus exclusively in this thesis on CRAs with resonator nonlinearities
generated by JC-type couplings with single two-level atoms, generalisations beyond
this ‘standard’ JCH model lead to a rich variety of quantum simulation ideas. For
example, a scheme to realise both XY and ZZ spin couplings is found in [63]. The
two lowest-lying states of three-level ⇤-configuration atoms act as an e↵ective spin

1
2

in each resonator, with an e↵ective magnetic field and coupling to nearest-neighbor
resonators mediated by an external laser coupled to the third excited level. Time
evolution of an e↵ective XXZ spin model is simulated by alternately shining lasers
which simulate either e↵ective XX or ZZ couplings. Further details on realising
the anisotropic Heisenberg model are found in [65]. Simulating a ZZ Ising coupling
has also been proposed [67]. Simulating higher-spin Heisenberg models, of interest
because of the lack of analytical results on their phase diagrams, may also be possible

18

Introduction

[64]. The magnitude of the spin is controlled by the number of atoms in each
resonator, and a relatively small number of constant laser fields are required.
A proposal to realise fractional quantum Hall [2] states in two dimensional CRAs
was made in [68], by making use of the local addressability of individual resonators.
The scheme involves the optical manipulation of the internal states of three-level
atoms to simulate hard-core bosons (bosons in systems engineered such that there
is very strong repulsion between them such that they are strongly inhibited from
passing through each other) in Abelian vector potentials, leading to simulation of the
Laughlin wave function [69]. In a non-equilibrium context, expected transmission
spectra of CRAs exposed to synthetic gauge fields are calculated in [70], highlighting
the extra features beyond single resonator QED signatures.

1.4.2

Equilibrium physics – a novel phase diagram

Much early attention was devoted to calculating the expected features of the JaynesCummings-Hubbard ground state phase diagram. The work in [71] explores various
analytic approximations to the phase diagram, comparing them with accurate numerical results. The existence of polaritonic Mott lobes beyond the mean-field calculations presented in Fig. 1.3 has also been confirmed using several more rigorous
calculation schemes. The study in [72] used exact diagonalisation and cluster mean
field approximations (in which more than one resonator is kept in the ‘unit cell’ of
a Gutzwiller product ansatz for the ground state). An analytic strong-coupling approach to the phase diagram is presented in [73], accounting for quantum fluctuations
beyond a mean-field treatment. Density-matrix renormalisation group (DMRG) calculations were applied to CRAs in [58], also confirming the extent of the Mott lobes.
The characteristic shape of the |1, i Mott lobe from these calculations is shown in
Fig. 1.3 (d). The same numeric approach led in [74] to a proposed scheme to detect
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the superfluid Mott-insulating quantum phase transition in a finite CRA by studying the excitation fluctuations as a function of array size. The work in [75] presents
one of the few results for two-dimensional CRA ground states, using a Monte Carlo
approach.
Continuing the theme of comparisons between Jaynes-Cummings-Hubbard physics
and the more familiar Bose-Hubbard model, many early works presented studies of
the expected spectral properties of CRAs. Many similarities between the models
were highlighted, confirming for the most part that the JCH model also exhibits
gapped particle and hole bands in the Mott phase, and Bogoliubov excitations in
the superfluid. The single particle Mott excitation spectrum has been studied using a variational cluster approach in [11, 76] and with Monte Carlo methods in
[77], and an analytic one-polariton approximation made in [78] in analogy with the
one-electron approach of solid state physics. Anamolous features of JCH superfluid
excitations are related in [79] to the special role of the zero polariton state.
Studies of the phase diagram of variants of the JCH include an exploration of
arrays with multiple two-level systems (TLS) per resonator [58, 80], and arrays in
the ultra-strong coupling regime where the rotating wave approximation is no longer
valid [81]. Including the e↵ect of disorder in either the number of atoms per resonator
[58] or the array coupling parameters [80] lead to the emergence of polaritonic glassy
phases similar to those in a disordered Bose-Hubbard model [8, 82].
A proposal to experimentally observe the Mott-superfluid transition in the specific architecture of coupled superconducting stripline resonators was made in [83].

1.4.3

Beyond equilibrium

The first works acknowledging the fundamentally lossy nature of CRAs attempted
to bridge the gap with equilibrium physics by seeking signatures of the polaritonic
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Mott-superfluid quantum phase transition in their dissipative dynamics. The work
in [84, 85] proposed detecting the transition by analysing the coherence of light
emitted (lost) from the CRA (described with a Bose-Hubbard Hamiltonian) which
is initialised in a Mott state by an initial laser pulse. Similar ideas are presented in
[86]. In [87] we show the existence of an anomalous ‘super bunching’ in the statistics
of light emitted from arrays under continuous driving in the vicinity of the quantum
phase transition (see also Chapter 5).
Moving beyond the relatively familiar physics of the quantum phase transition,
various works began to explore the general expected emitted spectral features of
driven-dissipative CRAs. The work in [88] demonstrates the e↵ects of the interplay
between photon tunnelling and strong interactions under pumping and loss, charting
di↵erent zones of parameter space chiefly by the coherence properties of emitted
light. Meanwhile the expected fluorescence spectrum of a driven-dissipative tworesonator system is related in [89] to excitations of the underlying Hamiltonian.
The dynamics of one- or two-particle transport have also been studied in several
CRA variants. Single particle propagation in the JCH exhibits some unexpected
properties such as pulse separation [90]. Single-particle propagation has also been
considered in quantum communication contexts [91, 92], using CRAs as communication channels. The recent work [93] examines single-photon transport properties
between the first and third resonators of a three-resonator system when only the
central system features a JC-type coupling, in a microwave analog of the quantum
optical Josephson interferometer [94]. The nature of the transport is qualitatively
di↵erent in the strong coupling and ultra-strong coupling (when the rotating wave
approximation is not valid) regimes. Exploiting a breakdown in the quantum blockade e↵ect due to bistabilities in a classical driving field has been suggested to control
photon transport in CRAs [95]. Radiation trapping [96] as a consequence of manybody bound atom-photon states may be experimentally measurable. In a similar
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vein, [97] investigates two-polariton bound states in the JCH model which emerge
beyond a critical g.
Other non-equilibrium CRA phenomena recently studied include novel dynamical photon localisation-delocalisation transitions [98, 99], single photon generation
from strongly anti-bunched resonator array sources [100, 101], the non-equilibrium
dynamics of entanglement generation [102, 103] and engineering synthetic gauge
fields [70]. A ‘fermionization’ of photons in 1D structures in the strongly nonlinear regime was reported in [104], with spectroscopic evidence for the fermionization
imprinted on the transmitted light from a driving laser. An intriguing photon ‘crystallisation’ is conjectured in [105], where driving lasers with appropriately chosen
phases drive a ‘current’ of photons around a ring-like CRA. Evidence for photon crystallisation is found in photon density-density correlations arising from an interplay
between driving, delocalisation and nonlinearity. We make contact with these last
two e↵ects in Chapter 3, where we demonstrate their existence in arrays rigorously
described by the JCH Hamiltonian. Meanwhile the steady states of arrays with nonlinear nearest-neighbor couplings under coherent drive and loss have recently been
predicted to exhibit photon crystal signatures with an associated periodic variation
in the photon blockade [106].

1.5

Candidate architectures for realising CRAs

The JCH Hamiltonian of Eq. (1.12) generically describes coherently coupled bosonic
fields, with each field exchanging quanta with a two-level system as described by the
Jaynes-Cummings interaction of Eq. (1.11). It does not prescribe a specific physical
implementation. It remains to be seen which of several candidate architectures will
be successful in demonstrating extended JCH dynamics beyond the single resonator
case. The present time is exciting for the field because of its youth, and the expecta-
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tion that the first coupled resonator systems will be constructed in the near future.
Here we briefly introduce the strongest contenders and discuss their advantages and
limitations.

Photonic crystal cavities
Photonic crystals are in many ways the photonic analog of semiconductor periodic
structures, operating in the infra-red to visible range [107]. They are characterised
by a periodic variation of the refractive index on the length scale of the wavelength
of light, induced for instance by drilling holes in an otherwise uniform substrate.
This periodicity gives rise to photonic band gaps. Introducing localised defects in
this regular structure, commonly by changing the size or material composition of
the repeated features, leads to isolated photon modes inside the band gap. The
defect modes are strongly spatially localized around the defect, leading to strong
confinement of the photon mode in the plane of the crystal. The sharp refractive
index di↵erence at the interface between the (two-dimensional) photonic crystal and
its surroundings (usually air) confines the mode in the direction perpendicular to
the crystal plane, while still allowing access to mode observables. Figure 1.4 shows
a schematic of such an arrangement.
Coherent optical coupling between neighbouring defect resonators formed in this
way may be achieved by fabricating them close enough to each other such that the
evanescent ‘tails’ of their modes overlap. Resonators may be arranged into many
configurations, depending on the geometry of the host crystal.
In contrast to bulk nonlinear optics applications [108], material properties are insufficient to achieve the strong photon-photon interaction regime in the few-photon
limit. Instead, a particularly promising route is to embed electronic quantum dots
[109, 110, 111] inside the cavity defects [112, 113]. Quantum dots are small structures
composed of a di↵erent material than the host cavity, which are capable of confin-
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Figure 1.4. (a) Red circles denote defect cavities formed by removing holes
from an otherwise periodic crystal lattice, and red arrows indicate coherent
tunnelling between neighbouring defects. (b) Quantum dots featuring two
cleanly isolated low-lying levels play the role of artificial atoms coupling in
a Jaynes-Cummings interaction with the localised photon modes.

ing the electronic wave function in three dimensions. As a consequence, quantum
dots possess quantised electronic levels. Transitions between levels can be isolated
and addressed by external fields. By bringing one of these transitions into quasiresonance with the cavity mode, a strong cavity-dot coupling is achieved, which can
be accurately modelled as a Jaynes-Cummings type coupling. Achieving the maximal coupling g requires accurately positioning the dot to coincide with the maximum
amplitude of the photonic mode. Current state-of-the-art cavity-quantum dot experiments can achieve ratios of the coupling to photon loss rates of g/

p

⇡ 3, sufficient

to observe photon blockade but far inferior to superconducting setups (see below).
Research into photonic crystals is extremely active and fabrication techniques are
already well established [114, 107] as they are of great interest for purely classical
optical applications. Two dimensional photonic crystals in the form of photonic
crystal fibres [115, 116, 107] have found commercial application due to their novel
confining characteristics relative to conventional optical fibres, which allow them
to guide exotic wavelengths of light for surgical and construction uses. While fully
three-dimensional crystals still su↵er from problems of disorder in the manufacturing
process, they promise sizeable optical nonlinearities necessary to implement classical
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all-optical logic operations. The one-dimensional subset of photonic crystals are
known as coupled optical resonator waveguides, or CROWs [117, 55]. CROWs
have been routinely fabricated for over a decade now, with uses in nonlinear signal
processing and ‘slow light’ delay lines [118, 119, 120].
The advantages that photonic crystal platforms o↵er for novel strongly-interacting
quantum photonics experiments include a large Q-factor approaching 106 , and ex3

tremely small mode volumes on the order of

, where

is the operating wavelength.

However, while strong signatures of photon blockade at the single photon level have
been observed for a single photonic crystal defect cavity coupled to a quantum dot,
at present there are technological problems with scaling to multi- or many-cavity
geometries. This is because during the growth stage of quantum dots their size and
location cannot be deterministically controlled. Present approaches involve selecting
a quantum dot with desirable transition frequency characteristics, then fabricating
a photonic crystal lattice around it with periodicity tailored to the dot’s resonance.

Integrated optical waveguide arrays
Impressive first steps towards scaleable coupled resonator array physics were demonstrated some years ago with the fabrication of arrays of micro-cavities consisting of
Bragg-inscribed optical fibre tips above concave mirrors etched in silicon [121], as in
Figs. 1.5 (a) and (b). The cavities thus formed possess cleanly isolated modes, with
cavity mode volumes comparable to the e↵ective volume of atoms (approximately 10
times as large, though hundreds of times

3

) allowing strong photon-atom interac-

tions. Originally constructed with a view to developing sensitive and reliable atom
detectors [122], subsequent increased control over experiments led to the possibility
of single-atom loading [123].
More recently, improved designs replace the fibre arrays with UV laser inscribed
waveguides. These waveguides are patterned by moving a substrate relative to an
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intense writing laser capable of permanently increasing the substrate’s refractive
index. This technique is well established in the fields of telecommunications and
optical information processing, where components are generally ‘written’ to interact
with light at telecommunications wavelengths, ⇡ 1.5µm. This is not useful for
atom-optics applications, as there are no suitable atomic transitions around this
wavelength. It was however recently demonstrated [124] that waveguide writing
using this technique is indeed possible around commonly used atomic transition

optical fibre

frequencies, e.g. 780nm for Rubidium.

Figure 1.5. (a) Concave mirrors etched into silicon may be fabricated with
high precision in large-scale arrays. (b) Resonators may be formed from these
micro-mirrors by adding Bragg-inscribed fibres above them, with the internal
field addressed through the fibres. (c) Coupled resonator array as realised
by inscribing optical waveguides (red lines) in a substrate by modifying the
local refractive index with a strong writing laser. Etched mirrors capping
each waveguide form resonant ‘cavities’, each of which is tunnel-coupled to
an auxiliary cavity into which atoms may be dropped.

Coupled cavity arrays may be realised using this technology by inducing waveguides in a substrate, and mirror coating both ends of the substrate slab, as shown
schematically in Fig. 1.5 (c). The resulting waveguide ‘cavities’ are coupled by
writing the guides close enough to each other for efficient evanescent coupling. Remarkably, this geometry allows for the possibility of tuneable resonator-resonator
coupling by dynamically phase shifting the light in one of the resonators relative
to its neighbour, reducing the e↵ective overlap between the modes in the coupling
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region [125]. This has been demonstrated through the temperature-dependence of
the substrate refractive index, using deposited nichrome heating wires laid over the
optical waveguides. The resonance frequency is tuneable over an entire free spectral
range, though losses are still high.
Coupling these ‘cavities’ with single atoms is achieved by adding auxiliary microcavities formed between one of the slab mirrors and an external micro-mirror. Atoms
can then be dropped under gravity from an atom cloud [122]. More recently the
possibility of using well-isolated discrete transitions in molecules such as dibenzoterrylene (DBT) as e↵ective two-level systems has been investigated [126]. It may be
possible to fix the position of individual molecules by embedding them in an anthracene crystal matrix. However, phonon noise in the confining matrix must be
‘cooled’, requiring low operating temperatures. Another possible alternative consists
of positioning DBT molecules directly on the surface waveguides, allowing direct access to the optical fields [127].

Superconducting quantum circuit QED systems
A third, particularly promising platform for observing clear, scalable JCH physics
is that of circuit QED (cQED) setups, operating in the microwave regime [128, 129,
130, 131, 132]. Josephson junctions fabricated in superconducting quantum circuits
act as non-dissipating nonlinear elements, inducing unequal spacings between discrete energy levels of the circuit. The lowest of these levels can then be cleanly
isolated and addressed, so that these structures are often called ‘artificial atoms’.
Through appropriate design, the two lowest levels may be much closer together
than all higher states, so that an e↵ective two-level system is simulated to a good
approximation.
Arrays of such Josephson junctions can be fabricated at micrometer length scales
on a chip using mature lithographic technologies, and unlike real atoms can be de-
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Figure 1.6. (a) Schematic of a superconducting coplanar waveguide resonator patterned into a thin film on the surface of a silicon chip. Green
tapering structures fanning out to the edges of the chip connect to input and
output lines. The total length of the resonator is 24 mm. The resonator consists of a centre conductor separated from two ground planes as shown in the
zoom. (b) Magnified view of the e↵ective TLS realised by a transmon quit,
which consists of two superconducting islands (purple, large charge reservoir and thin red) positioned in the gap between the central and one of the
two flanking rails of the stripline waveguide (brown) at the field antinode.
(c) Many stripline resonators fabricated into a Jaynes-Cummings-Hubbard
system.

signed with certain properties. It is also possible to dynamically control the properties of the artificial atoms in-situ through the use of external fields. These artificial
atoms can then be inserted into and coupled to the bosonic fields of superconducting
transmission line resonators, as in Fig. 1.6 [133]. The resulting interaction between
the ‘atoms’ and resonator fields can be described by a Jaynes-Cummings type interaction [128]. Such setups have come to be known as circuit QED, by analogy with
cavity QED experiments with real atoms [134].
The relative advantages of cQED type structures over optical implementations of
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CRAs include the accurate and fixed positioning of the e↵ective TLS at the resonator
field antinode, and the extremely small mode volume of quasi-1D transmission line
resonators (⇡ 10

6

cubic wavelengths). It is interesting to note that cQED setups

are capable of demonstrating Jaynes-Cummings coupling rates comparable to the
resonator frequency itself [132], though we will not investigate this ultra-strong coupling regime in this thesis. Clear quantum behaviour can be observed much more
distinctly in cQED than in comparable optical systems, with coupling to loss ratios g/

p

⇡ 102 achievable in current experiments. However, cQED requires mK

temperatures so that the characteristic thermal energy kT is much less than the microwave resonator energy ~!c . Crucially for probing the internal quantum dynamics
of these systems, reliable single microwave photon detectors have also not yet been
demonstrated.

Table 1.1 summarises and compares the essential parameters characterising each
of the three platforms discussed in this section. In addition to the three candidate
architectures discussed, we note there are also other systems under consideration.
Notably, strong coupling with atoms has been demonstrated [135] in fiber-coupled
high-Q (Q > 106 ) micro-disk arrays [136]. Micro-disk arrays are fabricated via
electron-beam lithography in regular scalable arrays, and may be coupled together
efficiently with a tapered fiber optic filament, which is a standard optical fiber
heated and stretched to a diameter less than the wavelength of light, so that an
evanescent field extends beyond the fiber boundary allowing coupling to the disks.
Quantum dots are grown non-deterministically on top of the disks, coupling to both
the counter-propagating fields of a whispering gallery mode of the resonator. Again
uniform placement and sizing of quantum dots at multiple resonators is an issue,
though relatively strong coupling is achievable for a single resonator (e↵ective mode
volume a few multiples of a cubic wavelength and g/

p

⇡ 5).
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Table 1.1. Comparison of maximum achievable CRA parameters for di↵erent architectures.
Parameter
Resonance frequency
JC parameter
Cavity decay lifetime
Atom decay lifetime
Coupling to loss ratio
Resonator coupling

1.6

Symbol
!c /2⇡
g/⇡, g/!c
1/ p , Q
1/ a
g/ p
J/2⇡

Photonic crystals
380 THz
5 GHz, 3 ⇥ 10 5
0.5 ns, 106
1 ns
5
300 GHz

Integrated optics
380 THz
1 GHz, 3 ⇥ 10 6
1 ns, 2 ⇥ 106
50 ns
3
3 GHz

Superconducting
10 GHz
100 MHz, 5 ⇥ 10 3
160 ns, 104
2 µs
50
10 MHz

Thesis overview

The structure of this thesis is as follows. Chapter 2 introduces the background
theoretical and numeric machinery necessary to treat large, open one-dimensional
quantum resonator arrays. We define the quantum master equation describing the
dynamics of a quantum system open to its environment, which we use extensively
throughout this thesis. Quantum trajectories are also introduced as a powerful
method to simulate non-equilibrium dynamics of open systems. Details of the practical algorithm are summarised and simple examples provided. We also discuss in
general terms the properties of our chief numerical workhorse, a class of representations known as matrix product states (MPS). Representing the state of CRAs is
challenging, due to the exponential growth in Hilbert space dimension with increasing system size. MPS are capable of efficiently compressing the quantum state of
one-dimensional systems. We summarise their most important properties and outline how accurate, near-exact calculations may be performed within this formalism.
Chapters 3 and 4 then take up the topic of what constitutes a physically realistic
description of CRAs. Often in the literature, the joint photon-atom nature of excitations in resonator arrays is approximated by a purely bosonic interacting model
(where the nonlinearities introduced by coupling to atoms is approximated by terms
quadratic in the boson number). Neglecting the extra atomic degree of freedom
truncates the richer physics demonstrated by the full JCH Hamiltonian. We explore
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when it is valid to approximate the full physics of resonator arrays in this way, and
characterise the additional features the driven-dissipative JCH model possesses relative to simpler bosonic descriptions. We then proceed to evaluate the prospects of
observing two recently-proposed intriguing strongly correlated photonic phenomena
in resonator arrays by properly simulating the relevant steady states [137].
Chapter 4 continues the theme of investigating what constitutes a physically
valid description of CRAs. We study the e↵ect of di↵erent, complementary numerical approximations to the state of the array on the predicted steady state properties. In particular, we focus on the possible existence of multiple stable steady
states of driven quantum lattices. We find that low-level approximations neglecting
or truncating long-ranged quantum correlations through the system predict bistable
behaviour in certain parameter regimes. Employing a matrix product representation
of the system state capable of encoding larger correlations ‘washes out’ this bistability, recovering a single unique stationary state for all parameter regimes. We note
this bistability (or lack thereof) is qualitatively di↵erent that that found in single
cavities in the large-excitation regime [138], as we examine the low-excitation, fully
quantum regime of extended cavity arrays.
Having demonstrated the necessity of a rigorous physically accurate representation of resonator arrays, Chapters 5 and 6 proceed to explore two novel quantum
optical phenomena which we anticipate are observable in near-future experimental
array implementations. Chapter 5 investigates the possibility of observing signatures
of celebrated equilibrium quantum phase transitions in a non-equilibrium photonic
setting. We find a novel photon ‘super bunching’ in the statistics of emitted photons
from arrays in the vicinity of where the equilibrium phase transition is expected [87].
The origins of this enhanced bunching are traced to the structure of the underlying
Hamiltonian, and an approach to the thermodynamic limit of large array sizes is
studied.
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Chapter 6 departs from our focus on steady-state properties, presenting evidence
for ‘frozen’ photon dynamics in sufficiently nonlinear resonator arrays. We show
that arrays may be initialised in such a way that the initial pumped state has little
overlap with propagating modes of the system, resulting in stationary domain walls
of photons over appreciable timescales [99].
Chapter 7 follows up on an intriguing recent proposal to observe signatures
of topological Majorana fermonic physics in CRAs [139]. This scheme involves a
novel form of driving, parametrically pumping correlated photon pairs into adjacent
resonators. This fascinating proposal leaves open many questions regarding the
existence and nature of topologically nontrivial phases away from the ultra-strong
nonlinearity regime considered in [139], and additionally the persistence of these
phases in the thermodynamic limit of infinite CRAs. We present the foundations of
a thorough characterisation of the expected phases of this novel system.
Finally a summary of the thesis is given in Chapter 8, together with an outlook
on prospects for further research along the lines of the work presented here.

1.7

Contribution and publications

Here I summarise my own contribution to the work presented in this thesis, and link
results presented in the following chapters to papers, either published already or in
the pipeline.
By chronological submission date, the publication history following from the
work in this thesis is as follows.

• The work in Chapter 3 led to the publication of Non-equilibrium many-body
e↵ects in driven nonlinear resonator arrays [137], for which I was the first
author.
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• The work in Chapter 5 led to the publication of Non-equilibrium many-body
e↵ects in driven nonlinear resonator arrays [87], for which I was the first
author.
• The work in Chapter 6 led to the publication of Frozen photons in Jaynes
Cummings arrays [99], for which I was the second author. However, I contributed all calculations, figures and wrote the bulk of the paper.
• The results in Chapter 5 have been written up and are currently being combined with a possible experimental implementation section from collaborators
at the Center for Quantum Technologies (CQT) in Singapore National University for publication. I would remain first author.
In addition to the coherent body of work in this thesis, centred around driven

dissipative e↵ects in coupled optical resonator arrays, I have been involved with
work on transport in incoherently boundary-driven quantum spin chains, which led
to
• Dephasing enhanced transport in non-equilibrium strongly-correlated quantum
systems [140]. I contributed to much of the work and writing behind this
publication.

Chapter 2
Simulating large lossy arrays

In this Chapter we introduce the notation and techniques, both theoretical and
numerical, we use to both describe and simulate mesoscopic sized driven-dissipative
one-dimensional CRAs throughout this thesis.
We rely heavily on Lindblad quantum master equations (QMEs) [141, 142] to
simulate the density matrix describing driven, lossy resonator arrays, where coherent
dynamics acting in concert with irreversible photon loss to the surrounding vacuum
leads to steady states. It is relatively straightforward to write down the governing
QME for a coupled resonator array, but in general difficult to solve for quantities of
interest.
The difficulties stem chiefly from the exponential growth in the Hilbert space dimension with the number of resonators. This growth is particularly limiting in our
case, where we often wish to simulate the open dynamics of resonator arrays with
both photons and atoms so that even the local dimension of Hilbert space is relatively
large. Developing numerical algorithms to aid in studying the strongly-correlated
many-body quantum systems is one of the most difficult problems in computational
physics. The last decade has seen impressive progress in the development of computational representations of the state of quantum lattice systems as tensor networks
[143, 144]. In particular, in one dimension a class of representations known as matrix
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product states (MPS) has met with much success [145, 146]. While traditionally one
dimensional models [147] served as simplifications for higher-dimensional, more ‘realistic’ quantum systems, experimental advances over the past decades have enabled
the realisation of true 1D and quasi-1D physics in cold atom optical lattice setups
[7, 9], atomic gases in hollow optical fibres [148, 149, 150, 151], and coupled optical
resonator arrays, our main focus. In addition to faithfully representing the physics of
resonator arrays, 1D models may be simulated near-exactly within the MPS formalism using a powerful algorithm known as time evolving block decimation (TEBD)
[152, 153, 154, 155]. Many of the results in this thesis extensively use this scheme to
calculate both equilibrium and non-equilibrium properties. We note the existence of
a freely available software library written in the C language which provides highly
optimised routines implementing the necessary tensor network manipulations underlying the TEBD algorithm [156]. In this thesis however we predominantly use
older routines written in MATLAB, extending an existing code base [157], as the C
library was developed towards the end of this PhD.
This chapter introduces the following material. Section 2.1 defines the generic
form of QME we use throughout this thesis. A derivation of the quantum master
equation and discussion of the necessary assumptions (and their validity) in arriving
at this form are provided in Appendix A. Section 2.2 discusses approaches to solving
QMEs for quantities of interest, via simple approaches and the more sophisticated
quantum trajectory framework. Section 2.3 introduces a powerful compact ansatz
for the quantum state of CRAs, which aids in avoiding the exponential scaling
problem. The integration of this ansatz into algorithms to simulate QMEs is taken
up in Sections 2.4 - 2.6. Our presentation of these algorithms is aimed at giving a
high-level understanding of the MPS representation and the nature of manipulations
underlying the TEBD algorithm. Further details may be found in Appendix B. We
use all these techniques at various points in this thesis to calculate array properties

2.1. Lindblad master equations
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far from equilibrium.

2.1

Lindblad master equations

It is known that the most general form of a Markovian time-local master equation
that preserves the trace, Hermiticity, and positivity of the system’s density matrix
⇢ must be of so-called Lindblad form [142]:
d⇢
= L̂[⇢] =
dt

i[Ĥ, ⇢] +

where the Lindblad operators L̂↵ =

X✓

L̂↵ ⇢L̂†↵

↵

p

↵ A↵

o◆
1n †
L̂↵ L̂↵ , ⇢
,
2

(2.1)

and Ĥ is the Hamiltonian describing the

unitary part of the system’s dynamics. The

↵

are identified as the characteristic

rates at which ‘jump operators’ A↵ act on the system. For instance, in the case
of a lossy single-mode resonator with field destruction operator â,

describes the

intensity loss rate of the resonator, characteristic of the jump operator â which acts
to dissipate photons.

2.2

Solving master equations

In this thesis, we are concerned primarily with steady-state properties of arrays under the action of continous driving and dissipation. We denote by ⇢ss = limt!1 ⇢(t)
the system density matrix reached in the long-time limit. The steady state then
satisifies ⇢˙ = L[⇢ss ] = 0. We characterise these steady states by measuring steady
⇣
⌘
state observables as hÔiss = Tr Ô⇢ss .
We now briefly discuss methods to calculate either ⇢ss directly, or steady state

observables without the full density matrix.
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2.2.1

Exact diagonalisation

The master equations of Lindblad type in Eq. (2.1) do not depend on the past
history of the system, and are linear in the system density matrix. The stationarity
condition L[⇢ss ] = 0 may therefore be recast as a matrix eigenvector problem. The
steady state density matrix ⇢ss (say of dimension N ⇥ N ) can be ‘flattened’ into
a vector ⇢¯ss of length N 2 , and the super operator may be cast as a matrix L̄ of
dimension N 2 ⇥ N 2 which premultiplies ⇢¯ss . Generally L̄ is very sparse, allowing the
flattened solution vector ⇢¯ss to be found efficiently using sparse matrix routines as the
eigenvector of L̄ corresponding to the eigenvalue with zero magnitude (or very close
to it in numerical solutions). The full density matrix ⇢ss may then be reconstructed
from ⇢¯ss , allowing the calculation of steady state quantities of interest.
This approach is only viable for small systems. Some optimisations of the exact
diagonalisation approach are possible, as outlined in Appendix C, and Appendix D
lists example MATLAB code illustrating the reshaping and diagonalisation operations necessary to solve for ⇢¯ss .

2.2.2

Numerically exact time evolution

We can write the solution to Eq. (2.1) as ⇢ss = limt!1 eL̂t ⇢(0). An alternative to exact diagonalisation is therefore to evolve an initial state ⇢(0) until some convergence
criteria is achieved. Typically this proceeds by discretising the simulation time into
steps t, and repeatedly applying the evolution operator exp(L̂ t). When simulating small systems, exp(L̂ t) may be calculated explicitly, then repeatedly applied
to the system state in a series of matrix-vector multiplications. Larger systems, for
which this exponentiation becomes intractable, may benefit from approximations
to matrix exponentials requiring only matrix-vector multiplications [158]. Again,
the sparseness of L̂ aids in both these approaches, though again the exponential

2.2. Solving master equations

37

scaling of L̂ (with dimensions the square of the dimension of Hilbert space) severely
limits the size of systems which may be addressed. We evolve yet larger systems by
representing both the density matrix ⇢(t) and evolution generator exp(L̂ t) in the
language of matrix product operators, to be introduced in Section 2.3.

2.2.3

Quantum trajectories

Often, even with the compression a↵orded by the matrix product operator ansatz,
the representation of a lattice system’s density matrix is simply too large to handle
numerically. An alternative to simulating the dynamics of an open system by evolving its density matrix, which represents a statistical ensemble of constituent states,
is to propagate stochastic realisations of individual system state vectors {|

i (t)i}

[159, 160, 161]. These ‘quantum trajectories’ are piecewise deterministic processes,
interrupted randomly by ‘quantum jumps’ due to the system’s interaction with the
environment. An approximation to the density matrix may be obtained by averaging the contributions ⇧i = {|

i (t)ih

i (t)|}

of many trajectories as described in

more detail below.
The details of the ‘unravelling’ of the Lindblad master equation into stochastic wave functions is somewhat involved [142]. Here we give a practical recipe on
how to generate quantum trajectories, and then show equivalence between the two
approaches.

2.2.4

Trajectory Algorithm

For a set of Lindblad operators {L̂↵ }, we construct a non-unitary e↵ective Hamiltonian Ĥe↵ :
Ĥe↵ = Ĥ

iX †
L̂ L̂↵ , .
2 ↵ ↵

(2.2)
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Evolution under the Schrödinger equation with this e↵ective Hamiltonian leads to
a decay in the norm of the wave-function as a consequence of interactions with the
environment. Trajectories are then generated as follows.
1. Begin the simulation by initialising the system in a state | i = | (0)i.
2. Draw a randomly chosen number r 2 [0, 1].
3. Evolve the system under the action of the non-Hermitian Hamiltonian of
Eq. (2.2). While the state under this evolution is not properly normalised,
physical expectation values are calculated using the normalised form
p
| (t)i/ ||h| (t)| (t)i||.

4. Continue the evolution until the norm falls below the randomly chosen number,
i.e. when the condition ||| (tjump )i|| < r is first met. One of the possible
quantum jumps now occurs.
5. The jump operator to be applied is chosen by first generating the normalised
probability distribution
||L̂↵ (tjump )i||2
P↵ = P
,
||L̂ (t.jump )i||2

(2.3)

then randomly selecting a jump operator index j from this weighted distribution. The normalised state after the application of the chosen operator is
L̂j | (tjump )i

||L̂j | (tjump )i||

.

(2.4)

We continue looping over steps 2-5 until the end of our simulation window.
Figure 2.1 shows example realisations of quantum trajectories for two simple
systems, and example MATLAB code in Appendix D shows an implementation of
the algorithm for a two-site Bose Hubbard lattice system subject to driving and loss.
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Figure 2.1. Example trajectories generated for two simple systems. Red
lines are individual trajectory realisations, thicker blue lines are master
equation results (which agree with the average over a large number of trajectories). (a) A harmonic resonator prepared in the n = 10 Fock state
at time t = 0, left to evolve under lossy dynamics. The discrete nature of quantum jumps is obvious here, as the photon number decreases
p
by exactly one at random intervals. Jump operator:
p â, and e↵ective
p †
Hamiltonian: Ĥe↵ = i 2 â â, where p is the loss rate. (b) A two-level
system Rabi-flopping between the states | "i, | #i, with incoherent loss
at rate
from the upper level | "i leading into the lower level. We see
the coherent oscillations interrupted at random times as the system is prop
jected into the state | #i. Jump operator
ˆ and e↵ective Hamiltonian:
+
+
Ĥe↵ = ⌦(ˆ + ˆ ) i 2 ˆ ˆ , with ⌦/ = 1.

2.2.5

Equivalence of the trajectory approach and master
equation simulation

¯ over a set {⇧i = |
Here we verify that the average ⇧

i (t)ih

i (t)|}

of very many

trajectories is governed by the same Lindblad equation controlling the density matrix
¯ coinciding with the density matrix
in Eq. (2.1), following [30]. Beginning with a ⇧(t)
⇢(t), we follow the evolution of the ensemble of trajectories over a small time interval
t. During this interval, either no jump occurs (with probability p0 ), or one of
the set of jumps occurs with total probability 1

p0 . From the form of the non-

Hermitian Hamiltonian of Eq. (2.2) inducing the norm decay, the probability p0 of
P
no jump for trajectory i in the interval t is p0 = 1 ( t) ↵ h i (t)|L̂†↵ L̂↵ | i (t)i. The
probability pj of a jump with corresponding Lindblad operator L̂j is then identified
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Figure 2.2. Illustration of the trajectory averaging procedure to find nonequilibrium steady states. (a) Averages are performed both over independent
trajectory realisations, and time steps within the trajectories. (b) Translationally invariant periodic systems also benefit from an additional average
over lattice sites, an advantage increasing with system size.

as pj = ( t)h

†
i (t)|L̂j L̂j |

i (t)i.

If after t no jump has occurred, for trajectory i,

the wave function is (normalised to first order in t):

|

i (t

+ t)ino

jump

=

1

i( t)He↵
|
p
p0

i (t)i.

(2.5)

Meanwhile if a jump j occurs in this time interval, the wave-function is projected
into
|

i (t

+ t)ijump = q
h

L̂j |

i (t)i

†
i (t)|L̂j L̂j |

.

(2.6)

i (t)i

¯ + t) is then a mixture of some wave functions which have
The ensemble average ⇧(t
undergone jumps, and some which have not. The weights of these two components
are p0 and 1

p0 respectively. With | (t + t)i = | 0 i,

¯
¯ + t) ⇧(t)
¯
d⇧
⇧(t
⇡
dt
t
0
p0 {| ih 0 |}no jump + (1
=

(2.7)
p0 ){| 0 ih 0 |}jump
t

{| (t)ih (t)|}

.
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Substituting for the probability p0 , and Eqns. (2.5) and (2.6) for the forms of the
wave-functions both with and without a jump, we recover the evolution equation
¯
d⇧
=
dt

¯ +
i[Ĥ, ⇧]

X✓

¯ L̂†
L̂↵ ⇧
↵

↵

1¯ †
⇧L̂↵ L̂↵
2

◆
1 † ¯
L̂ L̂↵ ⇧ ,
2 ↵

(2.8)

showing that the Lindblad master equation and stochastic trajectory simulation
method are equivalent, in the limit of a large number of trajectories.

2.2.6

Calculation of steady state observables

Given a set of R trajectories {|

i (t)i}

evaluated at time intervals t, we estimate

expectation values hÔi(t) = Tr(Ô⇢(t)) as
R

1X
hÔ(t)i ⇡
h
R r=1

r (t)|Ô|

r (t)i,

(2.9)

When estimating steady-state observables, the average is extended over time-steps
as well [162, 163]:
hÔiss =

1
NT

NS

NT
X

n=Ns

hÔ(n t)i

(2.10)

where we start the averaging procedure at a time-step NS after the initial transient
dynamics have died out, up until a final time-step NT , as illustrated in Fig. 2.2.
This important trick is possible because in the non-equilibrium steady state the
stochastic wave-functions at each time step must average to the true steady state
density matrix ⇢ss [164, 165, 166]. Hence the trajectory method is far more efficient
at simulating non-equilibrium steady states than the transient dynamics. A single
trajectory can yield estimates of steady state expectation values and multiple trajectory realizations give an indication of the statistical errors in calculated quantities.
Chapter 4 discusses some subtle di↵erences in accuracy between trajectory and full
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QME simulation in the context of extended lattice systems.

2.3

Matrix product states (MPS)

An essential method in our numerical toolbox to simulate CRAs is a representation
of the array state which overcomes the exponential scaling of the array description,
without sacrificing physical accuracy. The dimension of Hilbert space is exponentially large for a representation in the bare basis, as seen by writing a pure state of
a 1D M -site lattice generically as

| i=

d
X

j1 =1

···

d
X

jM =1

cj1 ···jM |j1 , . . . , jM i,

(2.11)

where cj1 ···jM is a set of dM complex amplitudes and |jm i is a basis spanning the
local d-dimensional Hilbert space of site m. An alternative representation known as
a Schmidt decompostion follows by breaking the system into two blocks to the left
{1, · · · , m} and right {m + 1, · · · , M } of site m:
| i=

Here

[m]
↵

m
X

↵=1

[m] m
m
↵ |L↵ i|R↵ i.

(2.12)

are non-negative numbers called Schmidt coefficients and |Lm
↵ i and

|R↵m i form orthonormal bases spanning the left and right subsystems, respectively.
The number of Schmidt coefficients
the entropy of the probabilities (

[m] 2
↵ )

m

is called the Schmidt rank. Importantly,

is a measure of the entanglement of the state

[167]. It is known that for 1D systems with a Hamiltonian composed of nearestneighbour terms, the ground and low-lying excited states have a very small amount
of entanglement resulting in their Schmidt coefficients

[m]
↵

decaying rapidly with ↵

2.3. Matrix product states (MPS)
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Figure 2.3. The basic elements of the graphical representation of matrix
algebra which we employ heavily in this chapter to explain various steps of
matrix product state algorithms. In this Figure capital latin symbols with
one and two overbars represent vectors and matrices respectively. Black
lines (or ‘legs’) represent the free indices of each quantity, i.e. the objects
are fully specified by allowing each ‘leg’ to run over it’s available values.
Explicit examples are given for a vector of length 2 in (a), and a matrix of
dimension 2 ⇥ 2 in (b). Matrix-vector and matrix-matrix multiplication are
illustrated in (c) and (d) - these operations are represented graphically by
joining the legs of two objects, and mathematically by ‘contracting’ these
legs.

when arranged in descending order. This allows us to heavily truncate the description at a much smaller fixed

while still providing a near exact description. This

fact can be exploited to form a new, compact description of the state. Following
[152] the expansion coefficients of the state in Eq. (2.11) can be brought into the
canonical form
cj1 j2 ···jM =
where {↵} = {↵1 , · · · , ↵M

1}

{ }
X

[1]j1 [1]
↵1
↵1

[2]j2 [2]
↵1 ↵2 ↵2

{↵}=1

and { } = {

1, · · ·

,

···

[M ]jM
↵M 1 ,

N 1 }.

Here

(2.13)
[m]jm

is a set of
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Figure 2.4. (a) Graphical representation of a matrix product state. Each site
has an associated tensor (circles) and vector of Schmidt coefficient weights
(diamonds). The ‘legs’ (straight lines) attached to the tensors represent
tensor indices. Joining the legs of two tensors implies a contraction, or
matrix multiplication over the corresponding indices. The ‘free’ vertical legs
represent the indices corresponding to the physical state of each site. (b) A
gate G is applied to sites
+ 1 of an MPS. The most general form of such a
P k, kP
j jk+1
two-site gate is G = jk,k+1 ik,k+1 Gikkik+1
|jk i|jk+1 ihik |hik+1 |. (c) Applying
G transforms the two neighbouring tensors into a single large intermediate
tensor ⇥ which is not of MPS form. To restore standard MPS form, a singular
value decomposition (SVD) is performed, breaking ⇥ into two tensors with
dimensions > . (d) These new tensors are truncated back to , introducing
some truncation error which is many cases is very small.

m 1

⇥

m

matrices indexed by the local state jm at site m, while

[m]

is a diagonal

matrix containing the Schmidt coefficients for the m-th bipartition. This is a matrix
product description since once the all local configurations j1 j2 · · · jM are specified
the above sum over all the ↵’s implements a sequence of matrix multiplications.
The MPS representation lends itself to a convenient graphical interpretation as a
tensor network as in Fig. 2.4 (a), with Fig.2.3 defining the basic matrix operations
involved. By fixing the Schmidt ranks

m



for all bipartitions m the number

of parameters needed to describe | i scales as O(dM
(there may be a dependence of the necessary

2

), linear in the system size

for an accurate description on M ,
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though in most cases this is weak beyond small M ).

2.3.1

The time evolving block decimation (TEBD) method

The TEBD algorithm [152, 153] provides an efficient means of updating the MPS
representation after the action of a two-site operator on any two neighboring lattice
sites. This proceeds by modifying the

matrices associated with each site and the

’s linking them, and requires a number of operations which scales as O(d4

3

). The

resulting matrices are then systematically truncated back to a maximum rank of
to reestablish a fixed rank MPS description. The graphical representation of MPS
facilitates visualisation of the necessary operations, as in Figs 2.4 (b)-(d). Time evolution of the MPS is achieved by approximating evolution operators over incremental
time steps t into a product of two-site gates via a Suzuki-Trotter decomposition
[168] (details in Appendix B).
TEBD may also be used to find the ground state of a quantum lattice in a
fixed excitation number subspace, by evolving under imaginary time evolution from
some initial guess state, i.e. making the replacement t !

i t [154]. The ground

state component is projected out and magnified under such evolution. We note the
existence of alternative efficient popular MPS-based methods to find ground states,
known as DMRG (density-matrix renormalisation group) [169, 170, 171]. In this
thesis we use TEBD to calculate ground states, so as to fit with our dynamical
calculation scheme.
Since its inception, the time evolving block decimation (TEBD) algorithm has
for the most part been formulated and deployed in the context of pure quantum
states. In the following sections we sketch the less conventional adaptations which
we rely on in this thesis. Namely, we have combined the matrix product state and
TEBD machinery with the quantum trajectory algorithm, creating a powerful lattice
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non-equilibrium steady state simulation tool. We also discuss the representation of
a resonator array density matrix in the matrix product state language, and outlines
how to directly simulate master equation evolution. Finally we discuss how the state
of infinite arrays may be represented.

2.4

Trajectory simulations with MPS

Figure 2.5 describes graphically the implementation of the quantum trajectory algorithm as described in Section 2.2.3 in the MPS language. The one ingredient
that cannot be conveniently visualised is the renormalisation of the state such that
h | i = 1 after a quantum jump. This is achieved by dividing the elements of the
1

matrices of an unnormalised site by ||h | i|| 2M .
To our knowledge, we were amongst the first to exploit this powerful combination
of the MPS formalism with quantum trajectories. We have found the combination
to be very e↵ective in calculating CRA steady state properties, allowing simulation
in regimes inaccessible otherwise. Chapter 4 provides some explanation of the efficiency of this combination. We benefitted from access to a large computing cluster.
Individual trajectories are independent, so that there is no need for sophisticated
inter-process communication during simulation, but rather a simple final aggregation
and averaging of results.

2.5

Matrix product operators (MPOs) - Mixed
states and TEBD master equation simulation

Having described the combination of the quantum trajectory method with the MPS
formalism, we now discuss how to directly evolve an array’s density matrix in time
under master equation dynamics as described by Eq. (2.1). Simulating mixed state

2.5. Matrix product operators (MPOs) - Mixed states and TEBD master equation
simulation
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Figure 2.5. A single time step of the quantum trajectory algorithm as implemented with matrix product states and the TEBD procedure. (i) Evolution
under the e↵ective Hamiltonian of Eq. (2.2) is performed by breaking the
evolution into a series of two-site ‘gates’ (yellow), applied to the initial MPS
(green tensors), yielding a new MPS (blue). (ii) The norm of the wavefunction is calculated by contracting the MPS representation of the state
ket (upper) with its bra (lower), yielding a scalar. (iii) Expectation values
are calculated by ‘sandwiching’ the operator between the bra and ket, and
renormalising to account for the norm decay. (iv) If the norm falls below the
randomly chosen threshold as described in Sec. 2.2.4, we form a distribution
of the probabilities of each quantum jump occurring, as in Eq. (2.3), and
randomly sample a jump to apply, otherwise loop to (i). Jump operators
are indicated by red boxes. (v) Applying the jump consists of contracting
the matrix representing the jump operator with the corresponding physical
index of the MPS, yielding a new MPS (red).
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evolution within the TEBD framework was proposed near simultaneously in [172]
and [173].

Figure 2.6. Illustration of the procedure to calculate expectation values with
respect to an MPO representation of the density matrix ⇢, shown in (i). (ii)
To calculate the reduced density matrix at site i (here i = 3) we select the
first matrix in the basis at all sites 6= i. Contracting the network results in a
single vector of coefficients, represented in (iii). (iv) Contracting this vector
with a vector of basis matrices yields the ⇢i . (v) Expectation values are
calculated by contracting operators with ⇢i , and a trace is finally performed
by contracting the two physical indices.

Our starting point is to expand the density matrix of an M -site array with local
basis dimension d in the bare basis (analogously to the pure state expansion of
Eq. (2.11)) as
2

⇢=

d
X

j1 =1

The {

j

2

···

d
X

jM =1

cj1 ···jM

[1]j1

···

[M ]jM

.

(2.14)

} are a set of d2 matrices of dimension d ⇥ d forming an orthonormal basis

for the local Hilbert space. We take the first matrix
identity I. The remaining d2

1

to be proportional to the

1 basis matrices are traceless and Hermitian. As an
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example, for d = 2 this basis could be proportional to the identity, and the Pauli
matrices {I,

x

y

,

z

,

}. Again the expansion coefficients c may be expressed as

matrix products once the physical indices j1 , j2 , · · · , jM are fixed, as in Fig. 2.4 (a).
Figure 2.6 (i) shows the resulting graphical representation – the MPO structure is
identical to the MPS representation of Fig. 2.4 (a), but the indices j1 , · · · , jM run
from 1 to d2 rather than d.
Time evolving an MPO is very similar to time-evolving an MPS. The master
equation generator exp(L t) is approximated by a series of two-site gates, which
after contraction with the MPO and subsequent reshaping and truncation as per
Figs. 2.4 (b)-(d) results in a new MPO.
Calculating expectation values from MPOs is significantly di↵erent from the pure
state case. We outline the steps to obtain a single-site reduced density matrix from
an MPO. The extension to multi-site reduced density matrices is straightforward.
Substituting a matrix product for the expansion coefficients in Eq. (2.14) and tracing
over all sites but i to obtain the reduced density matrix ⇢i :
2

⇢i = Tri0 6=i
= d

d
X

ji =1
d2

=

X

[1]j1 [1]

[2]j2 [2]

j1 ,··· ,jM =1
2

M 1

d
X

ji

[i]ji

[1]1 [1]

[2]1 [2]

···

···

[i]ji [i]

[i]ji [i]

···

···

[M ]1

[M ]jM

[1]j1

···

[M ]jM

[i]ji

(2.15)

ji =1

Moving from the first to the second lines, we have used the matrix identity Tr(X ⌦
Y ⌦ Z) = Tr(X)Tr(Y )Tr(Z) and the fact that only the first matrix in the basis has
non-zero trace. We see that ⇢i is then a linear combination of the local spanning
basis matrices, and we assemble the coefficients into a vector X = { 1 , ...,

d2 }.

Calculation of local expectation values of operators Ôji then follows from taking
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the trace Tr(⇢i Ôji ). This procedure also has a graphical interpretation, shown in
Fig. 2.6.

2.6

Describing infinite systems

Incredibly, matrix product states are capable of describing infinite, translationally
invariant quantum lattices [154]. Studying 1D quantum lattices directly in the thermodynamic limit removes finite-size artefacts and removes the need to extrapolate
infinite system properties from scaling analyses. The key observation underlying
the iTEBD (infinite TEBD) algorithm is that the state of an infinite lattice is shiftinvariant, and so may be described by a single set of matrices

, , independent of

site m. As time evolution under TEBD consists of the repeated action of two-site
gates, a two-site ‘unit cell’ is instead retained, as in Fig. 2.7 (a). We denote these
two sites by A and B.
Simulation of time evolution or convergence to a ground state proceeds by updating the MPS structure under the repeated action of two-site gates GAB and GBA .
The gates preserve the translational invariance of the system, updating the MPS
tensors in the unit cell. Somewhat counter-intuitively, the memory and processing
requirements for the iTEBD algorithm are less than those for a finite-sized system,
at fixed , as only two sites need to be updated at each time-step. Figure 2.6 (b)
illustrates the algorithm, very similar to the finite-size case in Fig. 2.4.
However, we stress that the iTEBD algorithm is not capable of simulating nonunitary evolution (other than finding ground states through a fortunate property of
the iMPS representation) ‘out of the box’. An extension to simulate non-equilibrium
dynamics was proposed in [174], however we have not implemented this algorithm
(see Conclusions and Further work chapter).

2.6. Describing infinite systems

Figure 2.7. (a) Schematic of the procedure to update an iMPS (completely
specified by just four tensors A , B , A , B ) after the application of a twosite translationally invariant operator indicated by yellow rectangles (incremental unitary evolution operator for real time simulation, imaginary time
evolution operator for ground state calculations). Contraction with the operator yields a new iMPS (red), again completely defined by the new tensors
˜ A , ˜ B , ˜ A , B . (b) Details on how the new tensors are formed. The whole
‘unit cell’ tensor network in (i) is contracted to form an intermediate tensor
⇥, which is then split as in the usual TEBD scheme into two tensors X and
A
B
Y and a diagonal matrix of weights ˜ A . New tensors ˜ and ˜ are formed
by absorbing the inverse of B .
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Chapter 3
Describing coupled resonator arrays

In this Chapter, we introduce the specific models we use to describe optically driven
dissipative coupled resonator arrays (CRAs). We study their non-equilibrium steady
states using the machinery introduced in the last chapter, analysing experimentally
accessible quantities such as the total excitation number, the emitted photon spectra
and photon coherence functions for di↵erent parameter regimes. The main focus of
this Chapter is to evaluate whether it is viable to approximate the fully polaritonic
nature of CRA excitations with simpler models, while retaining a proper description of the non-equilibrium physics. This is an important question, as ever since
the first proposals to implement the Jaynes-Cummings-Hubbard (JCH) Hamiltonian in CRAs, analogies were made with the well-known Bose-Hubbard (BH) model
[7]. The latter naturally emerges in CRAs when one assumes generic nonlinear
resonator e↵ects instead of a Jaynes-Cummings interaction, as has been done in
many recent works [104, 85, 105, 94]. Indeed, the JCH and BH share many similarities, both describing bosons hopping coherently between nearest neighbor sites,
with local nonlinearities. An equilibrium quantum phase transition [56] between
Mott-insulating and superfluid-like phases exists for both models as discussed in
Section 1.3. However, the BH Hamiltonian involves only a single species of bosons
(photons in this case), while the excitations of the JCH model have both photonic
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and atomic components. Consequently, the equilibrium physics of the JCH model is
richer as shown in [61, 58, 71, 78, 72]. Studying the JCH out of equilibrium, as naturally implemented in open driven CRAs, is likely to highlight even more interesting
di↵erences with novel features beyond the realm of the driven BH model.
To address this issue, in this Chapter we therefore compare and contrast the
expected behavior of CRAs assuming the local nonlinearity in the cavities is generated either by a generic Kerr e↵ect, or a Jaynes-Cummings interaction. We find
that the behavior of the experimentally accessible observables produced by the two
models di↵ers for realistic regimes of interactions even when the corresponding nonlinearities are of similar strength. We analyze in detail the extra features available
in the Jaynes-Cummings-Hubbard (JCH) model originating from the mixed nature
of the excitations and investigate the regimes where the Kerr approximation would
faithfully match the JCH physics. We find that the latter is true for values of the
light-matter coupling and losses beyond the reach of current technology. Throughout the study we operate in the weak pumping, fully quantum mechanical regime
where approaches such as mean field theory fail, and instead use a combination
of quantum trajectories and the time evolving block decimation algorithm to compute the relevant steady state observables. In our study we have assumed small
to medium size arrays (from 3 up to 16 sites) and values of the ratio of coupling
to dissipation rates g/ ⇠ 20 which makes our results implementable with current
designs in Circuit QED and with near future photonic crystal set ups, as described
in Section 1.5.
In addition, most existing work to date on out of equilbrium CRAs has used
mean-field approaches to treat the systems [84, 85, 86, 175, 176, 177]. Going beyond
mean-field theory is crucial to provide physically accurate insights, especially in the
experimentally realistic few-resonator regime. This requires a faithful representation
of the full Liouville space of the resonator system which in most cases beyond two
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resonators becomes challenging. For similar reasons of complexity, existing works to
date on non-equilibrium resonator arrays exploring correlations and anti-bunching
e↵ects were always limited to minimal systems of two resonators [88, 100, 101, 102,
103]. More recent work includes a study of the fluorescence spectrum of again two
coupled Jaynes-Cummings resonators [89, 178]. In the present chapter we simulate
CRAs beyond the two resonator regime, always assuming the full JCH model, by
exploiting a combination of the matrix product state time-evolving block decimation
(TEBD) algorithm [152, 153] and quantum trajectories.
The structure of this chapter is as follows. In the first section we detail the
Hamiltonians describing both JCH and BH physics, beginning with a description
of the two types of nonlinearity at the single-resonator level. We then discuss our
driving scheme and the inclusion of resonator loss in the model. In Section 3.2
we investigate the steady state spectra of single driven dissipative resonators, and
demonstrate that Kerr physics can be achieved as a limiting case of the JaynesCummings model. Section 3.3 treats arrays of a few sites as could be implemented
in near future experimental setups, and results for yet larger arrays are presented in
Section 3.4. In Section 3.5 we investigate the behavior of the system in the strongly
repulsive regime and look for signatures of photon fermionization and crystallization
in the JCH model. We then discuss the Chapter’s main results in Section 3.6.

3.1

The system

We study a 1D system of M coupled single-mode resonators (indexed by j), as
shown schematically in Fig. 3.1 (a) for a small system of M = 3 resonators. The
Figure depicts a ‘ring’-like geometry under periodic boundary conditions. Di↵erent
parts of this thesis deal alternately with periodic and open boundary conditions,
which we indicate when appropriate. The resonator frequency !c is the same for
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Figure 3.1. (a) A schematic of a three site set up. Here two-level systems are
embedded in cavities in a 2D photonic crystal but alternative implementations involving Circuit QED architectures are also envisaged [131]. Coherent
photon hopping between cavities results from modal overlap between neighboring cavities and photons can be lost due to decay mechanisms. (b) The
relevant frequency scales and detunings used to describe a driven JaynesCummings resonator (not to scale). (c) The low-lying eigen-levels for the
Jaynes-Cummings interaction, showing the definition of the e↵ective Kerr
nonlinearity Ue↵ . (d) The low-lying excitations of a Kerr-nonlinear resonator.
Arrows schematically show that a driving laser resonantly exciting a singleparticle mode from the ground state is detuned from higher modes. Solid
horizontal lines represent multiples of the cavity frequency. Dotted horizontal lines are a guide to the eye.
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each resonator j. Coherent photon hopping between nearest-neighbor oscillators
at a rate J arises as a result of an overlap between neighboring resonator modes
hj, j 0 i. Assuming each resonator is coherently interacting with a two-level system,
the physics is well described by the JCH model as defined below. We will analyze
the non-equilibrium system response and in parallel contrast the results with the
case where a generic Kerr nonlinearity is assumed in place of the Jaynes-Cummings
interaction as described by the well known BH model.

3.1.1

Local description

The local physics for both cases is captured by the two Hamiltonians
ĥ0JC = !c â† â + (!c
ĥ0BH = !c â† â +

) ˆ + ˆ + g â† ˆ + âˆ + ,

U † †
â â ââ,
2

(3.1)
(3.2)

where we have set ~ = 1. The di↵erence between the resonator frequency, and the
atomic transition frequency is denoted by

and illustrated in Fig. 3.1 (b). The

operator â† creates a photon, while the operators ˆ ± denote the usual raising and
lowering operations between the ground and excited states of the two-level system.
The eigenstates of ĥ0JC are known as ‘dressed’ states, or polaritons. They are
mixed atom-photon excitations, which are also eigenstates of the total excitation
number operator N̂ = ˆ + ˆ + â† â with eigenvalue n. The resonant case

= 0

was briefly discussed in Chapter 1 – here we give the general eigen-frequencies and
states for arbitrary atom-resonator detunings

. The ground state is |0i ⌘ |g, 0i,

with energy E0 = 0. For a given excitation number n 6= 0, there are two polaritonic
modes, designated |n, ±i, with associated frequencies
!n±

= n!c

q
( /2) ± ( /2)2 + ng 2 .

(3.3)
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The eigenstates can be written in the bare resonator-atom basis as |n, ±i =

↵n± |e, n

1i +

±
n |g, ni,

with [34]
p p
2 ⌥
⌥ )/( 2
n
p p p 2
= ±2g n/( 2
n⌥

↵n± = (
±
n

Here

=

n

positive

p

2

n ),

n

(3.4)

n ).

(3.5)

+ 4ng 2 . It can be seen from these coefficients that setting a larger

results in an enhanced atomic component of the ‘-’ polaritons, while

negative

increases the photonic contribution, with the relative composition of

polaritons reversed for the ‘+’ species. The increased splitting of the polaritonic
frequencies from the bare resonator frequency with increasing n gives rise to an
e↵ective interaction between incoming photons, leading to a well known phenomenon
in Cavity QED, the photon blockade [29] (Section 1.2.4). Figure 3.1 (c) shows the
eigen-structure schematically for the particular case

/g = 0, illustrating the energy

mismatch between adjacent polariton manifolds. Resonant excitation of the mode
|n, ±i by driving lasers requires an n-photon transition from the ground state |0i
such that the resonant condition is to set the driving laser detuning
!n± /n

c

= !L

!c =

!c at
(

At atom-resonator resonance (

±
c )n

=

1
(
2n

±

n) .

= 0), this condition is (

(3.6)
±
c )1

= ±g.

Meanwhile the local Hamiltonian for the BH model, ĥ0BH , describes a single-mode
resonator with a Kerr-type nonlinearity in the particle number of strength U . The
eigen-frequencies are !n = n!c +

U
n(n
2

1), with corresponding eigenstates being

the Fock number states |ni. The eigen-structure of the three lowest-lying levels is
shown in Fig. 3.1 (d). An n-photon excitation of the nth mode occurs for the laser
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!c = !n /n

!c :

(

3.1.2

c )n

=

U
(n
2

1).

(3.7)

Comparing Kerr and Jaynes-Cummings nonlinearities

We now describe the manner in which we compare the two models in this Chapter.
As the two Hamiltonians are patently di↵erent, care must be taken when comparing
their behavior. We map the Jaynes-Cummings nonlinearity to an e↵ective Kerr
interaction via a frequency mismatch argument, as considered in both equilibrium
and non-equilibrium contexts [72, 179]. In the following we focus on the ‘-’ species
of polaritons (see Eq. (3.3)), as the driving laser frequency necessary to resonantly
excite the |n, i modes increases with n, qualitatively similar to a Kerr nonlinearity.
We define the e↵ective Kerr nonlinearity Ue↵ = Ue↵ (g, ) as the energy penalty
incurred in forming a two-particle polaritonic excitation in a resonator (with energy
!2 ) from two one-particle polaritons (with total energy 2!1 )
Ue↵
!
2!1
= 2
=
+2
g
g
2g

s✓

2g

◆2

+1

s✓

2g

◆2

+ 2.

(3.8)

Figure 3.1 (c) shows these low-lying polaritonic eigenstates and the definition of Ue↵
pictorially. Interestingly, an analogous definition for the ‘+’ polaritonic branch yields
an attractive Kerr-type interaction. We note that as the distribution of energy levels
with particle number n is markedly di↵erent between the models, it is only sensible
to compare them in the very weakly excited regime where the above definition is
meaningful.
While the above mapping ‘matches’ the nonlinearities of the two models by
considering transitions between the one- and two-particle manifolds, we expect the
single particle resonances of both systems to occur at di↵erent spectral locations.
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The dominant spectral features in weakly excited systems will therefore be observed
for di↵erent driving laser parameter regimes. Additionally, the mapping involves a
comparison only of diagonal elements of the two governing Hamiltonians. However
the di↵erent natures of the excitations of the models are not fully accounted for in
such a mapping, in particular the additional internal degree of freedom possessed
by the JCH model. We therefore expect the corresponding distinct o↵-diagonal
Hamiltonian terms to lead to di↵erent physical observables between the models
even under this mapping.

3.1.3

Coupled nonlinear resonators

Coupling together a 1D chain of identical (each has the same frequency) resonators
via a coherent tunelling between adjacent resonators with rate J. the governing
Hamiltonian is
ĤX =

M
X
j=1

0 (j)

ĥX

J

X

â†j âj 0 ,

(3.9)

<j,j 0 >

(j)

where X 2 {JCH, BH} and ĥX describes the local nonlinearity, according to
Eqns. (3.2). Systems under periodic boundary conditions are treated by including the pair (1, M ) in the sum over nearest neighbours hj, j 0 i. Nearest neighbours
j, j 0 are interchangeable, i.e. the coupling is two-way. Section 1.3 outlines some
well-known key di↵erences between the JCH and BH models in equilibrium.

3.1.4

Driving and losses

A clean experimental exploration of equilibrium ground states of the BH model
[8, 9] is by now well established in the context of cold atoms in optical lattices
[7, 180, 181]. However, fabrication of large-scale CRAs with sufficiently low loss to
probe the phases of Fig. 1.3 (c) is still some way o↵, such that pumping will be
necessary to maintain nontrivial states. We now describe the inclusion of driving
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and losses for the purposes of our comparison in this Chapter. From this point we
concern ourselves exclusively with non-equilibrium responses.
The relatively large distance between resonators in envisioned CRA setups means
that external driving lasers with amplitude ⌦j and frequency !L can independently
excite and probe each resonator j (i.e. a separate laser beam drives each resonator
from the side). Here we consider the case of uniform driving ⌦j = ⌦, 8j, as described
by
Hdr = ⌦

X⇣

â†j e

i!L t

j

⌘
+ âj e+i!L t ,

(3.10)

where !L is the driving frequency. We note that this form of driving is not the
‘familiar’ type from Fabry-Perot cavities where light is shone on the outside of the
Fabry Perot system. Instead, Eq. (3.10) describes the field modes in each resonator
being directly driven by lasers. This form of driving is widely assumed in the CRA
literature, and we follow this convention. The total Hamiltonian describing the
unitary part of the CRA system’s evolution is then
bare
ĤX
= ĤX + Ĥdr .

(3.11)

The explicit time dependence can be removed by transforming to a frame rotating
†

T̂
bare
at the laser frequency using the transformation ĤX = T̂ † ĤX
T̂ + i @@t
T̂ [182, 183],

where
T̂ = e

i!L ˆ + ˆ t

e

i!L â† ât

.

(3.12)

After transformation, the Hamiltonian for both model systems can be written
generically as

ĤX =

M
X
j=1

(j)

ĥX +

M
X
j=1

⇣
⌘
⌦j â†j + âj

J

X

<j,j 0 >

â†j âj 0 .

(3.13)
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The first term describes the local physics in resonator j in the rotating frame, with
X 2 {JCH, BH}. The second term describes the action of a coherent driving laser
on each resonator j, and the last term describes the photon hopping. The local
(j)

(j)

contributions ĥJCH , ĥBH are identical in form to ĥ0JC , ĥ0BH , with the bare cavity
frequency replaced by the detuning !c !
We assume a finite photon loss rate

p

c.

from each resonator for both models, and

that the spontaneous emission rate from the excited level |ei of the two-level systems
in the JCH system is negligible,

a

= 0. Competition between coherent resonator

driving, and photon loss leads to non-equilibrium steady state (NESS) conditions.
We employ a master equation formalism [141] (Section 2.1) to describe the evolution
of the system’s density matrix ⇢(t). The NESS density matrix ⇢ss is given by the
stationary point of the master equation ⇢˙ = L̂X [⇢] = 0, where the action of the
Liouville super-operator is defined through
M
⇣
X
1
p
L̂X [⇢ss ] = [ĤX , ⇢ss ] +
2âj ⇢ss â†j
i
2
j=1

[â†j âj , ⇢ss ]+

⌘

= 0,

(3.14)

with [·, ·]+ denoting the anti-commutator operation. In general, solving Eq. (3.14) is
a formidable task, owing to the exponential growth in the necessary size of a system’s
description with the number of cavities M . We exploit the permutational symmetry of a homogeneous minimally sized three-site cyclic resonator system to enable
solution via an exact diagonalization scheme (details in Appendix C), and employ
a more sophisticated TEBD based stochastic unraveling of the master equation for
larger systems, as described in Sections 2.2.3 and 2.4.
Before discussing the solutions of Eq. (3.14) for an array of cavities, we first
compare the stationary behavior of a single driven resonator with both JaynesCummings and Kerr-type nonlinearities to illustrate their intrinsic di↵erences in the
local physics regime.
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3.2

Single resonator steady states: Kerr versus
Jaynes-Cummings nonlinearities

In Figures 3.2 (a) and (b) we show NESS particle numbers for both types of resonator
as a function of the driving laser detuning from the bare cavity resonance. The most
striking di↵erence between the spectra is the existence of two ‘wings’ for the JaynesCummings nonlinearity, symmetrically distributed about the cavity frequency (
0) for this special case

c

=

/g = 0. The driving laser frequency necessary to excite the

‘-’ polaritons increases with the excitation number n (the converse is true for the
‘+’ polaritons). Figure 3.2 (b) also demonstrates that the Kerr resonator always
exhibits a single particle response at the bare cavity frequency, whereas the spectral
location of the two single particle modes in a Jaynes-Cummings type system strongly
depend on the atom-resonator coupling parameters.
The nonlinear response of the resonators can also be probed by analyzing the
second order correlation function of the emitted photons from a certain resonator
site. For later use, we define the generalized coherence function between any two
resonators (j, k) as g (2) (j, k) = hâ†j â†k âj âk i/hâ†j âj ihâ†k âk i [32, 33]. In the following
we refer to the on-site coherence function as g (2) ⌘ g (2) (j, j). As expected, in the
strong coupling regime this quantity exhibits a dip below the coherent driving laser
value g (2) = 1 leading to photon anti-bunching when the driving laser is tuned to
the corresponding single-particle modes for both models. For the Jaynes-Cummings
resonator, the strongest anti-bunching is expected for laser detunings
the bare cavity frequency (for

c

= ±g from

= 0). In contrast, the Kerr resonator demonstrates

strongest anti-bunching when the driving laser is on resonance with the bare cavity
mode, coinciding with the single particle mode at

c

= 0. The reasonable atom-

cavity coupling and cavity loss rates we have chosen (g/ = 20) cause the correlation
function to dip to a minimum g (2) ⇡ 0.25 for the Jaynes-Cummings resonator, and
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to g (2) ⇡ 0.15 for the Kerr resonator.
Dips in the coherence function also appear when the driving laser is resonant
with higher underlying quantum resonances (at equally spaced laser frequency intervals U/2 for the Kerr resonator, and laser frequencies

c

= ± pgn for the Jaynes-

Cummings system). The magnitude of the correlation function at these resonances
is highly sensitive to the magnitude of the driving laser strength and cavity loss rate.
Figures 3.2 (a) and (b) share several features common to driven dissipative nonlinear quantum systems. We see that, for both models spectral peaks corresponding
to higher excitations n become successively narrower, because the monochromatic
driving laser cannot be simultaneously resonant with all intermediate levels. This
means all but the lowest (polaritonic or Fock) peaks involve o↵-resonant transitions.
The peaks also become less bright with increasing n because in addition to being
more difficult to populate, modes with more photons are more susceptible to photon loss. The Jaynes-Cummings system involves both atomic and photonic species,
leading to di↵erent peak intensities between the models. This follows because we are
only driving the photonic degree of freedom which in turn is coupled to the atomic
degree of freedom in the Jaynes-Cummings resonator.
Thus the spectral signatures of driven dissipative JCH and BH systems for the
case of vanishing photon hopping (single resonators) are in general quite di↵erent.
However, the two models do possess broad qualitative similarities in that they both
describe the interplay of coherent bosonic hopping with an on-site nonlinearity.
Indeed, the BH Hamiltonian has been widely used as an approximation to treat
CRAs in several works assuming a generic nonlinearity [104, 85, 105, 94]. It is
natural to ask if the two models are equivalent in some regime or even if the physics
of the JCH Hamiltonian can be mapped on to an e↵ective BH model. Such a
mapping would enable the large body of existing knowledge about the BH model to
be applied directly to CRAs and would additionally significantly simplify numerical

3.2. Single resonator steady states: Kerr versus Jaynes-Cummings nonlinearities 65

Figure 3.2. Steady state values of photonic/atomic population (solid/dashed
line) and the second order photon correlation function (g (2) , dot-dashed line)
as a function of the driving laser-cavity detuning for a single driven dissipative resonator. (a) Jaynes-Cummings resonator (atom resonant with the
cavity mode, /g = 0). The central Lorentzian (dashed curve) is the response of an empty (linear) driven-dissipative resonator hâ† âi/10. (b) Kerrnonlinear resonator. Vertical dashed lines and labels in both plots indicate resonator resonances according to Eqns. (3.6) and (3.7), respectively.
Parameters: Both systems share ⌦/ p = 2. Jaynes-Cummings coupling
g/ p = 20. For the Kerr resonator: U/ p ⇡ 11.7, set using Eq. (3.8). (c)
The response of a far-detuned ( /g = 10) Jaynes-Cummings resonator for
identical atom-resonator coupling, driving and loss as above. (d) Comparison of the Kerr response in (b) and that of a detuned Jaynes-Cummings
resonator ( /g = 10) with an ultra-strong nonlinearity g 0 / p ⇡ 1.6 ⇥ 104 .
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simulation. As the nonlinearity acts locally inside each resonator, we address this
question below by first investigating single resonators.

3.2.1

The photonic limit of the Jaynes-Cummings model

Intuitively, we expect agreement between the models as the polaritonic JCH excitations are made more photonic in nature. For the ‘-’ polariton species, this
means setting

g/

⌧ 1. The two-level system in each resonator is then barely

excited and the dispersive interaction available is capable of inducing a significant
e↵ective photon repulsion only for very large values of the coupling g/

p

1.

In this limit a Taylor expansion of the polaritonic eigen-energies !n± in the small
quantity |g/ | leads to frequencies quadratic in the particle number n 6= 0 as
!n, (g, ) ⇡ n (!c + g 2 / ) + g(g/| |)3 n(n

1). We see that the o↵-resonant inter-

action induces an e↵ective shift in the bare resonator frequency

shift

=

g 2 /| |,

and that the energy spectrum can be written in the canonical Kerr nonlinear form
approx
with e↵ective repulsion UBH
⌘ 2g (g/| |)3 .

Figure 3.2 (c) shows the spectrum for a far detuned ( /g =

10) driven dissipa-

tive Jaynes-Cummings resonator for the same experimentally realistic atom-cavity
coupling rate g/

p

as in Fig. 3.2 (a). We see that the response is essentially that

of an empty (linear) driven dissipative resonator, albeit with a peak response at
shift

from the bare resonator frequency. The atomic excitation is an order of mag-

nitude smaller, as expected. The e↵ective Kerr nonlinearity is much smaller than
approx
the line-width (UBH
/

p

=

1
),
50

so that nonlinear e↵ects barely show up, apart

from a slight asymmetry in the response. To observe sizable nonlinear e↵ects for
realistically achievable resonator parameters, we see that it is instead necessary to
operate near the resonance point

/g ⇡ 0.

For comparison, the physically unrealistic ultra-strong atom-resonator coupling
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limit is shown in Fig. 3.2 (d). The response of the Kerr-nonlinear resonator shown in
Fig. 3.2 (b) is reproduced, and compared with the spectrum of a Jaynes-Cummings
resonator again operating in the photonic regime ( /g =
strength g/

p

10). The coupling

approx
> 104 is chosen by setting UBH
= U in the above definition of

the e↵ective Kerr nonlinearity. We see good agreement between the photon number
spectra, which worsens for higher excitation peaks as higher order terms in the
Taylor expansion of the polaritonic eigen-frequencies become important. So while
< 0 and | | > g (the photonic limit of polaritons),

deep in the regime satisfying

i.e. a detuning much larger than the frequency range over which we expect strong
atom-cavity e↵ects, the Jaynes-Cummings model can, with reasonable accuracy, be
mapped on to a Kerr system, this regime is inaccessible with current technology.

3.2.2

The atomic limit of the Jaynes-Cummings model

In the opposite limit of

/g

1, the atomic component of the ‘-’ polaritons is

maximal. A Taylor expansion of the eigen-frequencies now yields: !n, (g, ) ⇡
n (!c

g 2 / ) + g(g/ )3 n(n

1)

, for n 6= 0. The ground state |g, 0i still lies

at the zero of energy. Therefore we see that to first order in g/ , the spectrum
becomes equally spaced with the same shift in the resonator frequency as for the
limit

⌧

g, with the exception of the interval !c

between the ground state

and the first polaritonic mode |1, i . In this limit |1, i ⇡ |e, 0i, with a small
photonic component allowing transitions by the external driving laser. This may be
summarized by the following e↵ective Hamiltonian describing the ‘vacuum shifted’
|n, i ladder of states for a single resonator in the atomic limit:
ĥg/

⌧1

= (!c

2

†

g / )â â + g

⇣ g ⌘3

â† â† ââ +

|g, 0ihg, 0|

.

(3.15)
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Figure 3.3. The level structure of the ‘-’ branch of solutions for polaritons
far into the ‘atomic limit’ when the detuning > 0 is much larger than the
Jaynes Cummings parameter g. The spectrum is equally spaced except for
the gap between the ground (vacuum) and first polaritonic states.

The level structure is shown in Fig. 3.3. Thus, population of the two-particle state
from the resonantly driven single-particle mode is strongly inhibited. Higher lying
levels could, however, be near-resonantly populated from the one-particle mode given
an additional driving laser with frequency !L = !c .
When strictly working within the low-excitation regime, it is then appropriate
to assign a large e↵ective nonlinearity describing this energy penalty to reach the
two-excitation manifold. However, care must be taken to distinguish between setups
such as we consider, where only the lowest lying excitations are directly probed, and
others which access the approximately harmonic ladder at larger n > 2.

3.3

Many-body signatures in steady state observables

Moving beyond the single resonator regime we will first analyze a minimal cyclic
nonlinear CRA of M = 3 cavities. This case, though not truly many-body, is
interesting as this is where the first experimental implementations are likely to begin
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[131, 124, 184]. We consider a finite coherent photon tunneling J 6= 0 between
adjacent cavities which splits the local polaritonic resonances into delocalized global
modes.
We obtain the NESS by diagonalizing the super-operator L̂ after exploiting the
permutational symmetry of the system to significantly decrease the number of unique
density matrix elements and additionally retaining only basis states allowing a maximum of P = 4 excitations in the system, using algorithms described in Appendix C
For linear cavities this permits the numerical analysis of driving strengths up to
⌦/

p

⇡ 0.3 without significant truncation errors. With a resonator nonlinearity

g, U 6= 0, occupation of higher-lying levels is suppressed enabling accurate exact
diagonalization results for yet stronger driving, confirmed by extensive quantum
trajectory calculations.
Figures 3.4 (a) and (b) show generalizations of the single resonator spectra discussed above for the relatively small rate of photon hopping J/

p

= 1. We expect

the response of the systems to strongly resemble the ‘local’ physics in this regime,
as the photon hopping is essentially a weak perturbation on top of the atom-cavity
coupling.
The homogeneous nature of our chosen driving, achievable for instance by splitting a single laser source and coupling each split beam to a resonator, means that
the total momentum of excitations in the NESS must be zero. The one-particle
excitation in the BH system is then just the zero-momentum free-particle Bloch
P
†
mode |k = 0i = p1M M
2J, as
j=1 âj |0i excited at a laser detuning ( c )|k=0> =
the Kerr nonlinearity does not influence a single particle. In contrast a single excitation in the JCH system can be shared between atomic and photonic degrees of
freedom leading to two delocalized generalizations of the |1, ±i polaritons, denoted
P
+
|k = 0, ±i = A± |Ei + B ± |k=0i. Here |Ei = p1M M
j=1 ˆj |0i is a delocalized atomic
excitation. The coefficients A± and B ± are identical in form to the coefficients ↵1± ,
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Figure 3.4. The steady state per-resonator photonic/atomic populations
and g (2) function for homogeneously driven, cyclic three-site resonator systems described by (a) the JCH Hamiltonian (with / p = 2J/ p = 2) and
(b) the BH model. Vertical dashed lines indicate the location of underlying
modes of an isolated resonator (J = 0), while vertical dash-dotted lines indicate the positions of delocalized single particle modes. The atom-resonator
coupling g/ p = 20 for (a) and (b) is again as in Figs. 3.2, but there is now a
finite photon hopping J/ p = 1. (c) and (d) are generalizations of the single
resonator ‘photonic limit’ spectra of Figs. 3.2, extended to three-resonator
systems with the same photon hopping. The driving rate in (c) is set at
⌦/ p = 0.3 to enable numerical solution, otherwise all parameters are unchanged. Note in (d) the almost complete overlap of the response of the two
many-body models now in this ‘photonic’ limit. This agreement, however,
requires an unrealistic ultra-strong value of g/ p ⇡ 1.6 ⇥ 104 .
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±
1

of Eq. (3.5), after making the replacement

!
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k=0

=

2J. These are
(1)

resonantly excited at laser detunings ( c )|k=0,±i = 2J
k=0 /2 ± k=0 , where
p
(1)
g 2 + 2k=0 /4. As only the cavities are directly coupled there is now an
k=0 =
additional asymmetry between photons and atoms. The resonance point for delocalized polaritons is shifted to

= 2J from

= 0 found in the single resonator

case. This is equivalent to setting the transition frequency of the atoms equal to the
frequency of the lowest lying Bloch mode |k=0i.
Relative to Figs. 3.2 (a) and (b), we see new multi-particle modes appear between
the delocalized generalizations of the dressed state resonances. By an N -particle
mode we mean an eigenstate of the total excitation number operator for the whole
P
system N̂ = M
j=1 N̂j with eigenvalue N . For this particularly small photon hopping
rate, equal to the cavity line-width, the delocalized single particle mode of the BH

system is smeared into a broad hump along with delocalized two- and three- particle
modes, while new features can also be discerned in the JCH spectra. Additionally,
new modes appear in the JCH model at approximately the bare cavity frequency.
These modes are symmetrized superpositions of ‘+’ and ‘-’ polaritons, and for our
chosen driving strength are barely populated relative to the response of the BH
model at the bare cavity frequency.
There is an asymmetry between the delocalized generalizations of the ‘-’ and
‘+’ wings of the JCH resonator array spectrum, despite setting
that for large photon hopping J

g and

= 2J. We note

= 2J, the resonator array spectrum

is again symmetric about the Bloch mode frequency (not shown), though still with
quantitative di↵erences to the single resonator case. It is in the intermediate regime
(J ⇡ g) that asymmetries appear, as hopping brings multiple particle global excitations into the same spectral region. A signature of this hopping-induced behavior
that is particularly amenable to experimental verification is a measurement of the
photon correlation at the two delocalized single-particle resonance frequencies. For
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this particular driving and cavity loss rate, the values are g (2) ⇡ 0.18, 0.35 for the
|k = 0, ±i modes respectively. Meanwhile g (2) reaches a minimum of ⇡ 0.26 at the
underlying single-particle mode of the BH system (indicated by the vertical dashdotted line in Fig. 3.4 (b)). We note here again that if one assumes losses smaller
than g/

p

= 20 used here then the correlation minimum approaches zero and clear

anti-bunching should be achieved, as expected.
The spectral response of far-detuned finite-size CRAs operating in the photonic
⌧ 1) is shown in Figs. 3.4 (c) and (d). These spectra are direct

limit ( g/

generalizations of those shown in Fig. 3.2. Again, we see that for our assumed
atom-resonator couplings (i.e. g/

p

⇡ 20), the main e↵ect of the atomic degree

of freedom is to shift the free-particle mode by

shift ,

in this case from the lowest

Bloch mode. Figs. 3.4 (d) shows that (unrealistically) larger couplings ‘matched’ to a
specific Kerr nonlinearity can reproduce the spectral features of a driven dissipative
finite CRA with reasonable accuracy.

3.4

Larger resonator arrays

So far we have investigated CRA systems of a few sites operating either on-resonance
(i.e.

/g = 0), or in the photonic limit where the weak nonlinearity is captured by

an e↵ective BH interaction. We now demonstrate the e↵ect of the changing nature
of the polaritonic excitations and also investigate larger arrays of M = 16 sites as
this parameter is varied about the strong-interaction regime

/g ⇡ 0. Rather than

construct a spectrum by varying the driving laser frequency, we instead selectively
drive a particular spectral feature and vary

/g. Specifically, in Fig. 3.5 we show

trajectory results for NESS particle numbers for larger (M = 16) JCH and BH
arrays driven at their single particle resonances, corresponding to the driving laser
detunings

c

=(

c )|k=0, i

and

c

=

2J respectively.
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Figure 3.5. NESS particle numbers per resonator for sixteen-site BoseHubbard and Jaynes-Cummings CRAs driven at their single particle resonances. Parameters: photonic driving ⌦/ p = 2, atom-resonator coupling
strength g/ p = 20, photon hopping rate J/ p = 1. Trajectory calculations
retain p = 6 photons per resonator for the BH simulation, and p = 5 for the
JCH. Each Jaynes-Cummings detuning /g is mapped to an e↵ective Kerr
nonlinearity via Eq. (3.8) to enable a comparison.

As expected, we see the changing nature of the system’s excitations reflected in
a larger atomic (and smaller photonic) occupation for increasing

/g. For strong

positive detunings, the excitations are predominantly atomic, indirectly excited via
the resonator field. As we have assumed lossless atoms, the steady state corresponds
to oscillations between the ground and excited states, leading to an average half
atomic occupancy. Under the mapping of Eq. (3.8), this regime corresponds to a
BH system with large Kerr coefficient. Under the stronger driving we have chosen
for this calculation, the BH system approximately oscillates coherently between zero
and one photons per resonator, with occupation of higher Fock levels suppressed.
Thus, while the total excitation number for the JCH asymptotically agrees with
the NESS photon number for the BH in this limit, the underlying physics is very
di↵erent.
In the opposite limit

/g < 0, the excitations of the JCH model become more

photonic, and the e↵ective Kerr nonlinearity decreases. We have already seen that

74

Describing coupled resonator arrays

agreement between the JCH and Kerr photon number is reached far into this limit.
In the intermediate regime,

/g ⇡ 0, the total particle number for the JCH exhibits

significant departures from the BH results. This is due both to the fact that only
one component of the polaritons is driven in the JCH system, and also that this
stronger driving allows access to higher-lying states (n > 2) outside the regime
of validity for the e↵ective Kerr strength definition. We therefore see non-trivial
di↵erences between the models both in spectra measured as a function of driving
laser frequency, and as a function of the nonlinearity.

3.5

The strong nonlinearity limit: fermionization
and crystallization of photons in CRAs

We have demonstrated that the NESS in resonator arrays governed by the JCH
and BH Hamiltonians are in general di↵erent, and so care must be taken when
interpreting numerical models which use a simplified Bose Hubbard description to
extrapolate the experimentally relevant Jaynes Cummings physics. We now evaluate two non-equilibrium e↵ects in the large nonlinearity regime recently studied
assuming a BH description, with proposals to experimentally realise such e↵ects in
Jaynes-Cummings type CRA systems.

3.5.1

Fermionization in coupled resonator arrays

Recently an exploration of the ultra-strong nonlinearity regime in a three-site driven
dissipative Bose-Hubbard model was undertaken [104]. For a closed coherent system
it was found that as the Kerr strength U approached infinity, double occupancy of
any resonator was completely suppressed. This allows the system’s bosonic wavefunctions to be mapped to those of an equivalent fermionic system via a Jordan-
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Wigner transformation [185]. In this interpretation double occupancy is prevented
by fermionic statistics rather than a hard core bosonic interaction. The authors
found that a cyclic system’s N -particle eigenfunctions and corresponding energies
can then be identified uniquely for a given total particle momentum. Subjecting the
system to coherent driving and a finite particle loss rate from each resonator results
in readily classifiable peaks in the resonator occupancy as a function of the driving
laser frequency.
Figure. 3.6 (a) reproduces such a spectrum for a homogeneously driven (⌦j =
⌦, 8j) minimal M = 3 resonator BH system. For the spectral range shown the
only possible modes that can be observed in the hard core limit NESS are the zero
momentum one-particle mode, which for the BH model coincides with the Bloch
mode |k=0i of an empty resonator system, and a mode formed from two particles
with opposite momenta k = ±2⇡/3. We show spectra for a strong nonlinearity
U/

p

1 (allowing for any number of photons per resonator in the calculation) and

for the true fermionized limit U ! 1 (when strictly p = 1 photon per resonator is
retained in calculations) illustrating the convergence. Also shown in Fig. 3.6 (a) are
NESS photon numbers for a strongly detuned JCH system operating in the ‘photonic
regime’, again computationally retaining multiple and single photons per resonator.
As expected from the discussion in Sec. 3.2, good agreement with the BH results is
observed, albeit for unrealistically large values of the light-matter coupling g.
Moving beyond from the photonic limit we now explore the novel physics of ultrastrong nonlinearity in JCH systems operating in the regime of strongest interaction
between resonators and atoms, i.e.

/g ⇡ 0. In this regime correspondence between

the models is less clear and the fully polaritonic nature of excitations must be taken
into account. To recover physics which resembles hard-core photons we operate in
the limit g/

p

1, along with g ⌧ !c to satisfy the rotating wave approximation,

and drive at !L ⇡ !1 near the |1, i polaritonic resonance of isolated resonators.
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Under these conditions the only relevant states in each resonator are the ground
state and |1, i polaritonic state.
Figure 3.6 (b) shows hard-core JCH model spectra for two di↵erent atom-resonator
detunings

= 0 and

= g. Increasing the coupling g while holding the ratio

/g fixed leads to a qualitatively similar evolution of spectral features as in the
BH model. A two-particle excitation splits from the single particle resonance and
asymptotically approaches a splitting that only depends on J and
coupling g/

p

/g. For the

⇠ 800 used, good agreement is seen in Fig. 3.6 (b) between the full

JCH model and the spectrum obtained when retaining only the p = 1 photons per
resonator necessary to describe the hard-core polariton limit. We see that even in
the ultra-strong non-linearity limit of the JCH model the internal structure of polaritons (governed by the parameter

/g) still plays a crucial role in determining the

location and amplitude of spectral features. This behavior is a result of the e↵ective
hopping, driving and loss rates for polaritons being di↵erent from the bare photon
parameters. Indeed the e↵ective polaritonic hopping rate is Jpol = |
tive driving rate is ⌦pol = (

1

)⌦, while the loss rate is

pol

=|

1

1

|2 J, the e↵ec-

|2 p , where

1

is

the coefficient controlling the photonic component of the |1, i polaritons defined in
Sec. 3.1. This reflects that the hopping, driving and loss processes involve only the
photonic component of the polaritons. Thus, on resonance ( /g = 0 )

1

=

p1 )
2

we see that the peak separation is Jpol = J/2 as seen in Fig. 3.6 (b).
Focusing on experimentally measurable photonic quantities, in Fig. 3.6 (c) we
track for both models as a function of their nonlinearity the photon density-density
correlations measured at the two-particle peak on a single site via g (2) (j, j) and between neighboring sites via g (2) (j, j+1). The spectral location of the zero-momentum
two-particle modes for the JCH and BH systems, are found using the results in
Refs. [97] and [186] respectively. As outlined in Ref. [104] at small nonlinearities the
two-particle peak resides within the one-particle spectral feature and so correlations
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inherit Poissonian statistics from the driving laser. Larger nonlinearities split the
two-particle resonance from the one-particle peak, as shown in Figs. 3.6 (a) and (b),
and lead to strong bunching. For very strong nonlinearities on-site anti-bunching is
expected as the two excitations are distributed in such a way that the pair of photons
are never in the same resonator resulting in the nearest neighbor correlations becoming large. Such considerations, being consequences of generic nonlinear behavior,
lead to qualitatively similar correlation functions for both the driven dissipative JCH
and BH models. Thus fermionized photons are a feature of the on-resonance JCH
model as well, once the di↵erent spectral frequencies for correlation measurements
are taken into account.

3.5.2

Polariton crystallization

Another intriguing phenomenon of interacting photons in resonator systems, photon
crystallization, was recently predicted to occur in a one dimensional ring of optical
cavities with Kerr-type nonlinearity [105]. Driving lasers with a phase di↵erence of
⇡/2 between each site k, i.e. ⌦k = ⌦ exp(ik⇡/2), create a flow of bosons around the
system. The contact interaction energy U was found to result in a ‘crystallization’
of particles as they flowed around the ring, even in the presence of dissipation.
The signature of this e↵ect was identified in the particle density-density correlations
g (2) (j, k) between cavities j and k, measured in the system’s steady state.
On-site anti-bunching is accompanied by nearest-neighbor density-density correlations stronger than correlations between more distant cavities. The conclusion
drawn in Ref. [105] was that particles form ‘dimers’ of light, which flow around the
system. We demonstrate here that this dimerization can also be seen in a JCH
system outside the photonic limit. The additional degree of freedom in the atomresonator detuning

allows the strength of this e↵ect to be adjusted on demand.
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We study a system of M = 16 coupled Jaynes-Cummings resonators under pe-

riodic boundary conditions. In addition to the relative phases, we must choose the
frequency of our driving lasers. For a BH-type system, a laser detuning

c

= 0 di-

rectly drives the single particle k = ⇡/2 mode. For the JCH model we choose to drive
the delocalized generalization of the single-particle polaritonic mode |1, ik=⇡/2 to
produce an analogous e↵ect.
To obtain the steady states used in Fig. 3.7, we began time averaging at g(Tstart ) =
500. We found that NT = 5000 time-steps g( t) = 0.5, with around 100 trajectories
retaining

= 40 states in the matrix product state representation, were sufficient to

obtain acceptable statistical fluctuations (⇡ 0.1%) in the NESS expectation values
we are interested in. Retaining three or four photons in the bare resonator basis
was sufficient for systems in the ‘atomic’ regime (
to properly evaluate steady state quantities for

0), but more were required

< 0 (results not shown).

We see in Fig. 3.7 (a) that the signatures of crystallization show up in our polaritonic system – there is a larger probability of finding photons in neighboring
cavities than in cavities further apart. We have additional control over the atomresonator detuning
either more photonic

, which allows us to tune the nature of the system’s excitations
/g < 0, or atomic

e↵ect becomes weaker for larger

/g > 0. We see that the crystallization

as the atoms and resonators are tuned away

from resonance, while on-site anti-bunching is enhanced. This is a consequence
of resonator photons being strongly coupled to the two-level systems, which hold
most of the excitation for large

, but longer-range correlations tend to unity. Fig-

ure 3.7 (b) shows the actual photonic and atomic expectation values per resonator,
for the three detunings considered illustrating the changing make-up and associated
enhanced photon anti-bunching. Also shown for comparison in Figure 3.7 are results
for the driven dissipative Kerr system like that considered in Ref. [105]. We conclude
that the ‘dimerization’ predicted in that work for the BH model persists in CRA

3.6. Discussion
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calculations using the full atom-resonator Hamiltonian without approximations, and
that some degree of tunability should be observable by bringing the cavities in and
out of resonance while maintaining significant resonator populations.

3.6

Discussion

We have proposed and analyzed excitation number and photon coherence spectra for
small to medium sized weakly driven dissipative coupled resonator systems described
by the Jaynes-Cummings-Hubbard Hamiltonian. Simulations were performed using
the full JCH Hamiltonian without approximations, using model parameters realizable by current state-of-the-art technology. We have also presented analogous spectra for resonator arrays governed by the Bose-Hubbard model, drawing attention
to the di↵erences in experimentally accessible observables between the two models.
These di↵erences arise primarily because of the composite nature of the elementary
excitations of the JCH Hamiltonian, leading to readily identifiable unique spectral
characteristics. Therefore we conclude that when simulating coupled resonator arrays the full JCH Hamiltonian must be used in calculations to properly account for
the underlying physics.
Generalizations of two bosonic interaction-induced non-equilibrium phenomena
were observed in the NESS of CRAs modeled retaining the richer JCH physics, with
additional tunability. The fingerprints of the polaritonic equivalents of ‘fermionic’
photons and photon crystallization exhibit subtle departures from the pure bosonic
case, detectable via experimentally accessible spectral quantities.
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Figure 3.6. (a) The one and two particle peaks (right and left features,
respectively) for a homogeneously driven three-resonator BH model in the
strongly nonlinear regime (solid blue, U/J = 23.4), and the hard core limit
(p = 1, dotted black). Spectra for larger U approach the hard core limit
asymptotically. Parameters: photon hopping rate J/ p = 20, driving ⌦/ =
0.5. Also shown are results for a strongly detuned JCH system operating
in the photonic limit with /g = 10, and an unrealistically large atomresonator coupling g/ p ⇡ 2 ⇥ 105 . (b) Analogous photon number spectra
for the JCH model with g/ p ⇡ 800 (chosen according to Eq. 3.8), and the
photon driving and tunneling rates as in (a), for two di↵erent atom-resonator
detunings /g (dashed and dash-dotted). Again, the hard-core spectra are
recovered in the limit g ! 1. The horizontal axis is taken relative to the
single particle spectral position ( c )|k=0, i , di↵erent for each . (c) The
auto- and cross- photon correlation functions measured at the two particle
peak as a function of the nonlinearity in both the BH and JCH ( = 2J)
Hamiltonians. JCH systems with di↵erent couplings g are compared with
Bose-Hubbard systems whose strength U = U (g) (see upper horizontal axis)
is obtained from Eq. 3.8. Note these calculations are performed at the lower
driving ⌦/ p = 0.25, to avoid truncation errors at low nonlinearity.

3.6. Discussion

Figure 3.7. (a) Steady state photon density-density correlations for a cyclic
16 site JCH system, driven by lasers exciting the ⇡/2 momentum mode of
the system. Thin lines between markers are drawn to guide the eye. Parameters: hopping J/ p = 2, atom-resonator coupling g/ p = 10, driving strength
|⌦k |/ p = 2. Also shown (solid green) are density-density correlations for a
M = 16 site system with ‘matched’ Kerr nonlinearity U/ p ⇡ 6 in each
resonator, and otherwise identical parameters. (b) Closer view of the correlation functions. (c) The relative atomic and photonic population in each
resonator in the steady state for the three di↵erent values of atom-resonator
detuning chosen, as well as the on-site photon correlation function.
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Chapter 4
Robustness of bistabilities in driven
photonic resonator arrays

In the last chapter, we looked at two di↵erent physical models describing CRAs, and
showed that it is in general necessary to fully describe JCH physics when simulating
resonator arrays. In this chapter, we study di↵erent approximation schemes to the
fully quantum mechanical nature of CRAs, to determine the level of description
necessary to accurately explore non-equilibrium CRA physics. We treat drivendissipative quantum lattice models with di↵ering complementary approaches, with
a focus on resolving the question of the existence of multiple steady states in these
systems. Multiple steady states in driven resonator arrays have been recently predicted [187], and sharp ‘switching’ signatures of bistability have appeared in other
works [178]. In particular, we evaluate the validity of employing a non-equilibrium
generalisation of a product Gutzwiller-type ansatz for the state of the system. Such
an ansatz is known to qualitatively reproduce the features of ground state phase
diagrams for lattice systems in the thermodynamic limit as in Section 1.3, but the
utility of extension to non-equilibrium settings is not yet fully understood. Sound
physical insight into phenomena such as bistability expected in extended drivendissipative systems requires a confidence in the numerical approaches employed.
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The validity and truncations introduced by common approximations must be well
understood. The use of approximations of one type or another are especially relevant for these systems, as the exponential scaling of Hilbert space with system size
makes full simulation of even a few sites intractable.
We find for the Gutzwiller ansatz approach non-physical results similar to those
predicted by a semi-classical theory, and contrast these with rigorous fully quantummechanical trajectory and master equation simulations, calculated using the time
evolving block decimation algorithm. Specifically, we find that bistabilities predicted
by mean-field calculation schemes are inhibited once quantum correlations are correctly accounted for. A remnant of the bistability is observed as a peak in the
correlations of the system, but we can conclude that no bistability is to be expected
in physical realisations of coupled resonator arrays.
Throughout, we consider a minimal model which nevertheless possesses features
common to more realistic quantum lattice models – coherent hopping linking adjacent sites, coherent driving, and incoherent loss processes. The model is ‘minimal’
in that each lattice site features just two states. However, we note that it represents
a limit attainable in principle in coupled resonator arrays – the dynamics of arrays
with sufficiently large nonlinearities are e↵ectively restricted to the ground (vacuum)
and lowest-lying eigenstate at each site, as discussed in Section 3.5.1.
We begin with a semi-classical treatment, in which both inter- and on-site operator expectation values are assumed to factorize, and find multiple stable stationary
states. Next, we retain a full description of on-site quantum correlations while factorizing the system density matrix into a local tensor product. In equilibrium studies,
mean field theory is known to qualitatively reproduce the features of ground-state
phase diagrams of, for instance, the Bose Hubbard and JCH models. However, the
validity of extension to non-equilibrium setting is not a priori obvious. We find that
this mean-field approach also predicts bistability in our model system.
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A product state ansatz is by its nature incapable of providing information on
longer-range quantum and classical correlations in the system. To assess the e↵ect
of retaining all correlations, we employ the time evolving block decimation (TEBD)
algorithm to simulate master equation dynamics of large lattice systems, showing
that the switching behaviour is washed out. We find evidence that a single unique
solution exists for all parameter regimes.

Figure 4.1. Schematics of the lattice models we consider, at di↵erent levels of
approximation (by which we mean accounting for quantum correlations more
or less fully). (a) The full infinite one-dimensional description. Each site i
is described by a single two-level system with levels |ei, |gi with lowering
operator ˆi , and is coherently coupled to each of its nearest neighbours
with rate J. Vertical red arrows represent a coherent driving. (b) Breaking
inter-site correlations leads to an e↵ective single-site description, with an
e↵ective driving amplitude dependent of the state of the system itself via
hˆ i. (c) Further breaking on-site correlations in the semi-classical picture,
the quantum operator ˆ is replaced by the c-number and the two-level
discrete quantum nature of each site is neglected, following the procedure
found in e.g. [182].
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4.1

Model

We treat a system of coupled two-level systems described by the Pauli matrices, each
with transition frequency !c , and an external driving field of frequency !L = !c

c

inducing coherent oscillation between the levels. In a frame rotating at the driving
frequency the Hamiltonian is (setting ~ = 1):
Ĥ =

X⇥

+
c ˆj ˆj

+ ⌦(ˆj+ + ˆj )

j

⇤

J

X

ˆj† ˆj 0 .

(4.1)

hj,j 0 i

Here J is the coherent tunnelling rate between neighbouring TLS, and ⌦ is the
coherent driving amplitude. For ease of understanding in the context of the other
chapters of this thesis, we emphasise that the system we study in this chapter is
composed only of coupled two level systems, with no photonic degree of freedom.
Where ⌦ represents the amplitude of a coherent photon drive in other chapters, here
it is the amplitude of a field driving transitions between |gi and |ei on each site.
The index j runs over the discrete lattice sites in our model, and hj, j 0 i denotes the
set of nearest neighbours. We incorporate a generic local loss term which acts to
incoherently de-excite the upper level of each TLS with characteristic rate

p.

We

take the evolution of the total system density matrix ⇢ to be described by a quantum
master equation ⇢˙ = L̂[⇢], where
X
1
p
L̂[⇢] = [Ĥ, ⇢] +
2ˆj ⇢ˆj+
i
2 j=1

ˆj+ ˆj ⇢

⇢ˆj+ ˆj .

(4.2)

The non-equilibrium steady state of the system is described by the density matrix
⇢ss which satisfies L̂[⇢ss ] = 0, and NESS observables are measured with respect to
this state, hÔiss ⌘ Tr(Ô⇢ss ).
We now begin a rigorous characterisation of the non-equilibrium steady states of
the lattice model. We aim to unravel the genuine physical properties of the steady

4.2. Semi-classical approximation
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state using increasingly sophisticated descriptions.

4.2

Semi-classical approximation

We first generate the equation of motion for the TLS dipole transition expectation
j

= hˆj i(t) from Eq. (4.2):
d j (t)
1⇥
=
dt
i

The evolution of
(

j±1 ),

ch j i

j (t)

[⌦

J(

j 1

+

2hˆj+ ˆj i

j+1 )]

Ij

⇤

p

2

j.

(4.3)

depends on both the analogous quantity at neighbouring sites

and also the expectation value of a product of operators hˆj+ ˆj i. Continu-

ing on and evaluating equations of motion for each of these operators leads to an
infinite hierarchy of coupled di↵erential equations. Here we make two simplifying
assumptions in order to proceed.
First, we shall be concerned in this work with large driven lattices, i.e. a number
of lattice sites tending to infinity. A useful consequence of the resulting translational
invariance is that all local observables are position-independent, e.g.

j

=

, 8j.

Second, in this section we replace the quantum mechanical operators by c-numbers,
which is equivalent to assuming that expectation values of products of operators
factorize into products of expectation values of operators. Thus ˆj !
⇤
j j,

j,

ˆj+ ˆj !

etc.

Making use of these assumptions in Eq. (4.3) leads to
d
1
= [
dt
i

c

(⌦

2J )(2

⇤

1)]

p

2

.

(4.4)

The steady state reached in the long-time limit under the combined influence of
driving and losses implies ˙ = 0. This condition yields a cubic equation in the
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⇤

real-valued atomic excitation x =
64J˜2 x3 + 16(2J˜ ˜ 0c

:

⇣
⌘
2 2
0 2
2
˜
˜
˜
⌦ )x + 4( c ) + 16⌦ + 1 x

˜ 2 = 0,
4⌦

(4.5)

⇣
⌘
˜ ⌦,
˜ ˜c ⌘
where we have renormalised the Hamiltonian couplings by the loss rate, J,
(J/ p , ⌦/ p ,

c / p ).

Equation (4.5) exhibits either one or three real-valued solu-

tions, depending on the physical parameter set. We have confirmed numerically
that the solutions of Eq. (4.5) and their stability correspond to those of Eq. (4.4).
The number and stability of solutions in phase space for this semi-classical treatment
is shown in Fig. 4.2.
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4
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2

4

6

8

10

Figure 4.2. Stability regions for the semi-classical treatment of the spin
model of Eq. (4.1) as a function of normalised tunnelling J˜ = J/ p and
driving detuning ˜ c = c / p , for di↵erent driving amplitudes ⌦. There are
three real solutions to the resulting cubic equations in the coloured regions.
For the regions marked ‘A’, two of these solutions are stable. For the regions
marked ‘B’, just one is stable. The white regions have only a single real
solution, which is stable.

An interesting feature of Fig. 4.2 is the existence of multiple steady states arising
from the cubic terms in Eq. (4.5). These are a direct consequence of the nonlinearities introduced by the self-consistent factorisation of the semiclassical approach.
It is tempting therefore to discount the existence of bistable behaviour as a trivial
consequence of this potentially unphysical treatment of the system. We evaluate

4.3. Mean field
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this idea in the following sections by examining the existence of bistable behaviour
in more rigorous treatments of Eq. (4.3).

4.3

Mean field

At a higher level of description, we now keep a fully quantum representation of the
local physics, while breaking inter-resonator correlations. This is done by making a
product ansatz ⇢ = ⌦j ⇢j for the total system density matrix. Inserting this ansatz
into the master equation Eq. (4.2), and again invoking translational invariance ⇢j =
⇢, 8j, we find the total system can be described by a single TLS governed by the
e↵ective Hamiltonian

Ĥmf =
where

cˆ

+

ˆ + ˆ + (⌦

J ) + ˆ (⌦

J

⇤

),

(4.6)

= hˆ i. This e↵ective system is still subject to loss of excitation at the

same rate

p

as the original model, as described by a mean-field master equation

⇢˙ = L̂mf [⇢], with
1
p
L̂mf [⇢] = [Ĥmf , ⇢] +
2ˆ ⇢ˆ +
i
2

ˆ+ ˆ ⇢

⇢ˆ + ˆ

.

(4.7)

The generator L̂mf [⇢] is time-dependent via the terms (t) = Tr(⇢(t)ˆ ). We see
that the self-energy in the rotating frame

c

is also unchanged relative to the full

model. The driving terms ˆ ± show that the e↵ect of the mean-field decoupling can
be interpreted as modifying the e↵ective driving amplitude such that it depends on
the state of the system itself via , i.e. ⌦ ! ⌦0 ( ) = ⌦

J . In this sense the

system is ‘reflexive’ – the nature of the driving depends on the state of the system
itself.
We now explicitly solve for the steady states of the e↵ective system of Eq. (4.7),
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and their stability. Here we derive a criterion for the stability of the self-consistent
solutions to the mean field treatment of the system of coupled TLS, described by
the Hamiltonian Eq. (4.6).

First we turn a matrix representation of the single-site density matrix
2

6 ⇢11
⇢=4
⇢21

3

⇢12 7
5
⇢22

(4.8)

into a column vector ⇢˜ = [⇢11 , ⇢21 , ⇢12 , ⇢22 ]T . The Liouvillian generator L̂ then has
the matrix representation
2

6
6
6
6
L̂[ ] = 6
6
6
4

i(⌦
⇤

i(⌦

J

i(⌦

J )

)

J )

/2 + i

i(⌦

/2
J )

)

0

i(⌦

i

c

J

⇤

)

3

7
7
i(⌦ J ) 7
7
7.
i(⌦ J ) 7
7
5
0
⇤

0

c

0
i(⌦

⇤

J

(4.9)

Nonlinearity enters the problem via the term

= Tr(⇢ˆ ), which in terms of the

elements of the density matrix can be written

= ⇢12 .

For convenience when discussing the stationary solutions ⇢⇤ = [⇢⇤11 , ⇢⇤21 , ⇢⇤12 , ⇢⇤22 ]T
of L̂[ ]⇢⇤ = 0, we divide by

so as to obtain a generator L̃[ ] independent of

the loss rate. In order to discuss the stability of the self-content solutions ⇢˜⇤ =
[⇢⇤11 , ⇢⇤21 , ⇢⇤12 , ⇢⇤22 ]T which satisfy both L̃[ ]˜
⇢⇤ = 0, and ⇢˜⇤12 = , we must first transform the problem to a system of di↵erential equations in real variables. We do this
by exploiting the Hermiticity of the density matrix, defining ⇢˜11 = a, ⇢˜12 = b + ic

4.3. Mean field
and ⇢˜21 = b
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ic and ⇢˜22 = d. We then have the relation
2

6 ⇢˜11
6
6 ⇢˜21
6
6
6 ⇢˜
6 12
4
⇢˜22

3

2

7 6 1
7 6
7 6 0
7 6
7=6
7 6 0
7 6
5 4
0

0
1
1
0

0

32

0 76
76
6
i 0 7
76
76
6
+i 0 7
76
54
0 1

3

a 7
7
b 7
7
7.
c 7
7
5
d

(4.10)

Additionally reducing the system by using the unit trace condition a + d = 1, we
find the evolution:
2

3

2

a
6 a 7 6
7 6
d 6
6 b 7=6
˜
Jc(2a
1)
7 6
dt 6
4
5 4
˜
˜
c
⌦(2a
1) Jb(2a

˜
2⌦c
1
b
2

+ ˜ cc

1)

˜ cb + 1 c
2

3

7
7
7,
7
5

(4.11)

leading to the Jacobian
2

6
6
J=6
6
4

1

0

˜
2Jc
˜
2⌦

˜
2Jb

˜
2⌦
˜
J(2a

1
2

˜
J(2a

1)

˜c

1) + ˜ c
1
2

3

7
7
7.
7
5

(4.12)

Solving for the stationary state of Eq. (4.11) yields a cubic equation. In terms of
the variable c = Im(˜
⇢12 ) = Im( ), this cubic is
✓
◆
✓
◆
⇣
⌘
1
1
2 3
2
2
2
2
˜
˜
˜
˜
˜
˜
˜
˜
˜
0=J c +J J +2 c c +
c+
,
c + 2 c J + 2⌦ +
c +
2
4
˜ = ⌦/ and ˜ c =
where J˜ = J/ , ⌦

c/

(4.13)

. Characterisation of the fixed points of

the system follow from the properties of the Jacobian of Eq. (4.12) [188]. Namely if
the eigenvalues all have real part with a magnitude less than 0, then the system is
stable at the fixed point. If any eigenvalue has a real part with a magnitude greater
than 0, then the point is unstable. Finally if the largest real part of the eigenvalues
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is equal to 0, the Jacobian matrix does not allow for an evaluation of the stability.

Again, multiple real and stable solutions arise because of terms cubic in the
density matrix elements, as shown in Fig. 4.3 (a). These results are reminiscent
of the semi-classical bistable regions of Fig. (4.2) in that there are triangular zones
of multiple stable solutions in the (

c , J)

plane. These zones become broader at

larger driving amplitudes under both a semi-classical and mean-field treatment.
However, the zones occupy quantitatively di↵erent locations, and additionally the
set of solutions marked ‘B’ in Fig. (4.2) have no equivalent under a mean-field
treatment.

Figure 4.3 (b) shows the steady state reached by time evolving a system initialised
in the ground state under the action of Eq. (4.7). We see that on crossing between
parameter regimes with one and two stable solutions, the steady state may ‘switch’
sharply from one solution to another. The initial condition lies in the domain of
attraction of di↵erent distinct solutions for di↵erent parameter regimes.

Bistability therefore survives the introduction of a proper treatment of local
quantum and classical correlations. However, the mean-field approach is still nonlinear due to the factorisation of long-range correlations. Treating these properly is
the subject of the next section.

Figure. 4.4 presents an analysis of the bifurcations appearing on moving between
di↵erent regions of phase space. The steady state properties of this model are
surprisingly rich given its simplicity – we see supercritical pitchfork and saddle
node bifurcations arising at the boundaries of phase space regions corresponding to
di↵erent numbers of stable solutions.

4.4. Fully quantum model
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Figure 4.3. (a) Regions of bistability (coloured) in the steady state solution
˜ ⌘ ⌦/ .
for the lattice model of Eq. (4.6), for di↵erent normalized drivings ⌦
(b) Mean-field steady state population as a function of laser detuning c
and resonator coupling J for the driving strength ⌦/ = 1. The steady
states are calculated by time-evolving an initial ground state under the action
of Eq. (4.7). The steady state switches between distinct solutions at the
boundary of the bistable region. (c) All possible stable steady state solutions
as a function of laser detuning c / and coupling rates J/ , showing the
onset of the sharp transition at the lower boundary of the dashed triangular
region of (a) and (b), corresponding to the opening up of multiple stable
solutions to L̂⇢ = 0. (d) The number of stable solutions at fixed drive
˜ = 1.
strength ⌦

4.4

Fully quantum model

We now treat the driven-dissipative CRA in a numerically exact way, using a matrix product operator (MPO) representation for the state of the lattice [172]. We
have already defined and discussed the important features of MPOs in Section 2.5,
however briefly recap here for convenience.
In general, the density matrix describing a one dimensional finite system com-
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Figure 4.4. Analysis of steady states and their stability for the mean-field
model. The parameter t 2 [0, 1] parameterises two di↵erent paths through
parameter space. (a) Passing exactly through the tip of the bistable region.
For the specific driving amplitude ⌦/ = 1 of this calculation,
we may show
p
that the ‘tip’ of this region occurs at (J/ , c / ) = ( 31/2, 0) ⇡ (2.78, 0).
(b) Shows the corresponding solutions for the steady state atomic excitation
n = hˆ + ˆ i. We observe a supercritical pitchfork bifurcation. (c) and (d)
are analogous plots for a path at fixed coupling J into the bistable region.

posed of M sites with a local d-dimensional Hilbert space can be expanded as
2

⇢=

d
X

j1 =1

Here {

[m]jm

2

···

d
X

jM =1

cj1 ···jM

[1]j1

···

[M ]jM

.

(4.14)

}, jm = 1, · · · d2 is a set of d2 matrices forming a basis for the local

Hilbert space of resonator m. A MPO representation expresses the expansion coefficients in the form of a product of matrices, as

cj1 j2 ···jM =

[1]j1 [1]

[2]j2 [2]

···

[M ]jM

,

(4.15)
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where

[m]jm
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is a matrix of dimension at most

physical index jn for that site, and

[m]

⇥

for site m, indexed by the

is a diagonal matrix. The utility of the MPO

representation is that while formally (for d = 2 as we consider in this Chapter) a
= 4M/2 is required to exactly represent the state of an M -site lattice, for many
one-dimensional systems a small

of order 10’s – 100’s is sufficient for an accurate

representation. Thus an appropriate choice of the

matrices allows us to overcome

the intractable exponential scaling of a full description. Intuitively,

gives a measure

of the inter-site correlations of either classical or quantum origin through the system.
Highly correlated states require a larger
case

for an accurate description. The extreme

= 1 recovers the mean field product ansatz, as correlations between sites are

completely neglected. The Gutzwiller ansatz ⇢ = ⌦j ⇢j is then a special case of the
MPO representation. Increasing

connects the mean-field approximation in one

limit with the exact description limit

! 1. The density matrix product operator

may be efficiently evolved the under master equation evolution of Eq. (5.2) using the
time evolving block decimation (TEBD) algorithm to obtain the stationary state.
Before discussing the large system regime to connect with the infinite systems
treated so far, we first examine the approach to this limit by simulating arrays of
finite, increasing size.
Figure 4.5 shows calculated steady state excitation at the central site jc =
bM/2c + 1 of systems of increasing size M , calculated by fixing the MPO parameter
= 50 and evolving the initial condition |gi ⌦ |gi ⌦ · · · ⌦ |gi until convergence is
reached. For the smallest systems, the spectra are dominated by a series of peaks
occurring at laser detunings consistent with transitions between two of their eigenmodes. For mesoscopic system sizes, however (beginning at roughly M = 19 sites),
a sharp ‘jump’ appears, reminiscent of the mean field spectra in Fig. 4.3 (b). The
gap between the upper and lower ‘branches’ of the spectrum widens.
The appearance of this mean field-like feature at large

is somewhat surprising.
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Figure 4.5. Steady state excitation hˆj+c ˆjc i at the central site jc of finite
sized systems of M sites, for increasing M , as a function of the driving
detuning c . We see the emergence of a sharp MF-like transition for large
enough systems. Parameters: driving ⌦/ p = 1, J/ p = 4.

Its presence in mean field calculations (corresponding to

= 1) is explicitly traceable

to the unphysical de-correlation between di↵erent system sites. This de-correlation
led to equations cubic in the density matrix elements, ultimately allowing for multiple distinct stable steady states. The calculations presented in Fig. 4.5 however are
much higher-order, allowing limited but significant correlations to be described.
Given the evidence in Fig. 4.5, it is tempting to suspect the existence of multiple
study states in the fully quantum model, qualitatively similar to results predicted by
a mean-field approach. In this picture, a ‘switch’ from one steady state to another
occurs as the (fixed) initial state passes from one steady state’s domain of attraction
to the other’s. We find this not to be the case. Further increasing the MPO parameter

‘washes out’ the switching, as in Fig. 4.6. We note that the steady state has

not converged with

even for calculations with

= 200, which require several days

for an M = 31 site system and a 2GHz machine. Convergence with

is problematic

in the vicinity of the ‘cli↵’, marked with a shaded blue rectangle in Fig. 4.6. This
is an indication that significant correlations are required to fully describe the NESS
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in this region. Around this parameter range, the steady state exhibits markedly
non-trivial long ranged correlations, as it reorganises itself between the ‘low-density’
and ‘high-density’ regimes with distinct density-density correlation signatures to the
left and right of this region. In contrast results outside this region agree for even
modest .
This picture is quantified by calculating the entropy S (defined in Section B.1.2
of Appendix B) of the steady state measured across the middle of the system, giving
a measure of the entanglement of the state. Figure 4.6 (b) shows that the region
near the ‘cli↵’ feature coincides with a dramatic elevation in the total half-chain
correlations of the state.

Figure 4.6. (a) Steady state excitation at the middle of an M = 31 site
system for increasing matrix product operator parameter . (b) The entropy
of the Schmidt coefficients S measured through the central site of the system.
Physical parameters are as in Fig. 4.5, except for .

4.5

A quantum trajectory treatment

We have shown that an increasingly ‘quantum’ description of driven-dissipative lattice models destroys bistable behaviour predicted by lower-order approximations.
We have also seen that accurate simulation of physically realistic phenomena is
challenging even for simple systems – while simulation accuracy may be improved
by increasing the internal MPS truncation parameter , calculation rapidly becomes
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impossible for even modest . To address this last point, we look now at an alternative approach to calculating quantum steady states, paying particular attention
to the agreement / disagreement between the two methods in the ‘problem regions’.
Rather than solving for quantum master equation dynamics, we instead evolve independent stochastic wave functions using TEBD, averaging over trajectories and
simulation time steps to arrive at steady state expectation values. Details on the
algorithm are provided in Appendix B. For the large systems we consider, expansion
of these wavefunctions in the full product state basis is impossible. We therefore
employ a matrix product state (MPS) representation which, similarly to matrix
product operators discussed above, compresses the description of a system’s wave
function. Again a truncation parameter

controls the size of the quantum corre-

lations which the MPS may encode. We compare the two calculation schemes in
Fig. 4.7.
Interestingly, convergence in trajectory results is achieved even for

= 50. This

indicates that there is little quantum entanglement in the system’s steady state.
MPO master equation calculations in Fig. 4.6 for the same parameter sets failed to
converge even for the computationally challenging case

= 200. The density matrix

representing the mixed state of the lattice must encode both long-ranged quantum
and classical correlations with the same

. Disambiguating between the two is

nontrivial, and either may contribute significantly to the difficulty in describing the
state. The inability of the density matrix to capture the physics for low

is thus

an indication that classical correlations dominate the deviations from mean field
and wash out the sharp transition. The convergence difficulty occurs roughly where
bistability was seen in lower order approximations.
Meanwhile individual trajectories are pure quantum states, possessing only quantum long-range order. It is the averaging procedure over multiple trajectories (see
Appendix B) which leads again to a statistical mixture of quantum states. A smaller
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Figure 4.7. Comparison of master equation and quantum trajectory results.
Only the most accurate (highest ) master equation calculation from Fig. 4.6
is shown. We see convergence of the trajectory results (to within statistical
noise) even for modest , which does not agree with the master equation
simulation in the ‘problem area’. Trajectory calculation parameters: each
expectation value at fixed c is calculated as the average over Ntraj = 10
trajectories. Averages for each trajectory are additionally performed over
NT = 2 ⇥ 104 time steps of size ( t)J = 10 2 beyond a time Tstart J = 20
allowing for transient dynamics to die out.

may therefore describe the steady state more accurately than MPO calculations
with larger

for the following reason. Individual trajectories |

using an MPS parameter
|

i (t)ih

i (t)|,

=

MPS

i (t)i

calculated

lead to a contribution to the density matrix

with rank upper bounded by

2
MPS .

However, when adding the con-

tributions of multiple trajectories to obtain an ensemble-averaged estimate of the
density matrix, it is important to note that the set of possible matrix product states
of dimension

do not form a closed vector space [189]. Instead, the rank of the

estimated density matrix is upper-bounded by Ntraj

2
MPS .

This observation has significant computational implications. In general, the number of operations involved in time evolving an MPO or MPS is NMPO = M d6
NMPS = Ntraj M d3

3
MPS NT ,

3
MPO NT ,

respectively. Here M is the number of lattice sites, d

is the local dimension of Hilbert space, and NT the number of time steps in the
simulation. The number of stochastic wave functions evolved is denoted by Ntraj ,
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though we note that trajectory simulations are ideally suited for being run in parallel. The relative merits of using either approach is then situation-dependent. Steady
states exhibiting sizeable long-ranged classical correlations require a large
an accurate description. If

MPO

MPS

(where

MPS

MPO

for

is the truncation parameter

required for comparable convergence of trajectory results) then it may be computationally favourable to employ quantum trajectories, even compensating for the
overhead of running multiple trajectories for longer simulation times.

4.6

Conclusions

We have compared steady state properties of a minimal driven-dissipative quantum
lattice model predicted by increasingly accurate representations of the lattice system. We examined the semiclassical behaviour in which all quantum correlations
are trivially neglected, and a mean-field type treatment where long-ranged correlations are factorised. Finally we also fully accounted for the quantum nature of the
lattice using a matrix product operator formalism. We found that the lower levels
of description led to unphysical artefacts in steady state observables. In particular
a multiplicity of stable steady states in certain parameter regimes, manifesting as
a sharp ‘switch’ between expectation values on changing lattice parameters. This
bistability is ultimately caused by nonlinearities introduced by factorising approximations which try to embed correlation e↵ects locally.
A study using a rigorous matrix product state description (which fully captures
the physics given a large enough truncation parameter

) showed that such arte-

facts are ‘washed out’ at a sufficiently descriptive level. It was also observed that
accurate simulation of even simple systems is surprisingly difficult – the appearance
of bistability coincides with a considerable increase in the complexity of the fully
quantum description of the steady state. Specifically, correlations are seen to exhibit
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a peak in the same region as the steady state reorganises between two qualitatively
di↵erent regimes.
We note that this elevation in long-ranged correlations may be experimentally
accessible in for instance coupled resonator arrays, as they appear despite the presence of loss. Such arrays feature macroscopic lattice spacing and are open to external
optical probes, allowing direct measurement of cross-site photon-photon correlations
which in turn reflect properties of long-ranged order in the NESS.
Finally we addressed this calculational difficulty by contrasting two schemes for
calculating steady state lattice properties. We found that in certain regimes quantum trajectory simulations may outperform direct master equation simulation.
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Chapter 5
Repulsively induced photon
super-bunching in driven resonator
arrays

The previous two Chapters presented an analysis of what constitutes a physically
and computationally valid description of CRAs. Building on this foundation, we now
study in the next chapters several novel phenomena observable in driven-dissipative
arrays.
Our understanding of driven strongly correlated photons in CRAs is in its infancy, making it desirable to concretely connect the non-equilibrium properties of
CRAs with their more familiar equilibrium structure. To this end, there have been
recent e↵orts to identify signatures of the equilibrium quantum phase transition
[12, 14, 58, 13, 11, 73, 61, 79, 71] (discussed in Section 1.3) which survive under
lossy dynamics [84, 85, 86, 177, 190].
We propose an alternative scheme to chart di↵erent regions of parameter space
and connect non-equilibrium observables to the underlying Hamiltonian properties.
We envisage a resonator array driven to a non-equilibrium steady state (NESS)
by external lasers, with the laser frequency chosen such that the unit-filled (on
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average one particle per site) equilibrium ground state is selectively addressed and
populated. Features arising from the details of the non-equilibrium operation appear
in collected emission statistics, including a counter-intuitive many-body repulsioninduced bunching of the emitted photons, the magnitude of which is controllable via
tuning Hamiltonian parameters. Unveiling the mechanism underlying this surprising
bunching is the focus of this Chapter. This ‘super bunching’ arises in spite of
relatively strong onsite repulsive interaction. Novel super bunched light sources
far exceeding the bunching of thermal photons may find important applications in
ghost imaging technologies [191, 192, 193] and all-optical simulation of two-photon
correlations in quantum walks [194, 195].

Figure 5.1. (a) Schematic of the driven-dissipative Bose-Hubbard model,
featuring local coherent driving, photon tunnelling and a purely photonic
Kerr nonlinearity. (b) The driven-dissipative Jaynes-Cummings model with
e↵ective photon nonlinearity generated by couplings to two-level systems.
(c) Diagram showing the bare basis (solid black) and eigen-frequencies (dash
dotted red) of the driven BH system for the minimal system of M = 2
resonators. The laser is tuned so that two laser photons (vertical red arrows)
are capable of promoting the system to the lowest-lying 2-photon state.

In this work we first focus on a minimal-sized two-site resonator system. Such
dimers or a photonic molecules are expected to be experimentally viable in the near
future in di↵erent technologies ranging from semiconductors to Circuit QED. We
initially study the dimer system for resonator nonlinearities of the repulsive Kerr-
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type, as shown in Fig. 5.1 (a), to illustrate our driving scheme. We then analyze
the Jaynes-Cumming type encountered when resonator modes interact with embedded e↵ective two-level systems [45], as in Fig. 5.1 (b). In keeping with the spirit of
Chapter 3 where we investigated the validity of modelling the JCH with the simpler,
single species Bose-Hubbard (BH) model [137], we also demonstrate that the superbunching signature persists under a JCH description. Moving beyond this minimal
‘array’, bunched emission is also demonstrated in near future experimentally accessible mesoscopic-sized systems [131, 196].

5.1

System

We consider a one-dimensional chain of M coupled single-mode optical resonators
under periodic boundary conditions. Each resonator of frequency !c is coherently
coupled to its two nearest-neighbors. External lasers coherently drive each resonator
in-phase with amplitude ⌦. In a frame rotating at the laser frequency !L , the system
Hamiltonian is:
Ĥ(M ) =

M h
X

†
† †
†
c âj âj + U âj âj âj âj + ⌦(âj + âj )

j=1

i

J

X ⇣

<j,j 0 >

⌘
â†j â0j .

(5.1)

Here U is the Kerr nonlinear strength, J is the photon hopping rate, ⌦ is the
photon driving strength, and hj, j 0 i denotes nearest neighbour resonators. We take
all Hamiltonian coupling rates to be much smaller than the bare resonator frequency,
U, J, ⌦ ⌧ !c . The operators âj are the photon destruction operators for the photon
mode in resonator j. The detuning of the driving laser frequency from the bare
cavity frequency is

c

= !c

!L .

Markovian photon loss processes from each cavity are incorporated via a quantum
master equation formalism for the evolution of the system density matrix ⇢, ⇢˙ =
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L(M ) [⇢], where
L

(M )

1
[⇢] = [Ĥ(M ) , ⇢] +
i

p

M
X
j=1

D̂âj [⇢].

(5.2)

The dissipative part of the dynamics is described by D̂âj [⇢] = âj ⇢â†j

1 †
(â â ⇢
2 j j

+

⇢â†j âj ). The NESS of the system is described by the density matrix ⇢ss which satisfies
L[⇢ss ] = 0. Intra-resonator observables are measured with respect to this state,
hÔiss ⌘ Tr(Ô⇢ss ), and may be experimentally inferred from measurements on the
emitted photons using existing techniques.

5.2

Two-resonator ‘dimer’

We begin by analyzing the simplest possible driven resonator ‘array’ consisting of
just M = 2 resonators, which serves to illustrate clearly our scheme for accessing
the unit-filled ground state. Figure 5.1 (b) shows the low-lying eigenstructure of
the undriven Hamiltonian of Eq. (5.1) for M = 2, and our driving scheme. The
two one-photon eigen-frequencies are the symmetric (+) and anti-symmetric (-)
(1)

Bloch modes, and lie (in the bare frame, with ⌦ = 0) at !± = !c ⌥ J, with
corresponding eigenstates |1± i =
(2)

(2)

are !0 = 2!c + 2U , !±

(|01i ⌥ |10i). The two-photon eigen-frequencies
p
= 2!c + U ⌥ U 2 + 4J 2 , with eigenstates |20 i, |2± i:

|2 i =

where

c

=

1
2

p

p1
2

p

2

c |11i + J(|02i + |20i)
p
,
2 c (2 c + U )

1
|20 i = p (|02i + |20i)
2
p
2( c + U )|11i + J(|02i + |20i)
p
|2+ i =
,
2( c + U )(2 c + U )
U 2 + 4J 2

U is the driving laser detuning to be discussed mo(2)

mentarily. The unit-filled ground state is of frequency !+ . This mode undergoes
a qualitative change between the extreme limits of a localized state, characterized
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by vanishing on-site photon number fluctutation Var(â†j âj ) ! 0 for U
coherent superposition state with Var(â†j âj ) !

1
2

J, to a

for U ⌧ J. For increasing system

size, the behavioural transition of the ground state becomes sharper, approaching
the celebrated Bose-Hubbard Mott-insulating to superfluid phase transition in the
infinite system limit [7].
To selectively populate the unit-filled ground state of Eq. (5.1) for a particular
set of Hamiltonian parameters, we set the driving laser frequency such that two
(2)

laser photons are resonant with the lowest-lying two photon mode, i.e. 2!L = !+ ,
implying a laser detuning

c (J, U )

Fixing

c

=

c (J, U )

=

1 ⇣p 2
U + 4J 2
2

⌘
U .

(5.3)

for a given hopping and nonlinearity, we now examine which

features of the underlying Hamiltonian mode structure leave fingerprints on experimentally accessible photonics observables. In our non-equilibrium setting the photon
number is not an integer and the photon number variance is not an informative order parameter. To compensate for these non-equilibrium e↵ects, we instead focus
(2)

on the local zero-time photon correlation function g (2) ⌘ gj

= hâ†j â†j âj âj i/hâ†j âj i2 ,

a statistical quantity directly accessible in CRA setups through standard methods
like homodyne detection [30]. We note that g (2) measurements may be particularly
valuable in weakly-driven systems, where the excitation number may be very small,
but normalised statistical quantities may be collected over longer times.
Figure 5.2 (a) shows g (2) measured in the NESS of a BH dimer pumped at the
laser detuning of Eq. (5.3), for a range of tunnelling rates and nonlinearities (J, U ).
The diagram is broadly divided into three regions, defined by Poissonian (g (2) ⇡ 1),
anti-bunched (g (2) < 1) and bunched (g (2) > 1) statistics. Notably, there is a critical
coupling rate Jcrit between the resonators below which bunching does not occur for
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Figure 5.2. (a) Emitted photon statistics as a function of J and U for a dimer
(M = 2) of resonators driven according to Eq. (5.3). Black curve: analytic
result for g (2) = 1. Black dot: the point (Jc / p , Uc / p ) where bunching sets
in. (b) ‘Slices’ along the dotted lines in (a), above and below the critical
hopping amplitude at which the bunching feature appears, for decreasing
driving strengths, down to the infinitesimal limit (solid black lines).

any value of nonlinearity, suggesting that the bunching arises from a co-operative
many body e↵ect in the NESS. Figure 5.2 (b) shows the qualitative di↵erence in
the behaviour of the correlation function above and below this critical point. For
comparison, an isolated resonator driven at it’s single-particle (unit-filled) resonance
never exhibits bunched signatures (see dash-dotted line in lower panel of Fig. 5.2 (b)).
At low nonlinearities U ⌧

p,

the dimer is driven at the frequency of the zero-

momentum Bloch mode, and its response is approximately linear. The NESS is a
coherent state, inheriting Poissonian statistics with g (2) = 1 from the driving laser,
and average population hâ†j âj i = (2⌦/ p )2 , for all J. At the other extreme, taking
the hardcore limit U

p

(while also remaining in the regime U ⌧ !c ), no more

than a single photon per resonator can be injected, and the problem is reduced to two
coupled two-level systems whose statistics are completely anti bunched (g (2) = 0),
with mean excitation number per resonator limU !1 hâ† âi = x(2x + 1)/((2x + 1)2 +
xy), where x ⌘ (2⌦/ p )2 and y ⌘ (J/⌦)2 .
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Away from these extreme limits, in the region of parameter space where J and U
are comparable, the emitted light is bunched, for hopping rates larger than a critical
rate J > Jc . This is counter-intuitive, as we are probing a two-photon state with
significant repulsion favouring separation, and yet we find an enhanced probability
of photons being emitted together, relative to the statistics of the driving. This
physics is reminiscent of many-boson bound states and localised breather modes in
the Bose-Hubbard model [197, 198, 199, 200, 201], however we show below that our
bunching is qualitatively di↵erent.

We derive features of this bunched region by considering the limit of infinitesimal
driving. Figure 5.2 (b) shows that the correlation function approaches a limiting
behaviour as ⌦/

p

! 0, an observation confirmed by perturbatively expanding

the elements of the NESS density matrix ⇢ss in increasing powers of the driving
strength, then solving for g (2) [88]. That is, we solve for ⇢ss satisfying L(M ) [⇢ss ] = 0
in a minimal basis consisting of states with at most two photons in the system,
where the super-operator L(M ) is defined in Eq. (2). We recursively solve for density
matrix elements at increasing powers of the weak driving strength ⌦/ p .

For notational convenience, we label the basis states in the following way: |00i !
1, |10i ! 2, |01i ! 3, |11i ! 4, |20i ! 5, |02i ! 6. The symmetry of our system
under exchange of resonators 1 , 2 allows for a considerable reduction in the
necessary size of the density matrix description. The assumption that the system is
very weakly driven is embodied in the assumption ⇢11 ⇡ 1.
Following the approach in Ref. [88], we derive equations involving increasing
orders of the driving strength ⌦/ p , with the goal of calculating g (2) = ⇢255 /⇢22 .
Here we give solutions for the elements ⇢55 and ⇢22 , which in turn depend on other
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elements:
⌦
2 p [(2 p + (2U )2 + (4J)2 ]
h
p
⇥ Im(⇢25 )8 2( p2 + U 2 + 2J 2 JU )
p
+ Re(⇢25 )8 2 p J Im(⇢24 )8J( 2J + U )

⇢55 =

)2

Re(⇢24 )8 p J] .

The elements ⇢24 and ⇢25 are given by:

⇢24
⇢25

p
p
2 2J( 2⇢22 ⇢15 ) i(2⇢22 ⇢14 )(i c + iJ + 2iU
= ⌦
i c + iJ 32 p i c + iJ + 2iU 32 p
p
p
2J(2⇢22 ⇢14 ) + i(⇢15
2⇢22 )(i c + iJ 32 p )
= ⌦
.
i c + iJ 32 p i c + iJ + 2iU 32 p

3
)
2 p

,

These depend on the elements ⇢14 and ⇢15 which are proportional to the vaccuum
state population, to first order in the driving

⇢14

, ⇢15

⇣

⌘
2i( c J)
✓
◆
1
+
4J⌦ + 2i⌦( p 2i c 2iU )
2i⌦
p
=
⇢11
⇣
⌘2
( p 2i c )( p 2i c 2iU ) + 4J 2
p
1 + 2( cp J)
⇣
⌘
2i( c J)
p
p
✓
◆
1+
2 2J⌦ + 2i⌦( p 2i c )
2i⌦
p
=
⇢11 .
⇣
⌘2
( p 2i c )( p 2i c 2iU ) + 4J 2
p
1 + 2( cp J)

Meanwhile the denominator of g (2) is given by

⇢22 =

✓

2⌦
p

◆2

1+

⇣

1
2(

c
p

J)

⌘2 ⇢11 .

The correlation function g (2) = ⇢255 /⇢22 does not appear to be amenable to physical insight or meaningful mathematical manipulation. Instead, further progress is
made by employing a pure-state ansatz ⇢ss = |

ss ih

ss |,

valid in the low driving
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regime [101] where we observe Tr(⇢2ss ) ⇡ 1. The state |

ss i

is found as the station(M )

ary state (corresponding to the zero eigenvalue) of the e↵ective Hamiltonian Ĥe↵
obtained by replacing

!

c

c

i p /2 in Eq. (5.1), which may be interpreted as the

Hamiltonian governing a single quantum trajectory, with a vanishing probability of
a quantum jump ensured by taking the limit ⌦/

p

! 0.

Considering only the lowest excitations and exploiting the symmetry of the twosite system, we set |

ss i

= C00 |00i + C1 (|01i + |10i) + C11 |11i + C2 (|02i + |20i).

We find the following results for the wave-function coefficients, after exploiting the
symmetry of the system by setting C02 = C20 ⌘ C2 and C01 = C10 ⌘ C1
C00 ⇡ 1,
C1 =
C2 =
⇥
Here

c



⌦C00
,
J i2
c
✓
⌦C1
p
2( c + U i p /2)

1

J
(

c

2

i p /2)(

is again the laser detuning

c

c

+U

c

◆
J
+1 ,
i p /2
1

i p /2)

.

necessary to excite the correct mode for a

given Hamiltonian parameter set (U, J) according to Eq. (5.3). From these we may
explicitly obtain the correlation function as g (2) = 2|C2 |2 /|C1 |4 = 2|C2 /C12 |2 as
g (2) =

where A =

c

1
1+

2,
AU
2
J

A2

˜ crit ⌘ (Ucrit / p , Jcrit / p )
i p /2. To solve for the parameters (Ũ , J)

at which bunching sets in, we set g (2) = 1, and implicitly di↵erentiate the resulting
˜ Ṽ = 0, to find the minimum resonator coupling for which
expression, setting dJ/d
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bunched statistics appear

J˜crit =

4
Ũcrit

=

s

p
3+2 2
,
4

(5.4)

as marked in Fig. 5.2 (a). The transition from super- to sub-Poissonian statistics
q
(2)
˜
(i.e. where g = 1) is found to occur at J ⇡ Ũ /2 for J
Jc , while for very large
⇣ ⌘2 ⇣
⌘
˜
but finite U/J, the exact solution may be simplified to g (2) ⇡ ŨJ
1 + 4J˜2 .
Figure 5.3 o↵ers physical insight into this phenomenon, showing the emission

spectrum of the system as calculated from the Fourier transform S(!

!L ) of the

on-site steady-state auto-correlation function S(⌧ ) = hâ† (t + ⌧ )â(t)i, as a function of
increasing nonlinearity. The resonator coupling is sufficiently large (J/

p

= 10 > J˜c )

to observe bunched emission (top panel of Fig. 5.3 (a)). At all nonlinearities, the
spectrum is dominated by two bright features. These correspond to decays from the
lower and upper one-particle states |1⌥ i to the vacuum |0i, labelled lines A and B
respectively.
Weaker features are also present, which do not significantly a↵ect the steady
state photon populations, but may strongly modify statistical quantities such as
g (2) . Line C in Figs. 5.3 (a) and (b) corresponds to emission from the highest twoparticle state |2+ i to an intermediate level, as drawn in Fig. 5.3 (c). In the vicinity
p
of the crossing of emission lines B and C at Ũ /J˜ = (9
17)/4, the population
in |2 i reaches a maximum, as photons emitted as part of the line B decay process
may transfer population instead to |2 i. Further, calculating projections into the
bare basis, we find that there is a greater probability of finding the two photons
of the mode |2 i in the same resonator than distributed between them, relative to
the driven |2+ i mode. This is reflected in the enhanced probability of simultaneous
emission of two photons (g (2) > 1) around this crossing. In contrast the mode |2+ i
favours delocalising its two photons relative to the statistics of the driving laser.
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Thus, we observe either approximately coherent, or anti-bunched light in all regions
of parameter space except in the vicinity of the crossing of lines B and C. This
underlying mechanism makes the photon bunching qualitatively di↵erent that that
of discrete breather modes in dissipative nonlinear lattices [202, 203].
For resonator couplings J <

p,

the global physics of the system resembles that

of an isolated nonlinear resonator driven at it’s resonance frequency, such that antibunching is always expected – in spectral terms, the crossing of lines B and C is
hidden inside the coalesced lines A and B of Fig. 5.3.

Figure 5.3. (a) Lower: Emission spectral function relative to the laser
frequency |S(! !L )|2 with increasing nonlinearity U at a fixed hopping
J/ p = 10. At our weak driving (⌦/ p = 0.3), the spectrum is dominated by
transitions between the ground and one-particle manifold (bright lines A and
B). Weaker features involving the two-particle manifold are also present, for
instance the dashed curve highlighting line C. Upper: the zero-time correlation function g (2) . (b) Closer view of the region of parameter space bounded
by the white box in (a), but calculated at the higher driving ⌦/ p = 1 to
highlight the crossing of the features labelled Lines B and C. (c) Transitions
involved in spectral lines B and C, with only the relevant modes drawn.
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Bunching in larger systems

We now investigate how the correlations presented in Fig. 5.2 (b) evolve as the
system size increases, continuing to drive the commensurately-filled ground state.
An analytic approach valid for arbitrary Hamiltonian couplings beyond M = 2
resonators is intractable. Instead, we numerically calculate the eigenvector of the
(M )

e↵ective Hamiltonian Ĥe↵ with eigenvalue closest to zero (taking a series of successively weaker drivings ⌦/

p

to ensure convergence of observables). Exploiting the

translational invariance of systems with periodic boundary conditions allows us to
access systems of up to M = 7 resonators while retaining three photons per resonator
in simulations using the techniques in Appendix C. Figure 5.4 shows the evolution
of the counterintutive bunched region for increasing system sizes up to M = 7 resonators. We see a reduction in the magnitude and range of interaction strengths for
which bunched light is observed as the system size increases. The bunching region
is seen to retreat up the J-axis, while smaller interaction strengths U are necessary
to induce the bunching. This explains the reduction in the magnitude of the e↵ect
observed for cross-sections at di↵erent resonator couplings in Figure 5.4 (a).
Rigorous quantum trajectory calculations based on the matrix product state
representation and the time evolving block decimation algorithm [152, 153, 204]
performed at a finite driving strength broadly agree with the results obtained via
(M )

numerically exact diagonalisation of Ĥe↵ , as shown in Fig. 5.5. Each point corresponds to an average over 20 trajectories, and each trajectory is itself averaged over
15000 time steps. All calculations used a matrix product state parameter

= 60.

This Figure shows that the bunched emission also occurs for larger system sizes M
at finite driving amplitude. The phenomenon is therefore robust and may be expected in finite-sized experimental arrays. However, it also indicates that the precise
features of the bunching region do depend on drive strength, as already observed
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Figure 5.4. (a) Correlation function evaluated as a function of increasing
nonlinearity at fixed resonator coupling J/ p = 101 . Note the M = 2 results
are not included as the bunching in this case is significantly larger. (b) Extent
of the bunched region in (J, U ) parameter space, as measured from U = ULHS
corresponding to the peak g (2) , to U = URHS at which the correlations change
from bunched to anti-bunched, for a range of resonator couplings J.

for M = 2 in Fig. 5.2 (b).

5.4

Photon statistics in Jaynes-Cummings arrays

Near future circuit QED systems will most probably realise a few-photon resonator
nonlinearity via a Jaynes-Cummings interaction with embedded two-level systems
[12], as described by the Jaynes-Cummings-Hubbard Hamiltonian in a rotating
frame
(M )
ĤJCH

Here

=

M ⇣
X

= !c

†
c âj âj

+(

c

)ˆj+ ˆj

+

⌦(â†j

+ âj )

j=1

⌘

J

X ⇣

<j,j 0 >

â†j â0j

⌘

.

(5.5)

!a denotes the di↵erence between the resonators’ frequency and the

TLS transition frequency, and ˆ ± denote TLS raising and lowering operators. The
JCH is known to possess a localized-delocalized transition as either the hopping
J is increased, or the Jaynes-Cummings parameter

is made more negative. This
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Figure 5.5. (a) Evolution of a slice along the line J = JA through the diagram of Fig. 2 (a), for increasing system size, at fixed hopping J/ p = 10
and driving ⌦/ p = 0.4. The solid blue and red lines are exact diagonalisation results for small systems. Inset: illustrates the metric we use for the
width of the bunching region in (b) – squares denote the maximum bunching,
and circles show where the correlation function crosses from bunched to anti
bunched at g (2) = 1. (b) Evolution of the extent of the bunching region in parameter space for increasing system size. Note that in these calculations, we
have assumed open boundary conditions, in contrast to the periodic boundaries in previous calculations. (c) and (d) show results obtained by finding
(M )
the stationary states of an e↵ective quantum trajectory Hamiltonian Ĥe↵ .

transition is similar in some respects to the phase transition of the BH model, though
also di↵ers in fundamental ways on account of the di↵erent nature of the systems’s
intrinsic excitations (bosons and polaritons, respectively) [11, 73, 61, 79, 71, 137].
Figure 5.6 presents evidence that the mechanism underlying the bunched emission discussed above in the context of a the driven Bose-Hubbard model persists
in this qualitatively di↵erent setting for realistic atom-resonator couplings and loss
rates, and is therefore observable in near future state of the art experiments involving
just two coupled resonators.

5.5. Discussion

117

Figure 5.6. Steady state observables for a two-site Jaynes-Cummings array, driven at its lowest two-particle resonance. Parameters: g/ p = 10. (a)
Zero-time photon correlation as a function of resonator coupling J and atomresonator detuning , playing the part of an e↵ective photon nonlinearity.
Black line shows where g (2) = 1. (b) Spectral function |S(!)|2 evaluated
along the dashed line in (a), again showing a crossing of emission lines promoting photons to a state with enhanced probability of bunched emission.

5.5

Discussion

In this Chapter, we have proposed the selective excitation of photonic many-body
modes of interest in open resonator arrays using external driving lasers, over which
we have full control of frequency and amplitude. We have shown how a combination
of the equilibrium Hamiltonian structure and non-equilibrium operation lead to an
interaction-induced bunching in resonator photon statistics. This feature was found
to persist in mesoscopic-sized arrays, and is also found under a more realistic array
description, making its observation feasible in coming experiments.
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Chapter 6
Frozen photons in Jaynes Cummings
arrays

In this short chapter we depart from our study of non-equilibrium steady states, investigating instead a dynamical phenomenon in CRAs. Recently, there has been significant attention paid to finding novel observable non-equilibrium e↵ects in modestsized arrays, both in the steady state of driven-dissipative systems [190, 101, 205,
104, 94, 87], and in explorations of coherent array dynamics [90, 98, 96, 97, 206]. Resonator arrays are in many ways ideal platforms for the exploration of non-equilibrium
quantum phenomena, potentially allowing relative ease of access to dynamical observables via localised measurements of photon fields, or of the atoms in each resonator.
Here we study the origin of ‘frozen’ states in coupled Jaynes-Cummings-Hubbard
arrays in the presence of losses. For the case of half a resonator array initially
populated with photons while the other half is left empty we show the emergence of
self-localized or ‘frozen’ photonic states for specific values of the local atom-photon
coupling. The resonator nonlinearity must be sufficiently large for localisation e↵ects
to set in, beyond which the photon population remains trapped in half of the system.
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We analyze the dynamics in the quantum regime and discover that a semiclassical treatment similar to that first presented in [98] for the limiting case of two
coupled resonators predicts a sharp transition between localised domain formation
and delocalised dynamics in which photons tunnel between both halves of the system. Going beyond the semiclassical approach, fully quantum calculations confirm
the frozen photon dynamics for strongly nonlinear arrays while also revealing features not present in the semiclassical calculation.
We trace the origin of this interaction-induced photon ‘freezing’ to the suppression of excitation of propagating modes in the system at large interaction strengths.
Our findings can be seen in some ways as a photonic analog of the non-equilibrium
dynamics of XXZ chains where it has been recently shown that strong nearestneighbor interactions can lead to the formation of polarised domains which strongly
influence the transport properties of spin chains [207, 140]. These ferromagnetic
domains have been shown to be stable. They are spectrally separated from mobile
states of the system which are capable of breaking them.
We show a related but distinct photonic equivalent. Our ‘domains’ of photons remain trapped over timescales large with respect to characteristic system rates due to
a vanishing overlap between the initial pumped states we consider, and propagating
modes of the system in the limit of large local interactions.
We discuss the possibility to experimentally probe the relevant transition by
analyzing the emitted photon correlations, and we find a strong signature of the
e↵ect in the emitted photons statistics.

6.1

System

The system we consider is a one-dimensional linear array of M coupled optical resonators. Each resonator features a relevant mode of frequency !c , and is coherently

6.1. System
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coupled to its nearest neighbours, as shown schematically in Fig. 5.1. A single twolevel system (TLS) with transition frequency !0 is coherently coupled via a JaynesCummings interaction to each resonator, with coupling strength g. In this work, we
consider only the on-resonance case

= !c

!0 = 0. The governing Hamiltonian

is then the well-known Jaynes-Cummings-Hubbard (JCH) Hamiltonian:

Ĥ =

Xh
j

⇣
⌘
⇣
⌘i
(!c â†j âj + ˆj+ ˆj + g â†j ˆj + âj ˆj+

J

X

â†j âj 0 .

(6.1)

hj,j 0 i

Here âj is the photon destruction operator for resonator j, and the ˆj± are the
raising / lowering operators for the TLS coupled to resonator j. The set of nearest
neighbour resonators is denoted by hj, j 0 i. The Hamiltonian Ĥ commutes with the
total excitation number operator

N̂ =

X⇣
j

â†j âj + ˆj+ ˆj

⌘

.

(6.2)

Figure 6.1. Schematic of our system and the initial conditions considered.
The left half of a one dimensional array with M resonators (here M = 4)
is initialised in a Fock state of N0 photons (in this particular schematic,
N0 = 4). Each resonator is coherently coupled to its two nearest neighbours
with associated tunnelling rate J. Each resonator is also coherently coupled
to a two-level system (TLS) with Jaynes-Cummings coupling parameter g.

Throughout this work we shall consider a specific type of initial state. Namely,
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we initialise one half of the system in a Fock state of N0 photons, with each TLS in
its ground state, as demonstrated graphically in Fig. 6.1.
M/2

| (0)i =

Y
j=1

|g, N0 ij ⌦

M
Y

j=M/2+1

|g, 0ij ,

(6.3)

where |g, nij denotes a photonic Fock state of n photons in resonator j.
Generalising [98] to the case of an extended system, of central interest in the
following analysis will be the photon imbalance Z(t) between the left (L) and right
(R) halves of the system, as defined by:

Z(t) =

PM/2
j=1

hâ†j âj i(t)
PM

PM

†
j=M/2+1 hâj âj i(t)

†
j=1 hâj âj i(t)

(6.4)

In particular, we find that time-averaging Z(t) neatly encapsulates details of the
photon dynamics. We denote such time averages in the following by Z̄. Values of
Z̄ close to zero imply delocalisation of photons across the two halves of the system,
either oscillating back and forth in some manner or reaching an approximately even
distribution. Meanwhile Z̄ ⇡ 1 implies a photon population trapped in one side of
the system for a substantial period of time.

6.2

Photon localisation under a semi-classical treatment

We begin our analysis of the dynamics of the system Eq. (6.1) at the semiclassical
level, thereby making contact with the related previous work of [98]. We first use
the Heisenberg equation of motion

d
Ô
dt

= i[Ĥ, Ô] to generate evolution equations for

the photonic and TLS operator expectation values. As the semi-classical approximation entails factorising the expectation values of operator products into products

6.2. Photon localisation under a semi-classical treatment
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of expectation values (e.g. hâ†j ˆj i = hâ†j ihˆj i), we need only generate equations for
the three operators âj , ˆj , ˆjz at each site j.
Defining (↵j , mj , zj ) ⌘ (hâj i, hˆj i, hˆjz i), we obtain the set of coupled di↵erential
equations for their evolution:

↵˙j =

i!c ↵j

ṁj =

2i!c mj + ig↵j zj

z˙j =

igmj + iJ((1

2ig ↵j m⇤j

j,1 )↵j 1

+ (1

j,M )↵j+1 )

↵j⇤ mj ,

(6.5)

where the delta functions take into account the open boundary conditions.
The initial conditions corresponding to our chosen state of Eq. (6.3) are

↵j =
zj =

8
>
< p N0 : j 

M
2

>
: 0 : j > M/2

mj = 0.

,

1,

(6.6)

We note that it has been shown that for the case of M = 2 resonators, a qualitative
change in the population imbalance dynamics occurs sharply at a critical coupling
p
gc ⇡ 2.8 N0 J [98]. Specifically, for g < gc , photons move between the resonators
with a characteristic tunnelling time. Around g = gc , this period diverges, leading to
a ‘self-trapped’ regime for g > gc in which the photon population remains localised
in one resonator.
With these results in mind, we look now at the time averaged photon imbalance
Z̄ for larger arrays as calculated by time evolving the set of Eqns. (6.5), shown
in Fig. 6.2. We see that semi-classical theory still predicts a sharp localised / delocalized transition at the critical coupling g = gc , regardless of the system size
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M.

Figure 6.2. The time-averaged photon imbalance Z̄ according to a semiclassical treatment of an M -resonator array. Z̄ denotes the average of Z(t)
over a time interval tJ 2 [0, 20]. The transparent blue plane marks the
critical coupling predicted by semi-classical theory for the case of M = 2
resonators [98].

6.3

The fully quantum regime

Going now beyond semiclassical (SC) theory, which can only be valid in the limit of
a large number of excitations, we investigate whether an analogue of the localisation
predicted by the SC equations persists in the fully quantum regime of a few (N0  4)
excitations. Explicitly constructing a matrix representation of the Hamiltonian of
Eq. (6.1) and time evolving by applying the unitary operator Û (t) = exp( iĤt) to
the initial state | (t)i becomes numerically challenging beyond even M = 2 resonators. The two-species nature of the Jaynes-Cummings Hubbard Hamiltonian,
coupled with the necessity of retaining a sufficient number of photons per resonator
in calculations so as to avoid truncation error lead to a large Hilbert space dimension. Some progress is possible by projecting the dynamics into fixed particle number
subspaces, however we turn instead to a compact matrix product state (MPS) representation of the wave function, with time evolution of this ansatz facilitated by

6.3. The fully quantum regime
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the TEBD algorithm.
Figure 6.3 shows TEBD simulations of the local photon density in an M = 6
resonator array with the left half initially pumped with Fock states of N0 = 4
photons, for two Jaynes-Cummings nonlinearities, one weak and one strong (relative
to the photon tunnelling rate J). For weak nonlinearities photons initially oscillate
between the two halves of the system, reflecting from the boundaries and eventually
leading to a uniformly distributed population, i.e. zero photon imbalance Z̄ ⇡ 0.
For arrays with strong nonlinearities on the other hand, such as shown in Figure 6.3 (b), photons remain essentially trapped in the left-hand side of the system for
very long times (> 98% of the photon population remains in the first three sites over
the simulation window). The self-trapping phenomenon predicted by semiclassical
theory seems then to persist in the fully quantum regime of few photons.

Figure 6.3. Photon number evolution for an M = 6 resonator system with
the first three resonators pumped with N0 = 4 photon Fock states at t = 0.
(a) A weak nonlinearity g = 0.1J. (b) Strong Jaynes-Cummings nonlinearity
g = 15J. The apparent reduction in the mean photon number per site over
time is accounted for by the TLS excitation – we have checked that the
total excitation in the system is preserved by our numerics to 1% over the
simulation interval. Simulation parameters: all calculations kept a minimum
of nmax = min(N0 M/2, 7) photons per resonator in the computational basis.
A matrix product state truncation parameter of = 100 was found to be
sufficient to avoid cumulative errors.

Figure 6.4 however characterises the emergence of these domains of ‘frozen’ photons, showing that semiclassical theory is insufficient to fully capture all qualitative
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details of the e↵ect in the low-excitation regime. The Figure shows the results of
rigorous TEBD simulations for arrays of di↵erent sizes, pumped with di↵erent numbers of initial photons. We see that the ‘transition’ between delocalized (Z̄ ⇡ 0) and
localised (Z̄ ⇡ 1) dynamics becomes broader with increasing system size M , and
never resembles the sharp semi-classical transition of Fig. 6.2. The qualitative trend,
however, towards localisation with increasing nonlinearity g occurs irrespective of
M . Figure 6.4 (b) meanwhile shows that for N0 > 1, the magnitude of the initial excitation does not significantly a↵ect the rate at which the system approaches
the ‘frozen’ regime. Interestingly however we find that the case of a single photon
per resonator pumped into the left half of the system never exhibits localisation
behaviour, no matter how large the Jaynes-Cummings nonlinearity g.

Figure 6.4. An exploration of the time averaged photon imbalance Z̄. (a)
As a function of the system size M , holding the initial excitation N0 fixed.
(b) Z̄ as function of the initial excitation N0 , holding instead the system size
fixed.

We can understand this qualitative di↵erence in behaviour between N0 = 1 and
N0 > 1 by examining the initial state | (0)i in the eigenbasis of the Hamiltonian Ĥ.

6.4. Probing the frozen dynamics in an experiment
We work in the Hilbert subspace spanned by eigenvectors {
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j}

commuting with the

total excitation operator N̂ with eigenvalue n = N0 M/2, and calculate the overlap
of the initial state with each of these eigenstates ||h (0)|

j i||

2

. These overlaps are

presented in Fig. 6.5 for a minimal ‘array’ of M = 2 resonators with both N0 = 1
and N0 = 4 initial photons, as a function of the nonlinearity g. As expected, we
see a shu✏ing of excitation between the various eigenmodes as g changes. The
properties of the eigenmodes having significant overlap with the initial state for a
given nonlinearity g determine the properties of the time evolution of the system.
Of particular relevance is a measure of the ‘photon current’ through the centre of
the system, or alternatively the degree of photon delocalization across the halves
of the array. Both these quantities are reflected in a finite value of the expectation
value C = |hâ†M/2 âM/2+1 i|. On measuring C for each of the modes |

j i,

we find that

the initial state for the case of a single pumped initial photon N0 = 1 has a finite
overlap with ‘current-carrying’ modes even in the limit of a large nonlinearity g. In
contrast, only non-propagating modes are substantially excited for larger excitations
N0 > 1, leading to the frozen domains of Fig. 6.3 (b).

6.4

Probing the frozen dynamics in an experiment

Finally we present calculations showing experimentally relevant photonic observables
which give signatures of the transition between localised and delocalized dynamics.
While the photon number imbalance Z̄ between the two halves of the system may be
measurable via quantum non-demolition measurements [208] on frequency shifts of
the TLSs [209], we focus here on purely photonic observables that can be extracted
from the emitted photons from the array. In particular, we find that measurement of
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Figure 6.5. The projection of the initial state | (t = 0)i into each of the
eigenstates spanning the subspace consistent with the total number of excitation in the system, N0 M/2, for the simplest case of a dimer of M = 2
resonators. (a) Shows overlaps for an initial excitation of just N0 = 1 photon
in the first resonator. (b) The corresponding projections for an initial state
of N0 = 4 photons. Both plots show the evolution of the di↵erent projections
as the Jaynes-Cummings nonlinearity g is ramped up. Eigenmodes marked
‘P’ (for ‘propagating’) have a nonzero photon correlation function C across
the two halves of the system. Modes marked ‘N’ have vanishing C as g increases. Note that the larger dimension of the subspace for N0 = 4 results
in more eigenstates in (b).

(2)

the local second order photon correlations gL = hâ†j â†j âj âj i/hâ†j âj i2 yields signatures
of the transition. Figure. 6.6 shows that the freezing of population in one half of
the system (where the photon imbalance is Z̄ ⇡ 1) is accompanied by a qualitative
change in the on-site correlations from g (2) > 1 to g (2) ⇡ 1. Figures. 6.6 (a) and (c)
show that both the photon imbalance and the time-averaged correlator g (2) approach
a limiting behaviour as the initial number of photons grows large, with a sharp
transition in observables in the vicinity of the critical point predicted by semiclassical
theory g = gc .
Experimentally, the photon statistics encoded in g (2) are mapped on to the statistics of photons leaking from resonators with finite line widths as characterised by a
loss rate . To assess whether the correlator g (2) can serve as a probe of the transition in realistic settings with a finite resonator loss rate, we include Markovian
photon loss processes at rate

and TLS de-excitation at rate  via a quantum mas-

6.5. Discussion
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ter equation formalism, time evolving the system density matrix ⇢ from the initial
state of Eq. (6.3) under the evolution:

⇢(t)
˙ =

i[H, ⇢] +

X

i=L,R

(D[ai ] + D[

i

]),

where the action of the dissipator D is defined as D=(2O⇢O†

(6.7)

O† O⇢

⇢O† O)/2.

Figures. 6.6 (b) and (d) show that the introduction of a finite loss rate acts to smear
the transition, pushing localisation to larger nonlinearities g. However for sufficiently
large initial photon pumping (around N0 ⇡ 7), the statistics of the emitted photons
can be used to infer a change from delocalised physics (characterised by ḡ (2) > 1)
to the localised case (ḡ (2) ⇡ 1). The value of

we use leads to a maximum ratio

g/ ⇡ 200, within reach of near future experiments in Circuit QED architectures
[131].

6.5

Discussion

We have demonstrated the existence of a novel strongly correlated regime of ‘frozen’
photons in optical resonator arrays with large Jaynes Cummings type nonlinearities.
For a sufficiently large initial excitation of part of the resonator array, the photon
dynamics are dramatically suppressed due to a very small overlap with propagating
modes of the system. As little as 2 pumped photons per resonator are sufficient
to observe signatures of ‘frozen’ domains of photons, allowing access to the truly
quantum few-excitation regime.
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Figure 6.6. Charting the localisation - delocalization transition for a minimal M = 2 resonator array through both the time averaged photon imbalance
Z̄ (top row) and the time-averaged photon correlator ḡ (2) (bottom row) for
increasing initial photon number N0 . Z̄ and ḡ (2) are calculated for systems
with no losses (left column), and for small finite loss rates =  = 0.05J.

Chapter 7
Parametrically pumped resonator
arrays

In this chapter, we study the physics of CRAs under a novel type of driving, suggested recently in Ref. [139]. Instead of driving the resonators directly as in previous
chapters, it was proposed to drive a nonlinear material coupled to the inter-resonator
fields, producing correlated pairs of photons as shown in Fig 7.1 [210]. Because of
the intra-resonator nonlinearities, these pairs are injected into adjacent resonators.
In a frame rotating at the driving frequency !L , the governing Hamiltonian is

Hp =

J

X⇣

hj,j 0 i

µ

X

⌘ XU
â†j âj 0 + H.c. +
n̂j (n̂j
2
j

1) +

X⇣
j

â†j âj .

â†j â†j+1 + âj âj+1

⌘

(7.1)

j

Here J > 0 is the coherent tunnelling amplitude between nearest neighbour resonators, U is the local repulsive interaction strength,
parametric two-photon pumping, and µ = !p

is the amplitude of coherent

!c plays the role of a chemical

potential.
CRAs driven parametrically by two-photon processes in this way have been predicted to demonstrate signatures of exotic Majorana fermions – particles which are
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their own anti-particles. The seminal work in [139] treated finite 1D systems with
open boundary conditions, working in the ultra-strong nonlinearity limit so as to
achieve the fermionised photon regime [104]. In this limit, the physics of CRAs may
be mapped to a toy model for Majorana physics originally proposed by Kitaev [211],
which describes a 1D p-wave superconductor of spinless fermions. The Kitaev model
exhibits topological phases characterised by the existence of localised edge modes
in certain parameter regimes, and has attracted a lot of attention in the context
of topological quantum computers which promise a route to overcome problems of
decoherence [212].

Figure 7.1. Schematic of parametric pumping in resonator arrays. Each
resonator is single mode (yellow Gaussian shape), and possesses a Kerr nonlinearity U . Coherent photon hopping between nearest neighbours follows
from modal overlaps. Parametric injection of correlated photons is achieved
by coupling to the inter-resonator fields where strongly nonlinear materials
are placed (see Supplementary material of [139]), and sufficiently large U
ensures photon pairs are injected into neighbouring resonators. Figure and
proposed system / driving reproduced from [139]. We note this system is
intended more as an illustration of novel physics than a concrete physically
implementable proposal.

The properties of more realistic systems of parametrically pumped resonator arrays with sizeable but finite nonlinearity remains unexplored. A rich phase diagram
is to be expected, as the bosonic nature of the photons away from the fermonized
limit comes into play, coupled with a competition between the coherence injected by
the pumping, the nonlinearity, and photon tunnelling. Interesting questions arise,
such as the existence of new phases, and particularly the persistence of topological
behaviour as the hardcore constraint is relaxed. In this chapter, we calculate ground
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state properties of both infinite- and finite-sized parametrically pumped arrays, both
in the hardcore fermionised regime, and away from this idealised limit.

Before beginning our investigation of the ground states of the Hamiltonian of
Eq. (7.1), we first introduce the concepts of non-local order parameters and the
entanglement spectrum as useful tools in classifying topological phases in the context
of the somewhat related extended Bose-Hubbard model (EBHM):

HV =

XU
j

2

n̂j (n̂j

1)

J

X⇣

hj,j 0 i

⌘
X
â†j âj 0 + H.c. + V
n̂j n̂j+1 .

(7.2)

j

The EBHM di↵ers from the canonical Bose-Hubbard model in the addition of a
nearest-neighbor repulsion term characterised by the rate V . Here U and J are
again the on-site repulsion, and inter-site coherent tunnelling energy. This model is
known to possess a range of ground-state phases at unit filling.

The extended Bose-Hubbard model is known to possess a topological phase characterised by non-local ‘hidden’ order parameters [213], and degeneracies in its entanglement spectrum [214, 215, 216], motivating a search for analogous intriguing
states in the parametrically driven case.

We stress that the results of this chapter constitute a preliminary study of this
novel system, and as such are presented somewhat phenomenologically as a basis
for future more thorough explorations. To our knowledge this system has not been
treated at all in the literature, and so we elucidate its novel physical features by
ignoring photon loss processes, characterising it instead through its ground state
properties.
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7.1

Examples of topological signatures in the extended Bose-Hubbard model

In this section we solve for the ground states of infinite systems described by Hamiltonian 7.2 using imaginary time evolution under the infinite TEBD (iTEBD) scheme
as introduced in Section 2.6. As the Hamiltonian of Eq. (7.2) is number-conserving,
we restrict evolution to states with on average a single particle per site. To our
knowledge this remarkable quantum number conserving variant of iTEBD has not
been used in the calculation of ground state phase properties before.

7.1.1

Non-local order and ground state phases

Operating as we are in the unit-filled subspace, we expect hn̂i = 1 always. Expectation values in this chapter are to be understood to be measured relative to
the ground state. Another relevant local observable is

= hâi, which allows us to

distinguish between Mott ( = 0) and superfluid ( 6= 0) phases in the canonical
Bose-Hubbard model (corresponding to the limit V = 0 for the EBHM).
In contrast to Mott and superfluid phases, topological phases cannot be characterised by a local order parameter, and additionally are often characterised by the
presence of gapless edge modes as we explore in Section 7.3. Local observables such
as

yield only an incomplete characterisation of topological ground states. The

existence of long-ranged order can be detected by appropriately designed non-local
order parameters. Here we define ‘string’ order OS , ‘parity’ order OP , and density
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wave order ODW [217]:
OS2 =
OP2 =
2
ODW
=

lim h ni

|i j|!1

lim h

|i j|!1

Y

( 1)

i<l<j

Y

lim ( 1)|i

j|

|i j|!1

where the density fluctuation operator nj = n̂j

nj i

(7.3)

i

(7.4)

h ni nj i,

(7.5)

( 1)

i<l<j

nl

nl

n̄ measures fluctuations relative

to the mean density. Figure 7.2 shows the expected phase diagram for a unit-filled
EBHM system in the thermodynamic limit as a function of on-site and inter-site
interaction strengths (U and V respectively).

Figure 7.2. Ground state phase diagram of the unit-filled extended BoseHubbard model of Eq. (7.2). Reproduced from [218].

The Mott insulating (MI) and superfluid (SF) phases are familiar from the canonical Bose-Hubbard model, and indeed are the only phases present for small V . At the
other extreme, when inter-site interactions dominate over all other rates (V ! 1),
it is energetically favourable for two particles to occupy the same site, with doubly occupied sites separated from each other by an empty site. The ground state
| iGS = · · · |2i ⌦ |0i ⌦ |2i ⌦ |0i ⌦ · · · in this limit is therefore ‘density ordered’, and is
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known as the ‘density-wave’ (DW) phase. This phase in the extreme limit V ! 1
leads to nj = ±1, with an alternating sign on each site. The negative sign in the
definition of ODW then ensures a non-zero correlator.
Figure 7.2 shows a fourth phase at intermediate V , when all rates U, V, J are
comparable. This ‘Haldane insulator’ [213, 217] is an example of a topological
state of matter, and is characterised by a non-vanishing string order OS 6= 0.
Physically, this corresponds to an ordering of fluctuations relative to a perfect
unit-filled product state |1i = | · · · 11111 · · · 11111 · · · i. That is, deviations from
the state |1i are not randomly distributed as either | · · · 111110 · · · 21111 · · · i or
| · · · 111112 · · · 01111 · · · i, but rather a ‘hole’ (|0i) is consistently preceded by an
‘excitation’ (|2i), or vice versa, further illustrated in Fig. 7.3. In contrast, a Mott
insulator exhibits parity ordering (OP 6= 0), as an excitation is always accompanied
by a bound hole, but no string order as the order of these pairs is random. Figure 7.4 (b) shows long range order parameters calculated according to Eqns. (7.3)
– (7.5) quantities along a slice through the phase diagram of Fig. 7.2. We see that
ODW 6= 0 only in the DW phase, but that both the Haldane insulator and DW phase
possess string order.

Figure 7.3. Typical configurations in the (a) HI and (b) MI ground states.
The numbers represent n (the deviation of the local occupation from the
average density). The HI can be described as a charge ordered +, , +, · · ·
state with an undetermined number of 0 sites between each + and . The
MI is a dilute gas of particle-hole pairs (indicated by the dotted ellipses).
Figure reproduced from [219].
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7.1.2

Entanglement spectra

We now introduce an alternative approach to classifying the phases in Fig. 7.2,
namely calculation of the entanglement spectra. The entanglement spectrum (see
also Appendix B.1.2) is defined as the set of eigenvalues {

↵}

of the reduced density

matrix ⇢A of a lattice system split into two subsystems A and B. It provides key
insights into the nature of quantum correlations in many-body systems. Recently,
it has been proposed [214, 219] that topological phases can be characterized by
their entanglement spectrum, as symmetries in ground state phases manifest as
degeneracies in the {

↵ }.

In this way the topological phase of S = 1 spin chains has

been explored in [215] and that of the extended Bose-Hubbard model is studied in
[220].

Figure 7.4. Ground state quantities calculated along the dashed line in
Fig. 7.2. (a) The largest eigenvalues in the entanglement spectrum { ↵ }.
Larger eigenvalues are lower in the figure. The eigenvalue degeneracy is indicated by the type of symbol. The Mott insulating (MI) phase is characterised
by a singly degenerate largest eigenvalue, with smaller eigenvalues occurring
in degenerate pairs (only the first pair is shown). The Haldane insulating
(HI) phase has a degeneracy in the largest eigenvalue, while the density-wave
(DW) phase has no degeneracies anywhere in the entanglement spectrum.
(b) Non-local order parameters as defined in Eqns. (7.3 – 7.5). The blue
rectangle spans the same range of V in both (a) and (b).

We note that within the matrix product state formalism, the entanglement spec-
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trum is trivially available, as the Schmidt coefficients {

↵}

are fundamental quanti-

ties in the state representation, making entanglement spectrum analysis attractive.
Figure 7.4 (a) shows an example of how entanglement spectra may discriminate
between di↵erent phases. The Figure shows the largest eigenvalues in the Schmidt
spectrum for ground states along the slice in Fig. 7.7. Three di↵erent regions are
clearly visible. At low V /J (Mott insulating phase), the largest eigenvalues are nondegenerate, followed immediately by (sets of) degenerate eigenvalues. At large V /J
(charge density wave phase), there are no degenerate Schmidt eigenvalues anywhere
in the spectrum. Finally the topological Haldane phase at intermediate V /J, is
characterised by all Schmidt spectrum eigenvalues occurring in pairs.

7.2

Infinite parametrically driven arrays

Having introduced the entanglement spectrum and non-local order parameters as
useful quantities in the classification of ground state phases, we return to our central
system of interest, the Hamiltonian of Eq. (7.1).

7.2.1

Limits of the model

This section explores the properties of the Hamiltonian of Eq. (7.1) in and around
certain limits, with a view to building up a comprehensive picture of ground states
across parameter space. We continue to solve for the ground state of infinite arrays.

‘Hardcore’ limit
The hardcore limit as considered in [139] (for finite arrays) assumes an infinite local
nonlinearity U ! 1. The occupation of each site is then truncated to either 0 or
1, and the photons exhibit fermionic behaviour [221, 104].
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Figure 7.5. Comparison of Bose-Hubbard mean field phase diagrams for
di↵erent units. (a) The ‘canonical’ phase diagram, constructed by fixing the
interaction strength U and varying the hopping amplitude J and chemical
potential J. (b) The phase diagram obtained instead by fixing J and varying
U and µ. This second diagram is useful for connecting to the ‘hard-core’
limit U ! 1. (c) and (d) show rigorous (marked ’Exact’) MPS calculations
showing the boundaries of the first Mott lobe, and the mean field results
from (a) and (b) for comparison.

To visualise the approach to this limit, it is useful to replot the ‘canonical’ BoseHubbard phase diagram (

= 0), which charts the (µ, J) phase space at fixed U .

Figure 7.5 compares mean field and numerically exact results for the lowest-order
Mott lobes at fixed U , and also at fixed J. Figure 7.5 (b) in particular shows the
expected evolution of the BH phases as we approach the limit U ! 1. Only the
n = 0 and n = 1 lobes remain (higher occupations are forbidden), and a superfluid
gap separates them, spanning µ 2 [ 2J, 2J]. Still considering the limit

= 0,

the hopping term in the Hamiltonian leads to a band of propagating states with
bandwidth 4J. A value of the chemical potential falling anywhere inside this band
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µ 2 [ 2J, 2J] fills the states in the band up to that energy, leading to an occupation

hn̂iGS =

.

8
>
>
0
>
>
<

1

⇡
>
>
>
>
: 1

:µ<
arccos
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2

2J

: µ 2 [ 2J, 2J].
: µ > 2J

Figure 7.6. Ground state observables for the hardcore limit U ! 1. (a)
Ground state filling. (b) The local order parameter = hâGS i always vanishes outside µ 2 [ 2J, 2J]. (c) A finite parametric driving builds up string
order in the former Mott phases, which do not possess these correlations
(OS ! 0 for ! 0). (d) Meanwhile a finite degrades the parity ordering
of the insulating regions.

Figure 7.6 shows the evolution away from this well-known Tonks-Girardeau limit
(U ! 1,

= 0) as a finite driving is switched on. We see that outside the

superfluid region (i.e. |µ| > 2J), the driving builds up a non-zero string order,

7.2. Infinite parametrically driven arrays

141

while simultaneously degrading the parity ordering of these insulating regions. The
non-number conserving driving also breaks the integer (0 or 1) filling. Interestingly,
while a finite string order is present, an analysis of the entanglement spectrum (not
shown) shows no degeneracies anywhere in the Schmidt spectrum, in contrast to the
EBHM. The situation is di↵erent for finite systems, as we show shortly.

Zero parametric driving

!0

Switching o↵ the parametric driving term (

= 0) recovers the canonical Bose-

Hubbard model. Here we investigate the e↵ect on the well-known BH ground state
phase diagram of a small but finite parametric driving. Figure 7.7 shows the boundary of the one-particle Mott lobe as calculated by rigorous iTEBD simulations, while
Figure 7.8 shows observables calculated along a cross-section through this diagram
for zero, and finite driving amplitudes

.

We see that the driving acts to diminish the extent of the Mott lobe at
(characterised by unit filling hâ† âi = 1 and vanishing order parameter
The order parameter

=0

= hâi = 1).

aquires an appreciable value at hopping rates J < Jc relative

to the Bose-Hubbard transition point J = Jc .
This shift is accompanied by an increase in the mean particle number in the
Mott phase from unity. Strikingly, Figure 7.8 (c) shows that the parametric driving
induces non-local string order inside what was the Mott lobe, the magnitude of
which increases with

. The magnitude of the string order is largest just inside this

modified insulator, decaying away for smaller J.
Figure 7.9 shows results for a two-dimensional phase diagram in the (µ, U ) plane,
for di↵erent values of parametric driving strength

. Again, we see that the Mott

lobes shrink as the driving is switched on, and we also see the appearance of string
order around their edges. Deep inside the lobes, however, the ground state is more
protected from the e↵ect of the driving. This behaviour accords also with the results
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Figure 7.7. Rigorous ground state phase diagram of the Bose-Hubbard
model. Blue: single-particle Mott Lobe characterised by vanishing order
parameter = hâiGS . Surrounding white region: superfluid with non-zero
order parameter 6= 0. The lobe aquires a characteristic downwards-pointing
slope compared to simpler mean-field treatments. Reproduced from [59].

for the hard-core limit in Fig. 7.6. Again, we find no degeneracy signatures of
topological properties in the entanglement spectrum at any point in phase space.

7.3

Finite systems

In this section we consider finite 1D chains of size M . As we show explicitly for the
hard-core limit below, in certain parameter regimes topological behaviour manifests
in the ground state of these systems as degenerate modes localised at the ends of
the 1D chain. In addition to a degeneracy in the eigen-spectrum of the Hamiltonian,
degeneracies appear in the entanglement spectrum too. The relatively small sizes of
arrays we study (M < 20) mean that it is not possible to take the limit in Eqns. (7.3)
- (7.5) to determine non-local order parameter values, and so we focus primarily on
the entanglement spectra properties.
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Figure 7.8. Ground state observables along the dashed line in Fig. 7.7. Parameters: fixed µ/U = 0.5. (a) The ground state occupation number per
site. (b) The local order parameter = hâiGS distinguishing between Mott
( = 0) and superfluid ( 6= 0) phases at
= 0. (c) The non-local string
order. (d) Non-local parity order.

7.3.1

Hardcore limit - Kitaev model and topological behaviour

Taking U ! 1 for a finite array recovers a toy model possessing topologically nontrivial properties, first introduced by Kitaev. To gain insight into the topological
nature, we define the Majorana operators

ĉ2j

1

ĉ2j

Focussing on the illustrative case

= âj + â†j ,
⇣
⌘
†
=
i âj âj .

(7.6)

= J > 0 and µ = 0 (i.e. !c = !L ), the total

Hamiltonian reduces to
H = iJ

M
X1
j=1

ĉ2j ĉ2j+1 .

(7.7)
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Figure 7.9. Local order parameter
= hâGS i (left) and string order OS
(right) for di↵erent parametric driving rates: /J = 0 (top row), /J = 0.05
(middle row), /J = 0.1 (bottom row). We see the Mott lobes retreating
up the U/J axis for larger driving. Strikingly, we see sizeable string ordered
regions building up along the edges of Mott lobes.

Expanding out these ĉ operators on ‘virtual’ nearest neighbour sites, we recover
nearest the neighbour hopping of the original Hamiltonian.
Thus the Majorana operators ĉ2j , ĉ2j+1 from di↵erent sites are paired together.
Importantly, the spectrum exhibits two zero-energy Majorana modes corresponding
to the Majorana operators ĉ1 and ĉ2M localised at the ends of the chain (note that
these operators do not appear in the sum in Eq. (7.7)). A full working [211] shows
that in contrast, when |µ| > 2J, only Majorana operators ĉ2j 1 , ĉ2j from the same
physical site j are paired together. The di↵erence between these two types of pairing
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are illustrated in Fig. 7.10.

Figure 7.10. Two types of pairing in the Kitaev model

Figures 7.11 and 7.12 show these degeneracies as calculated for small systems,
along with the entanglement spectral gap between the two largest Schmidt coefficients of the reduced density matrix after a bipartition at the middle of the array.

Figure 7.11. Entanglement spectral gap
second-largest Schmidt coefficients 1 and
model for small systems of size M .

1
2

2 between the largest and
for ground states of the Kitaev

The trend with increasing M is for the entanglement spectrum degeneracy (white)
to occupy the whole region |µ| < 2J. The M -dependent oscillatory structure at small
drivings

is a finite-size e↵ect, vanishing for larger systems.
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Figure 7.12. (a) Cross-section of the entanglement spectral gap through
Figures 7.11. (b) Shows instead the gap between the lowest-lying eigenvalues
of the governing Hamiltonian (ground state and first excited state). We see
for both cases degeneracies which extend approximately across µ 2 [ 2J, 2J].

7.3.2

Relaxing the hardcore constraint

The topologically non-trivial behaviour of the Kitaev model is well known. Probing
Majorana fermionic physics in an e↵ective Kitaev model in a CRA setting was the
primary focus of the work in [139]. Of interest is whether topological signatures may
be observed in realistic arrays, possessing a large but finite resonator interaction
strength U . To this end, in Fig. 7.13 we present ground state entanglement spectral
gaps for finite systems of M = 20 resonators at di↵erent on-site interaction strengths
U . Encouragingly, we observe degeneracies over a large region R of parameter space
even down to an achievable nonlinearity U/J = 10. Interestingly, the region R is no
longer constrained to |µ| < 2J as in the hard-core model of Fig. 7.13 (a). At larger
drivings

/J ⇡ 1, R appears to extend into the surrounding Mott lobes. We also

note an asymmetry in R not present in the hardcore calculations (which possess
particle-hole symmetry).
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Figure 7.13. Entanglement spectral gap 1
2 for finite systems (M = 20)
with finite nonlinearities. (a) The hard-core limit U = 1. (b) U = 100. (c)
U = 10.

7.4

Discussion

As noted at the beginning of this chapter, the results presented here are not intended
to be an exhaustive exploration of the ground state properties of parametrically
driven CRAs. Rather, we have presented an initial charting of the behaviour of
this model around various limits, for both finite and infinite arrays. We found that
the parametric driving induces string order inside Mott insulating lobes (but not
in the surrounding superfluid). Encouragingly for the possibility of experimental
observation of Majorana physics, we found evidence that topological behaviour in
the well-known Kitaev model persists in more realistic resonator arrays described
by finite nonlinearities.

148

Parametrically pumped resonator arrays

Chapter 8
Conclusions

In this thesis we have explored the physics of driven strongly correlated photonic
systems far from equilibrium. We have focused mostly on the properties of steady
states of photonic resonator arrays subject to loss, maintained by a coherent driving.

8.1

Summary of results

The first part of this thesis dealt with the necessity of properly describing resonator
arrays, both physically and numerically. These investigations constitute essential
groundwork for further work on non-equilibrium CRAs. We demonstrated that
the polaritonic nature of elementary excitations in resonator arrays as rigorously
described by the Jaynes-Cummings-Hubbard Hamiltonian leads to novel physics
beyond a canonical Bose-Hubbard description familiar from cold atom physics. We
showed that in the low-excitation, fully quantum regime, Jaynes-Cummings signatures in steady state photonic observables cannot be ‘mapped’ exactly on to a purely
bosonic Kerr-type description, though many similarities do exist. Despite the many
di↵erences we highlighted, we showed that fascinating novel strongly correlated photonic e↵ects recently predicted in Bose-Hubbard type arrays persist under a more
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realistic Jaynes-Cummings-Hubbard treatment, thereby supporting the candidacy
of these e↵ects to be experimentally observable in future experiments.
We then went on to demonstrate, making extensive use of a simplified ‘minimal’
driven lattice system, that care must be taken to rigorously account for the e↵ects
of long-ranged correlations when simulating non-equilibrium lattice dynamics. We
found that commonly-used approximation schemes which amount to truncating the
e↵ect of long-ranged correlations to an e↵ective local action introduce spurious nonphysical artefacts into simulation results. In particular we focussed on the existence
of bistabilities, or the potential for multiple unique stable steady states, in driven
quantum arrays. Lower-order approximations were shown to lead to sharp ‘switching’ behaviour in non-equilibrium steady state observables, a manifestation of the
nonlinearities introduced by this truncation. These signatures of bistability vanished
once both classical and quantum correlations were fully accounted for.
Armed with this knowledge, Chapters 5 and 6 explored novel dynamical and
steady state phenomena that may well be experimentally verifiable in near-future
small arrays. Namely, we investigated the origins of a counter-intuitive bunching in
the statistics of photons emitted from driven arrays featuring repulsive interactions,
relating the steady state properties to an interplay between the non-equilibrium
operation and the underlying Hamiltonian structure. An intriguing dynamical e↵ect
in CRAs was then presented in Chapter 6. We showed that arrays initially halffilled with photon ‘walls’ demonstrate a ‘frozen’ localisation of these photons for
sufficiently large resonator nonlinearity.
Most of the results in this thesis concerned systems driven homogeneously with
in-phase lasers addressing each resonator individually. However, Chapter 7 presented an analysis of the phases of a recently proposed variant on driven CRAs,
in which correlated photon pairs are pumped into adjacent resonators. This novel
arrangement features an interplay between injected short-range coherence, on-site
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nonlinearity, and photon tunnelling processes, the physics of which has not been
explored away from idealised limits. We explored both the thermodynamic limit,
and finite one-dimensional systems where topologically non-trivial behaviour is expected, building up a comprehensive picture of the model’s rich behaviour across
parameter space.
Additionally, this work has shown that our main numerical workhorse, the combination of the quantum trajectory method with the TEBD algorithm, is an especially
powerful tool in finding the NESS of open driven dissipative many-body systems.
Such a numerical approach can be readily applied to calculate more complex out
of equilibrium properties of coupled resonator arrays where an analytic approach is
unfeasible. This might include important open problems such as determining the
transport properties of linear coupled resonator arrays in the presence of photon
loss, or exploring novel one-dimensional quantum states of light that are robust to
experimentally realistic decay processes.

8.2

Future prospects

The present time is an exciting one for the field of strongly-correlated photon gases
far from equilibrium. The study of driven-dissipative CRAs is very active and still
relatively young, though dominant strands of research are beginning to emerge.
Experimental e↵orts are underway to construct the first minimal coupled cQED
arrays.
It is apparent that accompanying the experimental progress in fabricating and
controlling resonator arrays in one architecture or another, numerical explorations
of strongly correlated photonic states will lead and guide our understanding of these
systems. Simulations of the steady state of resonator arrays are computationally
challenging for reasons explored in this thesis. Though there is a growing arsenal of
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numerical approaches to treat strongly correlated extended lattice systems such as
the successful TEBD algorithm used extensively in our work, there is much room
for improvement.
To this end, our results presented at the end of Chapter 4 regarding a comparison
between master equation and trajectory simulations of open quantum lattice systems
present an interesting starting point for further research into the complementary
nature of the two approaches. An exploration of the relative merits of the two
algorithms in computing steady state quantities in di↵erent regimes has practical
and conceptual value. It is the magnitude of classical correlations across a system
which decides which method is preferable, in computational terms. A comparison
of the convergence of both algorithms with the matrix product state parameter
(controlling the size of correlations describable by the states) may allow insight
into the relative contribution of classical and quantum correlations in many-body
systems. It is traditionally difficult to separate the e↵ects of these two sources of
correlations. We feel that the minimal system we studied in Chapter 4 serves as an
ideal testbed for an exploration of these ideas, as we have already demonstrated its
non-trivial physics and initiated a comparison between the two methods.
At a more conceptual level, the physics of infinite-size driven-dissipative arrays is
of interest. Numerous recent works have addressed the possibility of constructing a
non-equilibrium phase diagram for infinite resonator arrays described by models we
have studied in this thesis. Many of these works employ a mean-field type approach
to decoupled neighbouring lattice sites, thereby neglecting the e↵ect of longer-ranged
correlations. We have shown in Chapter 4 that such approximations may lead to
non-physical steady state artefacts, which may be misleading in interpreting the
physics of the resulting ‘phase diagrams’. We have shown that matrix product
representations of steady states e↵ectively expose these artefacts. The TEBD simulations of non-equilibrium steady states that we have presented in this thesis are
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appropriate only for finite sized systems, though we have ‘approached’ the infinite
system limit in Chapters 5 and 4 by simulating systems of increasing size.
A promising and interesting route forward is to use a variant of the infinite
TEBD (iTEBD) algorithm used to calculate ground state properties in Chapter 7.
The initial work detailing the iTEBD algorithm [154] provided prescriptions only
for solving for ground states and pure state evolution of infinite lattices. More
general evolutions such as that induced by quantum master equations introduced
instabilities in the algorithm. A solution was described soon after in [174], allowing
simulation of driven-dissipative infinite systems. This algorithm has not, to our
knowledge, been used in the literature at all, and we have also not yet implemented
it.
Calculation and characterisation of steady state quantities of driven resonator
arrays using the non-equilibrium iTEBD algorithm would be of great interest and
novelty. It would allow for instance an evaluation of interesting recent evidence for
non-equilibrium super solid signatures [106], or a verification of novel phase diagrams
predicted for systems with number-conserving two-site incoherent processes [177].
While we have made significant inroads into characterising the ground-state
phases of the parametrically driven CRAs considered in Chapter 7, more remains to
be done. In particular, analytic perturbations around the non-interacting (U = 0)
and strongly interacting (U ! 1) limits should be possible, allowing further insight into these limits on top of our numerical explorations. Additionally, we note
that the form of the governing Hamiltonian of Eq. (7.1) is only valid when the local
(intra-resonator) nonlinearity is sufficiently large such that correlated photon pairs
are strongly inhibited from being injected into a single resonator. The physics when
this condition is not met may well be interesting, and relevant to experimental situations which can not achieve ultra-strong on-site nonlinearities. Driving processes
of the form âj âj + h.c. would need to be added to the Hamiltonian, leading to novel

154

Conclusions

e↵ects.

Finally, we note that throughout this thesis we have computed intra-resonator
observables such as the photon number in each resonator. Due to photon loss, such
quantities are mapped on to the emitted photon fields and can thus be indirectly
probed. An alternative scheme to gain insight into strongly-correlated phenomena
within resonator arrays is instead to develop an input-output formalism [222, 33] for
these structures. Such a formalism relates ‘input’ field amplitudes to those transmitted through the system, and preliminary steps towards developing the machinery
necessary to deal with CRA transmutation properties has been introduced recently
[223, 224]. Input-output calculations would allow theoretical insight into the experimentally relevant situation of coherent laser light being shone on CRAs, with
detectors measuring transmission, without the need to probe the internal dynamics
of the array.

Appendix A
Derivation of the Lindblad quantum
master equation

We begin by stating in general terms the objective of the QME derivation. A closed
system with Hamiltonian H is governed by the von Neumann equation (with ~ = 1)
d
⇢(t) =
dt

i[H, ⇢(t)],

(A.1)

with solution
⇢(t) = U (t, t0 )⇢(t0 )U † (t, t0 ).
Here the unitary operator U (t, to ) = exp ( iH(t

(A.2)

to )), and ⇢(t0 ) is the initial state

of the system at time t = t0 .
We shall be concerned with bipartite systems S + B, where it is logical and
desirable to separate the system into two interacting subsystems S (the system) and
B (the ‘bath’ or environment), as sketched in Fig. A.1. We assume that the total
system S + B is closed with Hamiltonian

H = HS + HB + HI ,
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(A.3)
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Figure A.1. Representation of the interaction between a quantum system S
and its environment B. The system is described by the Hamiltonian HS and
reduced density matrix ⇢S . Black arrows represent the interaction between
the system and environment as described by the interaction Hamiltonian HI .

where HS and HB are the free Hamiltonians of the system and reservoir, respectively.
Meanwhile the interaction between the system and reservoir is described by HI . The
density matrix ⇢(t) for this total system evolves according to Eq. (A.1). Our ultimate
aim is to derive an equation of motion for the system degrees of freedom alone, i.e.
to find an evolution equation for ⇢S (t) = TrB {⇢(t)}, where TrB denotes the partial
trace of the total density matrix ⇢(t) over the environmental degrees of freedom.
This is frequently desirable in practise, when the state of the environment B is
either not of interest, or impractical to model due to its size and / or complexity.
The following sections outline the procedure to obtain the evolution of the system
of interest from the total system dynamics of Eq. (A.1).

A.0.1

The Lindblad form of the master equation

Before proceeding with the derivation, we pre-empt the result. It is known that
the most general form of a Markovian time-local master equation that preserves
the trace, Hermiticity, and positivity of the system’s density matrix ⇢S must be of
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so-called Lindblad form:

⇢˙ S = L⇢ =
where

↵

=

⇤

↵

i[HS , ⇢S ] +

2
N
X1

↵

↵, =1

✓

A↵ ⇢S A

†

o◆
1n †
A A↵ , ⇢S
,
2

(A.4)

is a positive semi-definite matrix and the {A} are operators in the

system Hilbert space. The Lindblad form can be written in a simpler way, which we
use exclusively in this thesis. Specifically, the Hermiticity of the ‘damping matrix’
P
allows us to diagonalise it via a unitary transformation ↵ U↵0 ↵ ↵ (U † ) 0 =

A new set of simplifying operators L↵ may be defined through this unitary
P
transformation as A↵ = ↵0 U↵0 ↵ L↵0 . Making these substitutions leads to
↵0

0

↵0 .

⇢˙ S = L⇢ =
where the

↵

i[HS , ⇢S ] +

X
↵

↵

✓

L↵ ⇢S L†↵

1
L†↵ L↵ , ⇢S
2

◆

,

(A.5)

are identified as the characteristic rates at which ‘jump operators’ L↵

act on the system. For instance, in the case of a lossy single-mode resonator with
field destruction operator â,

describes the loss rate of the resonator, characteristic

of the jump operator â which acts to dissipate photons.

A.0.2

Evolution of the system density operator

We begin the derivation of Eq. (A.4) by transforming the von Neumann evolution
equation to the interaction picture:
d
⇢˜(t) =
dt

i[H̃I (t), ⇢˜(t)],

(A.6)
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where the interaction picture operators are defined as
⇢˜(t) = ei(HS +HB )t ⇢(t)e
H̃I (t) = ei(HS +HB )t HI e

i(HS +HB )t
i(HS +HB )t

,

(A.7)

,

(A.8)

Equation A.6 may be integrated to obtain the formal solution

⇢˜(t) = ⇢˜(0)

i

Z

t

ds[H̃I (s), ⇢˜(s)].

(A.9)

0

Inserting this solution back into Eq. (A.6) and tracing out the reservoir to obtain
an equation for the system dynamics yields
d
⇢˜S (t) =
dt

Z

t

h

i

ds trB H̃I (t), [H̃I (s), ⇢˜(s)] .
0

(A.10)

Note that in arriving at Eq. (A.10) we have assumed that trB [H̃I (t), ⇢˜(0)] = 0
without loss of generality. This may be achieved by simultaneously modifying the
form of the system and coupling Hamiltonians without altering the physics.
Equation (A.10) has the total system interaction picture density matrix ⇢˜ on its
right hand side. To proceed we make an approximation concerning the coupling
between the system and reservoir, known as the Born approximation. This approximation assumes that the coupling between the system and the reservoir is weak,
such that the state of the reservoir as described by its density matrix ⇢B is essentially
unchanged by the interaction – the environment is so large that the system has no
e↵ect on its state. Mathematically, we express this as the total density matrix being
separable as a tensor product at all times

⇢˜(t) ⇡ ⇢˜S (t) ⌦ ⇢˜B .

(A.11)
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Inserting this ansatz into Eq. (A.10) gives us a closed equation for the system density
matrix ⇢S ,

Z

d
⇢S (t) =
dt

t

ds trB [HI (t), [HI (s), ⇢S (s) ⌦ ⇢B ]] .

0

(A.12)

First Markov Approximation
While this last form is significantly simplified, and importantly no longer contains
the total density matrix, it is still non-local in time. Though there are many important and interesting cases where the past history of a system determines its
future evolution, in many physically relevant cases it is justifiable to make the
first Markov approximation which amounts to assuming the future behaviour of
⇢S depends only on its current state. Mathematically, this is done by making the
replacement ⇢S (s) ! ⇢S (t),
Z

d
⇢S (t) =
dt

t
0

ds trB [HI (t), [HI (s), ⇢S (t) ⌦ ⇢B ]] .

(A.13)

Second Markov Approximation
Equation (A.14) is now local in time, however the right hand side still depends on
time t. We get around this by replacing s by t

s and taking the upper limit

of the integral to infinity in what is known as the second Markov approximation.
This procedure is physically justified if the integrand disappears sufficiently fast
with s, relative to the time-scale of the reservoir dynamics. Put another way, for
this approximation to be valid, the system dynamics must be slow compared to the
‘memory’ time of the reservoir, so that we cannot resolve the system dynamics at
the temporal resolution characteristic of the bath. Finally, we obtain
d
⇢S (t) =
dt

Z

1
0

ds trB [HI (t), [HI (t

s), ⇢S (t) ⌦ ⇢B ]] .

(A.14)
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The Born-Markov approximations leading to Equation A.14 do not ensure that
the resulting evolution is of Lindblad form Eq. (A.4). Moving towards this goal,
we now make what is known as the rotating wave approximation, which involves
averaging over rapidly oscillating terms in the master equation. To do this, we
need an explicit form for the interaction picture interaction Hamiltonian HI (t). We
proceed by writing HI in the Schrodinger picture in the most general form

HI =

X

A↵ B↵ ,

(A.15)

↵

where A and B are respectively Hermitian system and reservoir operators A†↵ = A↵
and B↵† = B↵ . The rotating wave approximation is more easily performed if HI is
written in terms of the eigenoperators of the system Hamiltonian HS . Denoting the
eigenvalues of HS as ✏ and the projection onto the ✏-eigenspace as ⇧(✏), we define

A↵ (!) =

X

⇧(✏)A↵ ⇧(✏0 ),

(A.16)

✏0 ✏=!

where the sum runs over all eigenvalues with energy di↵erence ! and A↵ =

P

!

A↵ (!).

The reason we define these operators A↵ is because they satisfy the commutation
relations

[HS , A↵ (!)] =

!A↵ (!)

(A.17)

[HS , A↵ (!)] = +!A†↵ (!),

(A.18)

from which it follows that the interaction picture operators are
eiHS t A↵ (!)e

HS t

= e

i!t

A↵ (!),

(A.19)

eiHS t A†↵ (!)e

HS t

= e+i!t A†↵ (!).

(A.20)
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We can now use these newly introduced operators A↵ (!) to write the interaction
Hamiltonian in the interaction picture in the simple form

HI (t) =

X

e

i!t

↵,!

A↵ (!) ⌦ B↵ (t) =

where the B↵ (t) = eiHB t B↵ e

iHB t

X
↵,!

e+i!t A†↵ (!) ⌦ B↵† (t),

(A.21)

are the reservoir interaction picture operators.

Inserting this form for HI (t) into the master equation Eq. (A.14), first expanding
the nested commutator, we obtain
d
⇢S (t) =
dt

Z

1

ds trB {HI (t s)⇢S (t)⇢B HI (t) HI (t)HI (t s)⇢S (t)⇢B } + h.c
XX
0
=
ei(! !) ↵ (!) A (!)⇢S (t)A†↵ (! 0 ) A†↵ (! 0 )A (!)⇢S (t) (A.22)
.
0

!! 0 ↵,

This last line is getting closer to the desired Lindblad form of the master equation
Eq. (A.4), cleanly separating the explicit state of the bath and its e↵ect on the system
from the state of the system itself. The summand is split into terms concerning only
the bath, and only the system. The former are

↵

(!) =

Z

1
0

dsei!s hB↵† (t)B (t

s)i,

(A.23)

and can be read as one-sided Fourier transforms encoding the properties of the
reservoir correlation functions hB↵† (t)B (t

s)i = trB {B↵† (t)B (t

s)⇢B }. If we

assume the reservoir density matrix ⇢B describes a stationary state of the reservoir, i.e. [HB , ⇢B ] = 0, then these correlation functions do not depend on time,
hB↵† (t)B (t

s)i = hB↵† (s)B (0)i, so that further the

↵

are time-independent.

The time dependence of the right hand side of the master equation in the form
Eq. (A.23) is only found in the system state itself ⇢S (t), and in the exponential factor
exp(! 0 !)t. We now further assume that the characteristic time scale of the system
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evolution as estimated by typical inverse frequency di↵erences |! 0

!| 1 , ! 6= ! 0 is

large compared to the relaxation time of the total open system. Consequently terms
in this exponential sum for which ! 6= ! 0 oscillate very rapidly over the relaxation
time scale, and may therefore be dropped, yielding
XX
d
⇢S (t) =
dt
! ↵,
The

↵

(!) A (!)⇢S (t)A†↵ (! 0 )

A†↵ (! 0 )A (!)⇢S (t) + h.c. (A.24)

may be decomposed as

↵

(!) =

1
2

↵

(!) + iS↵ (!),

(A.25)

where the Hermitian matrix S is

S↵ (!) =

and the positive ‘damping matrix’

↵

=

↵

(!) +

⇤

1
2i

↵

(!)

⇤

↵ (!)

,

(A.26)

dsei!s hB↵† (s)B (0)i.

(A.27)

is

↵ (!)

=

Z

1
1

Making these substitutions leads finally to the interaction picture master equation
d
⇢˜S (t) =
dt

i[HLS , ⇢˜S (t)] + D (˜
⇢S (t)) .

(A.28)

Here the Lamb shift Hamiltonian induces Hamiltonian dynamics in the interaction
picture, and leads to a small shift in the unperturbed system energy levels. This
shift in fact is so small that HLS is generally dropped from the master equation.
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The dissipator meanwhile is of the required general Lindblad form

D(˜
⇢S ) =

X X
!

↵, =1

↵

✓

†

(!) A↵ (!)⇢S A (!)

after diagonalisation of the matrices
see Chapter 3 of [142]) allowing the

↵

o◆
1n †
A (!)A↵ (!), ⇢S
,
2

(A.29)

(!). These matrices are positive (for a proof
to be absorbed into the A matrices.

Finally, it can be shown that transformation of the master equation Eq. (A.28)
to the Schrodinger picture follows by adding the free system Hamiltonian HS to the
HLS , recovering the Lindblad form Eq. (A.4).
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Appendix B
Matrix product states

B.1

Entanglement properties of 1D quantum systems

Here we outline features unique to 1D systems, with an emphasis on how correlations
are distributed throughout 1D systems, and use these properties to motivate the
form of a highly efficient and compact description of quantum lattice states. We
present these ideas in the context of pure quantum states for clarity and conciseness.

B.1.1

Schmidt decompositions

Here we define the Schmidt decomposition, a useful mathematical tool allowing deep
physical insight into the structure of a quantum state. Starting with an arbitrary
state | i on an M -site lattice, we bipartition the system into two subsystems A and
B composed of m and M

m sites respectively. With {|iiA } as an orthonormal

basis spanning the dm dimensional Hilbert space of A, and {|jiB } spanning the
dM

m

dimensional Hilbert space of B, the state | i can be expressed as
M

| i=

M

m

d
dX
X
i=1

j=1

Cij |iiA ⌦ |jiB ,
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(B.1)
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where Cij are the elements of a (dm ⇥ dM

m

) matrix C. To bring the state into

the canonical Schmidt form, we break C up using a singular-value decomposition
C = U DV , where U and V are (dm ⇥ dm ) and (dM
and D is a (dm ⇥ dM

m

m

⇥ dM

m

) unitary matrices

) diagonal matrix with real and non-negative elements

↵.

Making this substitution for C leads to the so-called Schmidt decomposition

| i =
=

X
↵=1

X
↵=1

The {|

[A]
↵ },

{|

and HB . The

m

↵

d
X
i=1

[A]
↵| ↵ i

Ui↵ |iiA
⌦|

!

[B]
↵ i.

0

⌦@

M m
dX

j=1

1

V↵j |jiB A

(B.2)

(B.3)

[B]
↵ }
↵

are orthonormal bases spanning -dimensional subspaces of HA
P
are called Schmidt coefficients satisfying ↵ 2↵ = 1, and is

known as the Schmidt rank. We take the Schmidt coefficients to be arranged in
descending order

B.1.2

↵

↵+1 .

Entanglement spectra

Important physical information is encoded in the distribution and magnitude of
the Schmidt coefficients

↵.

For example, the reduced density matrices for the two

subsystems ⇢A = trB (| ih |) and ⇢B = trA (| ih |) assume the simple forms
⇢A =

X
↵=1

⇢B =

X
↵=1

2 [A]
[A]
↵ | ↵ ih ↵ |

(B.4)

2 [B]
[B]
↵ | ↵ ih ↵ |.

(B.5)

A measure of the magnitude of correlations between the two parts A and B of the
system is given by the von-Neumann entropy S =

tr(⇢A log2 ⇢A ) =

tr(⇢B log2 ⇢B )

[167]. Using the reduced density matrices as expressed in terms of Schmidt coeffi-
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cients and bases, we find
X

S=

2
↵

2
↵

log2

.

(B.6)

↵=1

Crucially the spectrum {

2
↵}

allows us to identify the most ‘important’ basis states of

either subsystem as those with the largest eigenvalues
full state | i by retaining a limited number
example, a product state | i = |

[A]
1 i

⌦|

m

[B]
1 i

<

2
↵.

We may approximate the

Schmidt states. As an extreme

has minimum possible Schmidt rank

= 1 and no entanglement, and is characterised by S = 0. At the other extreme,
a completely random state is expected to have a spectrum composed of

roughly

equal values, so that no accurate compressed approximation is possible.
However, it turns out that for many 1D systems, the ground state and states
induced by typical nearest-neighbor Hamiltonian / master equation evolution have
roughly exponentially decaying entanglement spectra

↵

[225]. Consequently only a

small number of eigenvalues in the entanglement spectrum are relevant. Therefore
it is possible to choose a

m

⌧

and avoid exponential scaling in the system

description. In this way, a dramatic compression in the system’s description is
possible while also remaining accurate.
The MPS ansatz as introduced in the main text in Section 2.3 encapsulates the
observations outlined in this section.

B.2

Operations with matrix product states

Having defined matrix product states and discussed the features of 1D systems which
make them an efficient, compact representation of many quantum states of interest,
we now show how observables may be calculated in this formalism. Typically, we
are interested in single- and multi-site reduced density matrices, with a view to calculating local (single-site) expectation values, and more general n-point correlators
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of the form h |O1 ⌦ O2 ⌦ · · · ⌦ OM | i ,where {Oj } are operators acting on the
Hilbert space at site j. We demonstrate these calculations on MPS under periodic
boundary conditions. The analogous manipulations for open boundary conditions
are straightforward.
For simplicity in both the written expansion and graphical representation of
MPS, the notation we use in this Appendix is slightly di↵erent than that used in
the main text. Specifically, the two matrices

[m]jm

and

[m]

associated with each site

in the MPS definitions of Chapter 2 are here absorbed into a single matrix A[m]jm .
p
[m]
This can be done, for instance by absorbing factors
into the matrices at
sites m

1 and m.

To begin, the full density operator ⇢ = | ih | is
⇢=

X X

tr

M
Y

A[m]jm

m=1

j [1,M ] i[1,M ]

!

tr

M
Y

A⇤[m]jm

m=1

!

|j [1,M ] ihi[1,M ] |,

(B.7)

after using tr(XY Z)⇤ = tr(X ⇤ Y ⇤ Z ⇤ ). A graphical representation of this form is
given in Fig. B.1 (a). Using the additional identities tr(X)tr(Y ) = tr(X ⌦ Y ) and
(ABC) ⌦ (XY Z) = (A ⌦ X)(B ⌦ Y )(C ⌦ Z), a more compact form follows as
⇢=

X X

tr

j [1,M ] i[1,M ]

M
Y

E

[m]jm im

m=1

!

|j [1,M ] ihi[1,M ] |,

(B.8)

where the matrix E [m]im jm = A[m]jm ⌦ A⇤[m]im , is illustrated in Fig. B.1 (b).
The reduced density matrix for site k is obtained by tracing out all physical sites
but site k:

⇢k =

d X
d
X

jk =1 ik =1

tr

"k 1
Y

m=1

#

I [m] E [k]jk ik

"

also illustrated in Fig. B.1 (b). Here the I [m] =

M
Y

m0 =k+1

Pd

jm =1

I

[m0 ]

#!

|jk ihik |,

(B.9)

E [m]jm jm are called transfer

B.2. Operations with matrix product states
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Figure B.1. (a) Schematic illustration of the full density matrix ⇢ = | ih |
for a system described by a pure state | i. The triangular objects represent
the matrices A[m] . (b) Illustration of the calculation of a reduced density matrix at site m. Tracing out all sites except m is accomplished by contracting
all the physical indices of the A matrices at sites 6= m, indicated graphically
by joining the relevant ‘legs’ of the triangles. The resulting object has just
two free indices im and jm , which are the rows and columns of the density
matrix ⇢m . Also indicated are the matrices E [m]jm im and I [m] .

Figure B.2. Illustration of the calculation of two-site correlators Cl,m+l =
hOm Om+l i. (a) Representation of an observable O acting on one site. The
two ‘legs’ represent the rows and columns of the appropriate matrix representation. (b) Representation of the matrix O [m] formed by contraction of
the state at site m with O. (c) Illustration of the contractions required to
calculate Cl,m+l .

matrices, and follow from the contraction of the physical indices labelling the set of
matrices. This expression for the reduced density matrix of a single site k can be
generalised to the reduced density matrix of a larger number of sites. Such reduced
density matrices are composed of a trace of the relevant products of I [m] and E [m]jm im
matrices. With these results, we may write a general product expectation value as

h |O1 ⌦ O2 ⌦ · · · ⌦ OM i| i = tr

M
Y

m=1

O [m]

!

,

(B.10)
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where the observable matrices O are defined as

O

[m]

=

d
d
X
X

jm =1 im =1

hjm |O|im iE [m]jm im .

(B.11)

In this way general n-point correlators may be calculated, however we note that
in most calculations many of the Om will be the identity matrix, in which case
the corresponding O [m] = I [m] . Exploiting certain structural properties of the I
leads to efficient computation of observables, with a number of operations scaling as
O(d

5

M ) and O(d

3

M ) for periodic and open boundary conditions, respectively.

Figure B.3. (a) A gate G is applied to sites k, k + 1 of an MPS with form
given by Eq. (??). (b) The intermediate tensor ⇥ is not of MPS form, but
can be brought back into standard form after splitting it with a singular
value decomposition.

Having outlined the calculation of quantities commonly of interest, we now discuss the essential ingredient of the TEBD algorithm, which consists of applying
two-site ‘gates’ (operators) to a MPS. The algorithm requires the application of
gates only to adjacent sites k, k + 1. The most general form of such a two-site gate
is
X X

j j

(B.12)

We wish to apply G to an MPS of rank

and obtain as a result another MPS of

G=

j k,k+1 ik,k+1

k+1
Gikkik+1
|jk i|jk+1 ihik |hik+1 |.

rank . The details are somewhat involved and beyond the scope of this background

B.3. Time evolving matrix product states
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chapter [155]. However, the procedure is illustrated graphically in Fig. B.3. Essenj j

k+1
tially, the tensor Gikkik+1
is contracted with the two ‘physical legs’ of the A matrix at

sites k, k + 1. This amounts to a series of multiplications and summations over these
indices, represented schematically in Fig. B.3 (a) by joining the relevant ‘legs’ of the
A matrices and the G tensor. The result is a single intermediate tensor ⇥, which
is a set of d2 (

k 1

⇥

k+1 )

matrices indexed by the two physical indices jk , jk+1 .

To once again achieve the canonical MPS form, this tensor is reshaped into a 2D
d

k 1

⇥d

k+1

matrix. A singular value decomposition splits this matrix into two

new matrices A0[k] , A0[k+1] , as well as a diagonal matrix D, which can be absorbed
into the A matrices. During the course of these manipulations, the Schmidt rank

0
k

may have increased, perhaps exceeding the fixed MPS parameter . To deal with
this, only the Schmidt states corresponding to the

largest Schmidt coefficients

↵

of the singular value decomposition are retained. The final MPS is therefore truncated. However, it can be shown that the overlap error in applying a single gate is
[226]
0

✏=1

|h 0 |

0
tr |

=

k
X

↵k =

0[k] 2
↵k

(B.13)

m

Monitoring the magnitude of the discarded Schmidt coefficients therefore yields
information on the accuracy of the operation.

B.3
B.3.1

Time evolving matrix product states
The Suzuki-Trotter approximation

In this thesis we will only be concerned with time-independent Hamiltonian and
Liouvillian operators. The time evolution for a pure state | (t)i under the action
of a Hamiltonian Ĥ is then | (t)i = exp( iĤt)| (0)i.
For all but the smallest systems, the evolution operator U (t) = exp( iĤt) can
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Figure B.4. Simplified schematic of a TEBD simulation time-step. Gates
are applied to even pairs exp( 12 iF̂ t), then odd pairs exp( iĜ t) then even
pairs again exp( 12 iF̂ t).

not be represented exactly. To simulate time evolution, we therefore discretise the
total integration time T into T / t steps as tn = (n

1) t, with n = {1, . . . , T / t}.

We then approximate the action of U (t) by repeatedly applying U ( t).

U (t) = exp

⇣

⌘

iĤt ⇡

T
Y

n=1

exp

⇣

⌘
iĤ t + O( t2 ).

(B.14)

This discretisation simplifies the time integration by breaking it into smaller steps.
⇣
⌘
However, computing U t = exp
iĤ t still requires exponential resources as it
acts over the full state space.

Progress is possible for our Hamiltonians of interest, namely those with at most
nearest-neighbor interactions. Local terms (those acting on only a single site) can be
written as two-site terms Ôj ⌦ Ij+1 . We may then break such lattice Hamiltonians

B.3. Time evolving matrix product states
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into a sum of terms acting on nearest neighbours Ĥ = F̂ + Ĝ, where

F̂ =

X

Ĥj,j+1 ,

(B.15)

Ĥj,j+1 ,

(B.16)

odd j

Ĝ =

X

even j

so that U t = exp[ i(F̂ + Ĝ) t]. All terms within F̂ or Ĝ commute amongst themselves, allowing a factorisation into a product of local unitaries when either of these
operators is exponentiated

e

iF̂ t

=

Y

e

iĤj,j+1 t

,

(B.17)

iĤj,j+1 t

(B.18)

odd j

e

iĜ t

=

Y

e

,

even j

In general however, F̂ and Ĝ do not commute. An approximation to the full evolution operator U

t

approximates U

by a product of individual exponentiations of F̂ and Ĝ. Impor-

t

follows by employing a Suzuki Trotter expansion [168], which

tantly, Suzuki-Trotter expansions are a unitary approximation to the exact evolution
operator, and therefore preserve the norm of the state (under coherent evolution).
The simplest such expansion assumes that F̂ and Ĝ commute:
Û t = exp( iF̂ t) exp( iĜ t) + O( t2 ).

(B.19)

A second order expansion
1
1
Û t = exp( i F̂ t) exp( iĜ t) exp( i F̂ t) + O( t)3 ,
2
2

(B.20)

is illustrated schematically in Fig. B.4. Errors scale linearly with number of time
steps [227]. Throughout this thesis we use this second order expansion, which is
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stable regardless of whether the gates are unitary (coherent evolution) or not (ground
state calculations, trajectory simulations) [228].

B.3.2

The TEBD algorithm

The preceding sections have outlined the ingredients of the TEBD algorithm, which
consists of applying two-site Suzuki-Trotter approximations of unitary generators
to MPS representations of quantum states, yielding further states of MPS form
at each time step [152, 153]. Expectation values are calculated as discussed in
Section B.2, allowing an efficient and accurate characterisation of the dynamics of
quantum lattice models.

Appendix C
Exact diagonalisation notes

In this Appendix we present several schemes to reduce the size of the description of a
system’s density matrix in a direct product basis, with a view towards facilitating the
calculation of the non-equilibrium steady state (NESS) of larger quantum systems
than is possible with straight-forward diagonalisation. The systems we have in mind
are homogeneous (each site of the system is identical) periodic lattice systems, possibly with permutational invariance. Though we have sophisticated schemes based
on the quantum trajectory (QT) and Time Evolving Block Decimation (TEBD)
methods to time evolve a system towards it’s NESS, explicit rapid diagonalisation
of small systems is highly desirable. However, the exponential growth of Hilbert
and Liouville space with system size/on-site dimension makes the diagonalisation of
even quite small systems challenging.

C.0.3

Set-up

Let’s say we have a permutationally invariant system of M cavities, and each cavity
has a local dimension of D. For instance, if we limit the number of bosons in a
purely bosonic cavity to nmax , D = nmax + 1, and we can label our local basis
states as | 0i, | 1i, · · · , | nmax i. If additionally we have a single two-level system in
175

176

Exact diagonalisation notes

each cavity, we have D = 2(nmax + 1), and our basis states are | e, 0i, | e, 1i, · · · , |
e, nmax i, | g, 0i, | g, 1i, · · · , | g, nmax i
The hopping of particles between cavities must be homogeneous, and any driving
(coherent of incoherent) must be the same on all cavities.

Labelling the elements of Hilbert and Liouville spaces
To proceed, we replace the explicit labels for the local basis elements by a single
number s in the range [0, D]. Then the ith basis element of the M -cavity system
can be written | si1 si2 · · · siM i, and i 2 [1, DM ]. The total number of elements in the
system’s Hamiltonian basis is NH = DM , whereas Liouville space (where the density
matrix resides) has dimension DM ⇥ DM , with density matrices containing a total
of D2M elements.
We represent the ith element of Hilbert space by (si1 si2 · · · siM ), and of Liouville
space by a vector of length 2M :
| ti1 ti2 · · · tiM ihsi1 si2 · · · siM |⌘ (ti1 ti2 · · · tiM )(si1 si2 · · · siM ).

(C.1)

For our purposes, we wish to order elements by their physical indices, so we regroup
the density matrix basis elements as (ti1 si1 )(ti2 si2 ) · · · (tiM siM ). The super-script i is
chosen to run down the columns of the density matrix, as shown below:

⇢⌘

(s11 s12 · · · s1M )

···

(t11 t12 · · · t1M )

⇢1

···

(t21 t22 · · · t2M )
..
.

⇢2
..
.

···
..
.

NH
H NH
(tN
1 t2 · · · tM )

⇢N H

···

NH
H NH
(sN
1 s2 · · · sM )
..
.
..
.
..
.

(C.2)

⇢N⇢

In the following, we shall be working with a ‘flattened’ version of the density matrix,
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i.e. we reshape the density matrix into a column vector ⇢˜ according to:
2

6 ⇢1
6
6 ⇢2
6
⇢˜ ⌘ 6 .
6 ..
6
4
⇢N⇢

3

2

7 6
7 6
7 6
7 6
7⌘6
7 6
7 6
5 4

(t11 s11 )(t12 s12 ) · · · (t1M s1M )
(t21 s11 )(t22 s12 ) · · · (t2M s1M )
..
.

NH N H
N H NH
H NH
(tN
1 s1 )(t2 s2 ) · · · (tM sM )

3

7
7
7
7
7,
7
7
5

(C.3)

i.e. a vector of length N⇢ . Though we shall be working with density matrices primarily, the discussion concerning the restriction of dynamics to a subspace involving
only a certain maximum number of excitations in the system in Section C.0.4 requires only an analysis of Hilbert space basis elements. We thus order kets in the
basis:

2

6
6
6
6
⌘6
6
6
4

1
2

..
.
N⇢

3

2

7 6
7 6
7 6
7 6
7⌘6
7 6
7 6
5 4

(s11 s12

· · · s1M )

(s21 s22 · · · s2M )
..
.
NH
H NH
(sN
1 s2 · · · sM )

3

7
7
7
7
7,
7
7
5

(C.4)

Condition for NESS
To find the NESS, we must solve for the stationary density matrix, which satisfies

L⇢ss = 0,

(C.5)

where L is the master equation Liovillian super-operator. Equation (C.5) is written
in terms of the density matrix ⇢ – now we wish to recast it in terms of the flattened
density vector ⇢˜, in the form L̃˜
⇢ss = 0.
In MATLAB, transforming the matrix pre- and post- multiplications by an arbitrary operator O (of dimension NH ) into pre-multiplications by the equivalent
super-operator Õpre/post (of dimension N⇢ ) may be achieved with
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Osuperpre = kron(speye(NH), O);
Osuperpost = kron(O.’, speye(NH));

Then we have OM ! Õpre M̃ , and M O ! Õpost M̃ , for an arbitrary matrix M .
Eq. (6.7) is solved for the NESS ⇢˜ss by finding the zero eigen-vector of the
superoperator L̃. Fortunately, L̃ is very sparse, so that sparse matrix routines in
MATLAB can be exploited. However, it’s dimensions still scale exponentially with
system size, so that, for instance, a three cavity systems with two-level atoms in
each cavity can only be explicitly diagonalised when we allow a single photon per
cavity.
Our task now is to find ways to reduce the size of the description of our system,
i.e. find smaller representations than the most general one ⇢˜, hopefully without
losing physical information about the system, so that we can diagonalise the matrix
L̃.

C.0.4

N-excitation sector

The first strategy we look at is restricting the total number of excitations in the
system to some maximum number N . By constructing Hilbert and Liouville spaces
as above, starting from a certain on-site basis, we allow for quite a large maximum
number of excitations, for instance M nmax , or M (nmax + 1) in the case of our
coupled cavities. If we are interested in only very weakly excited systems, this can
be overkill. To restrict ourselves to states that have N excitations or less, we can
filter the elements of Hilbert space,

⌘(

2, · · ·

as in Eq. C.4. If a function
P
n(s) returns the number of excitations in the on-site ket | si, then ni = j n(sij ) is
the number of excitations in the basis ket
and

discard ,

and ni > N .

1,

i.

NH ,

We can then construct two lists,

keep

containing the basis element numbers i of the kets satisfying ni  N
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We want to ‘throw out’ the elements in
ing the rows and columns indexed by

discard .

discard

In practise, this is done by delet-

of any matrix operator O constructed

in the full Hilbert basis. We can do this via a matrix operation O ! ST OS, where
S is a shrinking matrix having dimensions NH ⇥ Nkeep . The ith column of S has a 1
in row

keep (i).

Then any operator O written in the full basis has a representation

ST OS in the reduced basis.
All our operators can be shrunk in such a way, and the super-operators are then
formed as usual.

C.0.5

Permutationally invariant subsystems

The second scheme we look at applies to systems which possess permutation invariance, i.e. the system is left unchanged under any permutation of its subsystems.
For instance, a periodic system of three identical subsystems (we will take as our
example systems of optical cavities with either only bosons, or a combination of
bosons and a single two level system inside). Also, any fully connected system, each
of whose subsystems is connected in an identical way with all other subsystems, is
permutationally invariant. This could be an interesting limit to look at for coupled
cavity systems, as it is a geometry that is not one-dimensional.
The idea is that the steady state density matrix will have many duplicate entries,
corresponding to all the elements in the matrix that correspond to coherences that
are permutationally invariant.

Determining which elements are equal
Ordering our density matrix basis as in Eq. (C.3), we apply the following algorithm
to generate lists of identical elements. Firstly, a list of all possible permutations
Pi , i 2 [1, · · · , M !] of the site indices is generated (there are M ! permutations possi-
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ble). Starting at the top of the list, we apply each of the permutations in turn to the
current basis element i, yielding (t1P (1) s1P (1) )(t1P (2) s1P (2) ) · · · (t1P (M ) s1P (M ) ). Any other
elements which match this permuted label are then connected via permutation of
site numbers, and so in the steady state the corresponding density matrix elements
will be equal. For instance, in a three-cavity system with on-site dimension 3, the
elements (12)(22)(31) and (22)(12)(31) are linked under the permutation 1 $ 2. In
this way, we build up a list of identical or ‘connected’ elements Ci , i 2 1, · · · , Nc ,
where Nc is the number of distinct connected element lists. Each Ci is itself a list
of numbers containing the indices of the density matrix basis which are connected.
What this means is that there are onl Nc independent density matrix elements,
and so we should be able to re-write our condition for stationarity, Eq. (6.7), in
terms of a reduced density vector ⇢˜0 , of length Nc , with a corresponding reduced
super-operator Liouvillian L̃0 of dimension Nc ⇥ Nc .
Shrinking the Liouvillian operator
Unlike the restriction to an N -excitation sector above, we cannot just throw away
the rows and columns of the super-operator corresponding to identical elements.
If we think about the matrix product x = L˜
⇢, where ⇢˜ is the ‘vectorised’ density
P
matrix, then xi =
˜k . If additionally we know that the set of elements
k Lik ⇢
(j1 , j2 , ...jN ) of ⇢˜ are equal, then we can remove the elements j2 , ..., jN from the
flattened density matrix vector by adding the corresponding columns of L to the j1th
column, and deleting the corresponding rows in L. We therefore shrink the superoperator, while keeping it square and also retaining full information about the steady
state. The column-adding procedure can be done via matrix multiplication – we can
define an addition matrix A = A(C) such that OA returns the matrix O with the
columns corresponding to the elements in each Ci added together in the column
corresponding to the first element in Ci . For instance, if we know the elements
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2, 15, 27 are identical, then we want to add the 15th and 27th columns to the 2nd
column, then delete the 15th and 27th rows and columns.
If we wish to add column k of a matrix O to column j, such that column j !
column j + column k, and column k ! column k, we define the matrix A:
A=I+

k,j ,

(C.6)

i.e. the identity matrix with a 1 also in the (k, j)th element. We can add as many of
these o↵-diagonal ones as we like, corresponding to di↵erent columns being added
together. Then OA has the appropriate columns added together.
The shrunken super-operator is then L̃ = STperm LASperm , which is then diagonalised to find the independent elements of ⇢ss , and those deleted elements are then
filled in according to the compiled lists of connected elements C, and finally the
steady state density matrix is renormalised to have trace 1.

C.0.6

Constructing the Liouvillian directly in the shrunken
basis

Typically, the most time-consuming part of the algorithms defined above involve the
compilation of the connected element lists. If many calculations must be done (for
instance computing spectra), it would be a waste of time to first construct the full
Liouvillian, then identify connected elements, and shrink it for each calculation. We
would rather construct the Liouvillian directly in the shrunken basis.
To this end, we can define all the necessary super-operators directly in the
shrunken basis. Then each new calculation, with di↵erent couplings, will just change
the coefficients of these superoperators, and the shrunken Liouvillian is just a sum
of pre-existing matrices. Very fast.
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Combination of the above two methods
If we are interested in a weakly excited, permutationally invariant system, then
we can combine the methods above. Say we want to construct the super-operator
corresponding to pre-multiplication by an operator O in the full basis. Then after constructing the matrices S, A, Sperm for a particular set (M, N ), the operator
becomes:
O ! Õ = STperm spre(ST OS)ASperm ,
where the operation spre(•) denotes the operation transforming a pre-multiplying
matrix to a super-operator.

Appendix D
Example trajectory code

function example traj code main(job number)
% Numerically exact trajectory code for a Bose Hubbard dimer (two site
% system)

global r h c1 c2;

if ischar(job number), job number = str2num(job number); end;

save prefix = 'BH traj ';
save name = [save prefix num2str(job number) '.mat'];

% Parameters:

M = 2

% Number of sites in ring

n max = 4;

% Photon truncation parameter

dim H = (n max+1)ˆM;

gamma = 0.1;

% Dimension of Hilbert space

% Photon loss rate

Omega = 1*gamma;

% Driving amplitude
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J = 1;

% Coherent tunnelling between resonators

U = 1.5;

% Kerr nonlinearity

% c1 and c2 are the Lindblad loss operators at each resonator
c1 = sqrt(gamma)*tensor matrix(a n(n max+1), 2, 1);
c2 = sqrt(gamma)*tensor matrix(a n(n max+1), 2, 1);

ad = a n dag(n max+1);
a = a n(n max+1);

% Photon creation operator

% Photon destruction operator

% Number operator at first resonator
n1 = tensor matrix(ad, 2, 1)*tensor matrix(a, 2, 1);

% Create the unitary system Hamiltonian
h = bhm hamiltonian multi site pbc(M, n max, ...
delta omega d, J, U, Omega);
% The effective Hamiltonian H {\rm eff}
h = h

1i*c1'*c1/2

1i*c2'*c2/2;

% Time vector
ti = 0; % Initial time
tf = 2000; % Final time
tgrid = 10000;

% Num grid points

t = linspace(ti, tf, tgrid);

% Time grid

y00 = kron([1;zeros(n max,1)],[1;zeros(n max,1)]);

% Solver parameters
ntraj = 1;

% Number of trajectories

rand('state',sum(100*clock));

% Initialise random number generator

185

rho store = zeros(dim H, dim H, ntraj);

photon number store = zeros(1,tgrid);

% Main loop over trajectories
for loop traj = 1:ntraj

% Display simulation progress
disp(['Trajectory ' num2str(loop traj) ' of ' num2str(ntraj)]);
ts = ti;
y = y00;

% Initial conditions

y0 = y00;

r = rand(1);

% Draw a random number

for loop=1:length(t) 1

time interval = [t(loop) t(loop+1)];

% Call the ode solver up to the time of the next jump
[TS, YS] = ode45(@odefun, time interval, y0);
y = YS(end,:).';

% Last solution

y0 = y;
ynorm = y/sqrt(y'*y);

% Check if a jump has occured
norm = sqrt(y'*y)
if norm < r

% Calculate probabilities of different jumps:
y with jump 1 = c1*y;
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y with jump 2 = c2*y;
p1 = y with jump 1'* y with jump 1;
p2 = y with jump 2'* y with jump 2;

norm = p1+p2;
p1 = p1/norm;
p2 = p2/norm;

% Choose a jump:
if rand < p1
c = c1;
else
c = c2;
end

y0 = c*y;

% Apply quantum jump

y0 = y0/sqrt(y0'*y0);

r = rand(1);

% Normalise

% Choose a new random number

end

num 1 = ynorm'*n1*ynorm
photon number store(loop) = num 1;

end

end

rho ss = get steady state rho(M, n max, ...
delta omega d, J, U, Omega, gamma);
rho store(:,:,loop) = rho ss;
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save(save name, 'n max', 'M', 'U list', 'gamma', ...
'Omega', 'J', 'rho store', 'job number')
disp(['Saved data to file ' save name '. Quitting...'])

end

%%%%%%%%%%%%%%%%% Auxillary functions %%%%%%%%%%%%%%%%%%%%%%%
function H = bhm hamiltonian multi site pbc(M, n max,...
delta omega d, J, U, Omega)
% Function to return the Bose Hubbard Hamiltonian for periodic
% boundary conditions
% M

number of lattice sites

% n max (maximum photon number at which we truncate Fock space
% delta omega d

difference between resonator frequency and

% driving frequency:
% J

photon hopping, U

Kerr repulsion

a = a n(n max + 1); % Destruction operator for one site
ad = a n dag(n max + 1); % Creation operator

num = ad*a;

% Number operator

ket g = [0;1];
ket e = [1;0];

H = sparse((n max+1)ˆM,(n max+1)ˆM);

for m = 1:M 1

% Initialise Hamiltonian

% Loop over the lattice sites

a m = tensor matrix(a, M, m);
a dag m = tensor matrix(ad, M, m);
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a m plus 1 = tensor matrix(a, M, m+1);
a dag m plus 1 = tensor matrix(ad, M, m+1);
num m = tensor matrix(num, M, m);

hopping term = a dag m * a m plus 1 + a dag m plus 1 * a m;

% Assemble the Hamiltonian for each lattice site contribution
H = H + delta omega d * num m

J*hopping term + ...

+ U* a dag m * a dag m * a m * a m + Omega*(a m + a dag m);

end

% Need to also include the last on site term:
a M = tensor matrix(a, M, M);
a dag M = tensor matrix(ad, M, M);
num M = tensor matrix(num, M, M);

% Add the last site's on site interaction contribution
H = H + delta omega d * num M + U* a dag M * a dag M * a M * a M + ...
+ Omega*(a M + a dag M);

% Now need the terms which make periodic boundary conditions
% (i.e. hoppings between sites 1 and M)
b 1 = tensor matrix(a, M, 1);
b dag 1 = tensor matrix(ad, M, 1);
hopping term pbc = a dag M * b 1 + b dag 1 * a M;

H = H

J*hopping term pbc;

end
%%%%%%%%%%%%%%%%5
function operator = a n(n max)

189
% Destruction operator in Fock basis
operator = spdiags(sqrt([0:n max].'), 1, n max, n max);

end
%%%%%%%%%%%%%%%%
function operator = a n dag(n max)
% Creation operator in Fock basis
operator = spdiags(sqrt([1:n max 1].'),

1, n max, n max);

end
%%%%%%%%%%%%%%
function matrix big = tensor matrix(matrix, M, index)
% Function to return the tensor product: I * I * ...
% * matrix * I * ... * I, where matrix is in the
% index'th position, and '*' denotes a tensor multiplication,
% and there are M matrices all together in the product

% The identity matrix to be tensored successively
id = speye(size(matrix));
% Initialise the output matrix (NB kron(1, matrix) = matrix)
matrix big = 1;

for k = 1:M

if (k == index)
next matrix = matrix;
else
next matrix = id;
end

matrix big = kron(matrix big, next matrix);
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end

end
%%%%%%%%%%%%%%
function dy = odefun(t, y)
% ODE kernel which solves the effective Hamiltonian part of the equation
global h
dy =

end

i*h*y;
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and A. Imamoglu.

Signatures of the superfluid-insulator phase transi-

tion in laser-driven dissipative nonlinear cavity arrays. Physical Review A,
81(6):061801, 2010.
[191] R.S. Bennink, S.J. Bentley, and R.W. Boyd. two-photon coincidence imaging
with a classical source. Physical review letters, 89(11):113601, 2002.
[192] M.I. Kolobov. Quantum Imaging. Springer, 2007.
[193] T.B. Pittman, Y.H. Shih, D.V. Strekalov, and A.V. Sergienko. Optical imaging by means of two-photon quantum entanglement.

Physical Review A,

52(5):3429–3432, 1995.
[194] A. Peruzzo, M. Lobino, J.C.F. Matthews, N. Matsuda, A. Politi, K. Poulios,
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