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Strongly correlated photon transport in nonlinear photonic lattices with disorder: Probing
signatures of the localization transition
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We study the transport of few-photon states in open disordered nonlinear photonic lattices. More specifically,
we consider a waveguide quantum electrodynamics (QED) setup where photons are scattered from a chain of
nonlinear resonators with on-site Bose-Hubbard interaction in the presence of an incommensurate potential.
Applying our recently developed diagrammatic technique that evaluates the scattering matrix (S matrix) via
absorption and emission diagrams, we compute the two-photon transmission probability and show that it carries
signatures of the underlying localization transition of the system. We compare the calculated probability to the
participation ratio of the eigenstates and find close agreement for a range of interaction strengths. The scaling
of the two-photon transmission probability suggests that there might be two localization transitions in the high
energy eigenstates corresponding to interaction and quasiperiodicity respectively. This observation is absent
from the participation ratio. We analyze the robustness of the transmission signatures against local dissipation
and briefly discuss possible implementation using current technology.
DOI: 10.1103/PhysRevA.99.033835
I. INTRODUCTION

Recent advances in quantum nonlinear optics and circuit QED have allowed the engineering of few-body photonic states exhibiting signatures of many-body effects [1–4].
Experimentally demonstrated effects using superconducting
circuits include dissipative phase transition in a chain of
nonlinear QED resonators as well as many-body localization
transition [5,6]. Strongly correlated states of light have also
been created in slow light Rydberg polaritons [7], and excitonic systems are progressing towards this direction as well
[8]. An important aspect of many-body photonic simulators is
that they are open optical systems. Performing spectroscopy
will thus require an analysis of the photon transmission spectra and statistics as was done for the Bose-Hubbard model
in recent works [9–11]. In quantum optics, this generally
assumes scattering photons from the system via waveguides.
Waveguide QED setups for quantum technology applications
have been widely proposed, and experimentally implemented,
usually containing a multilevel emitter or few uncorrelated
two-level emitters [12–22].
To treat the problem of few-photon scattering from
quantum emitters, one needs to use a combination of the
Lippmann-Schwinger formalism, or equivalently, the Bethe
ansatz approach, and the input-output formalism from quantum optics [9,23–27]. This method involves solving a set
of coupled equations which becomes cumbersome when the
quantum system is few-body or when there is a large number
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of incident photons. This was limiting early works to at most
two-photon scattering by two noninteracting simple quantum
emitters. More recently, with the use of matrix product operator, path integration, Green’s function, and diagrammatic
techniques [10,28–34], multiphoton scattering studies have
been extended to a few interacting emitters where signatures
of strongly correlated effects such as the Mott insulator transition have been studied [9–11].
In this work, we apply our earlier diagrammatic method
[10] to probe the interplay between interaction and disorder
in a few-body photonic lattice. In particular, we consider the
situation where two waveguides are coupled to a photonic system described by the Bose-Hubbard Hamiltonian in the presence of a quasiperiodic potential. In this model, the system’s
eigenstates are expected to change from extended to localized
in line with the celebrated many-body localization (MBL)
transition [35–41]. To quantify this transition for closed systems, different quantities such as level statistics, eigenstate
entanglement, and participation ratio were proposed theoretically [35,42–46], and some were tested in a recent experiment
using superconducting circuits [6]. In the open optical system
considered here, we show how the usual optical spectroscopy
techniques based on analyzing the transmission and reflection
spectra can capture finite size signatures of the corresponding
localization transition for a range of parameters. We calculate
and compare the two-photon transmission probability of the
open system to the participation ratio of the two-particle
eigenstates of the closed system and find close agreement for
a range of coupling and decay rates.
We start by reviewing the waveguide QED setup and the
Hamiltonian of interest in Sec. II. We review details of the
scattering formalism required to compute the two-photon
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transmission probability in Sec. IIA and discuss the interpretation of two-photon transmission probability, and its role
in characterizing the transition in a quantitative manner, in
Sec. II C. We then compare the behavior of the transmission
probability against the known behavior of the participation
ratio in Sec. III. We first focus on the linear case when
interaction is absent, i.e., the Aubry-André (AA) model, to
investigate the delocalization-localization transition or metalto-insulator transition (MIT). After that, we show how the
presence of interactions affects the two-photon transmission
probability of the system. The effect of losses, which is
inherent in a waveguide QED setup, is examined in Sec. III D.
Finally, the consequences of using different input states are
discussed in Sec. III E.

(a)

output
input

(b)

output
input
(c)

II. SETUP AND MODEL

We consider a setup as in Fig. 1 where two identical
waveguides are coupled to each end of a system (W1 to
site 1 and WN to site N) described by the Bose-Hubbard
Hamiltonian with an incommensurate potential. The setup has
the total Hamiltonian
Ĥtot = Ĥw + Ĥsys + Ĥws ,

where the first term

Ĥw =

! "

dk k b̂kj† b̂kj

(1)

(2)

j=1,N

describes the free propagating photons in both waveguides
with b̂kj (b̂kj† ) the photon annihilation (creation) operator in
the waveguide W j. The second term is the Hamiltonian of
interest [47] given by
$
N #
N−1
!
!
U
ϵ j â†j â j + â†j â†j â j â j + J
Ĥsys =
(â†j â j+1 + H.c.),
2
j=1
j=1

(3)

where â j (â†j ) is the annihilation (creation) operator
j with [âi , â†j ] = δi j , and ϵ j = h cos(2π b j) is the

at site
on-site
energy. J and U are the hopping and interaction strengths,
respectively. The last term,
%
! "
'
κ & j†
Ĥws =
b̂k a j + H.c. ,
(4)
dk
2π
j=1,N

describes the system-waveguide interaction.
The Hamiltonian in Eq. (3), Ĥsys preserves the total number
(
of particles N̂ = Nj=1 â†j â j . Hence, from now on, we will
denote the dM = ( N+M−1
) eigenstates in the M-particle manM
ifold by |Eα(M ) ⟩ with eigenenergies Eα(M ) for α = 1, 2, . . . , dM
)
and E1(M ) ! E2(M ) ! · · · ! Ed(M
.
M
When U = 0, Eq. (3) is equivalent to the Aubry-André
(AA) model. As shown
in [48], when the potential is incom√
, the model exhibits a MIT at the
mensurate, i.e., b = 5−1
2
critical potential strength h/J = 2. If one takes into account
the effects of interaction between particles, the situation can
change dramatically. For example, it has been shown that
there exists delocalized two-particle bound states [49,50] in
the localized phase of the noninteracting AA model (when

FIG. 1. Two waveguides are coupled to each end of the lattice.
We input two photons with momenta k1 and k2 from waveguide W1
and investigate the statistics of the scattered photons at waveguide
WN as a function of disorder for a fixed value of the on-site
interaction. The sum of the momenta k1 + k2 is resonant with the
eigenstate |Eα(2) ⟩. We also consider how losses in the one-dimensional
chain affect the statistics of the output light. (a) If |Eα(2) ⟩ is delocalized
over the system, it will couple strongly to both waveguides W1
and WN, allowing the two input photons to be transmitted at WN.
(b) If |Eα(2) ⟩ is localized, it will couple weakly to both waveguides.
Hence, the two-photon transmission at WN is strongly suppressed.
(c) A diagram showing the choices of k1 and k2 . To maximize the
probability of the first photon entering the system, k1 is set to be
resonant with one of the one-particle eigenstates |Eµ(1) ⟩. The second
photon then populates |Eα(2) ⟩ from |Eµ(1) ⟩. However, since we are only
interested in the properties of |Eα(2) ⟩, we later reduce the contribution
of |Eµ(1) ⟩ by varying k1 to be resonant with all possible |Eµ(1) ⟩, and
averaging the two-photon transmission probability measured at WN.
The resonant condition for the input state also ensures that twophoton scattering has the largest contribution in the output.

h/J > 2). It has also been shown that such a MIT becomes
an ergodic-MBL transition in the presence of interactions
between the particles [43]. In this case, the localization properties of the states depend on the energy, and one can possibly
have a many-body mobility edge, though its existence is still
under debate [51]. Recently, the AA model with interaction
has been implemented using superconducting circuits [6].
A. Photon scattering for few-body spectroscopy

In order to observe interaction-induced effects, at least two
photons are required to be in the system. For this, we send two
photons to the system, each with different momenta k1 and k2
via waveguide W1, denoted by the input state |in; k1 , k2 ⟩. The
probability of detecting two photons in the waveguide WN,
i.e., the two-photon transmission probability, for a given input
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|in; k1 , k2 ⟩, is
P(k1 , k2 ) :=

1
2

"

d p1 d p2 ρ(p1 , p2 |k1 , k2 ),

(5)

where ρ(p1 , p2 |k1 , k2 ) is the conditional probability of detecting two photons with momenta p1 and p2 via waveguides
WN. It has the expression
)
)2
ρ(p1 , p2 |k1 , k2 ) =)⟨0|b̂Np1 b̂Np2 |out; k1 , k2 ⟩)
)
)2
=)⟨0|b̂Np1 b̂Np2 Ŝ|in; k1 , k2 ⟩) ,
(6)

with Ŝ the scattering operator and |out; k1 , k2 ⟩ = Ŝ |in; k1 , k2 ⟩.
To investigate the properties of a particular two-particle
eigenstate, |Eα(2) ⟩ of Eq. (3), we consider input photons with
momenta k1 and k2 such that k1 + k2 = Eα(2) . Moreover, we
want to consider cases where two-photon scatterings are fully
resonant, i.e., one of the photons has to resonantly excite
one of the single-particle eigenstates, |Eµ(1) ⟩. The resonant
condition reads
k1 = Eµ(1) , k2 = Eα(2) − Eµ(1)

with µ = 1, . . . , d1 .

(7)

In order to dilute the effects of a particular single-particle
eigenstate, we take an average over all d1 resonant paths, and
define the quantity
T

(2)

d1
&
'
1 !
(α) :=
P Eµ(1) , Eα(2) − Eµ(1) .
d1 µ=1

(8)

T (2) (α) is simply the two-photon transmission probability of a
given eigenstate |Eα(2) ⟩ averaged over all paths where the twophoton transitions are resonant. The input state is chosen such
that the contribution arising from two-photon scattering into
the desired eigenstate is the largest at the output. The intuition
behind the choice of this quantity is discussed in Fig. 1.
Next, we investigate how T (2) (α) is able to show signatures
of a delocalization-localization transition by comparing it
with the known behavior of the participation ratio [52]. The
participation ratio is defined as
R(α) := (

1
) α )4 ,
)c )

i! j

(9)

i, j

(
where |Eα(2) ⟩ = i! j ci,α j |i, j⟩ and ci,α j = ⟨i, j|Eα(2) ⟩ are the
coefficients
of |Eα(2) ⟩ in the Fock state basis { |i, j⟩ =
† † *
âi â j / 1 + δi j |0⟩ ; i ! j}. When an eigenstate is delocal√
ized, ci,α j ≈ 1/ d2 for all (i, j) and hence R(α) ≈ d2 and
logd2 R(α) ≈ 1; however, when an eigenstate is localized
around a configuration |i0 , j0 ⟩, ciα0 , j0 ≈ 1 and ci,α j ≈ 0 otherwise, hence R(α) ≈ 1 and logd2 R(α) ≈ 0.
The participation ratio R(α) can be computed by diagonalizing the Hamiltonian whereas the two-photon transmission
probability T (2) (α) is fully characterized by the scattering
operator. These quantities are intimately related. The participation ratio R(α) is a measure of how extended a given
eigenstate |Eα(2) ⟩ is in the Fock state basis {|i, j⟩}. Certainly,
transmission is possible when the eigenstates are delocalized
because there are overlaps between the states and the waveguides W1 and WN at sites 1 and N respectively. Conversely,
if a given eigenstate with energy Eα(2) is localized in the Fock

state basis, the probability that two photons can be transmitted
between the waveguides is small.
In the following subsection, we will outline the steps
to compute the scattering elements, which allows one to
reconstruct the scattering operator. After which, we provide a quantitative analysis on the motivation for proposing
the quantity T (2) , and discuss the role the resonant condition (7) plays in making T (2) a good diagnostic tool for
the delocalization-localization transition. We do this before
the discussion of the results in order to contrast the behavior
of the two-photon transmission probability T (2) (α) with the
logarithm of the participation ratio logd2 R(α). Both quantities
are expected to vary from a finite value towards zero as h/J
increases, because the system undergoes a delocalizationlocalization transition around h/J = 2. We would like to
emphasize that, in the interacting case, the localization length
of the states depends on the energy. Therefore, we expect
T (2) (α) and logd2 R(α) to have a dependency on Eα(2) .
B. Transmission spectra from scattering theory

Following the formalism developed in [31], the scattering
elements of this setup can be calculated using the effective
Hamiltonian
κ
Ĥeff = Ĥsys − i (â1† â1 + âN† âN ),
(10)
2
instead of the full Hamiltonian. Note that Ĥeff is nonHermitian and therefore its eigenenergies are complex in
general. From now on, |ξα(M ) ⟩ and ⟨ξ¯α(M ) | will denote the right
and left M-particle eigenstates of Ĥeff with eigenenergies ξα(M ) .
As before, there are dM eigenstates in the M-particle manifold
of Ĥeff .
With this, we have all the elements that we need for the
diagrammatic approach in [10]. The advantage of the latter
is that the expressions for the scattering elements can be
written down directly with the aid of scattering diagrams. Our
aim in this section is to explicitly calculate the probability,
P(k1 , k2 ) by integrating out ρ(p1 , p2 |k1 , k2 ) as in Eq. (5).
The probability, P(k1 , k2 ) is of utmost importance because it
allows us to obtain the two-photon transmission T (2) (α) in
Eq. (8).
We consider input states with
+ a finite momentum width
by defining the operator B̂k1† := dq χk (q)b̂1†
q , where χk (q) =
*σ 1
.
This
creates
a
photon
in
the
waveguide
W1 with a
π q−k+iσ
Lorentzian momentum profile centered around k with width
σ (we set σ = 0.01J in this paper). Thus, the input state
is |in; k1 , k2 ⟩ = √M(k1 ,k ) B̂k1†1 B̂k1†2 |0⟩, where M(k1 , k2 ) := 1 +
1 2
4σ 2 /[(k1 − k2 )2 + 4σ 2 ] is the normalization constant. The
conditional probability of detecting two photons of momenta
p1 and p2 at WN, ρ(p1 , p2 |k1 , k2 ) defined in Eq. (6), is then
given by
ρ(p1 , p2 |k1 , k2 )
)"
)2
)
)
1
)
dq1 dq2 χk1 (q1 )χk2 (q2 )S(p1 , p2 ; q1 , q2 ))) .
=
)
M(k1 , k2 )
(11)

In the previous expression, S(p1 , p2 ; q1 , q2 ) is the two-photon
S-matrix element with input photons of momenta q1 and
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the one-photon S-matrix element S(p; q) and the four-point
Green’s function, i.e.,
S(p1 , p2 ; q1 , q2 ) = S(p1 ; q1 )S(p2 ; q2 ) + S(p2 ; q1 )S(p1 ; q2 )
+ G(p1 , p2 ; q1 , q2 ),

(12)

S(p; q) = G(p; q).

(13)

where the one-photon S-matrix element equals the two-point
Green’s function [54],
Here is where we can appreciate the power of our diagrammatic approach [10]: the two- and four-point Green’s functions can be represented by scattering diagrams, as depicted
in Fig. 2 showing all possible optical absorption and emission
paths. The expressions for the Green’s functions can then be
written down directly based on the diagrams. For example, the
two-point Green’s function is given by
FIG. 2. Diagrammatic method to calculate the scattering elements by summing up all possible optical absorption and emission
paths. Scattering diagrams for (a) two-point Green’s function and
(b) four-point Green’s function.

q2 via W1 and output photons of momenta p1 and p2 via
WN [53].
From the previous discussion, we can see that the core of
the calculation is to find the two-photon S-matrix element,
S(p1 , p2 ; q1 , q2 ). The latter can be decomposed in terms of

G(p; q) =

d1
!

) ,- )
−iκ
⟨0|âN )ξµ(1) ξ¯µ(1) )â1† |0⟩
δ(p − q) (14)
q − ξµ(1)
µ=1

with the system operators âN and â1† evolving according to the
effective Hamiltonian in Eq. (10) and the sum is taken over
all d1 single-particle eigenenergies, ξµ(1) , of Ĥeff . Similarly, the
four-point Green’s function,
G(p1 , p2 ; q1 , q2 ) =
with

2
!

G(l ) (p1 , p2 ; q1 , q2 )

(15)

l=1

iκ 2
δ(p1 + p2 − q1 − q2 )
2π
/
.
) ,- )
) ,- )
! ⟨0|âN )ξν(1) ξ¯ν(1) )â1† |0⟩⟨0|âN )ξµ(1) ξ¯µ(1) )â1† |0⟩
×
+ all permutations of {q1 , q2 } and {p1 , p2 }
&
'&
'&
'
p2 − ξν(1) q1 − p1 q1 − ξµ(1)
µ,ν

G(1) (p1 , p2 ; q1 , q2 ) = −

and

!
iκ 2
δ(p1 + p2 − q1 − q2 )
G (p1 , p2 ; q1 , q2 ) = −
2π
µ,β,ν
(2)

.

) ,- ) ) ,- ) ) ,- )
⟨0|âN )ξν(1) ξ¯ν(1) )âN )ξβ(2) ξ¯β(2) )â1† )ξµ(1) ξ¯µ(1) )â1† |0⟩
&
'&
'&
'
p2 − ξν(1) q1 + q2 − ξβ(2) q1 − ξµ(1)
/

+ all permutations of {q1 , q2 } and {p1 , p2 } .

Again, the system operators âN and â1† evolve according
to the effective Hamiltonian, Ĥeff and the sums are taken
over all single-particle eigenenergies, ξµ(1) and ξν(1) and twoparticle eigenenergies, ξβ(2) of Ĥeff . With the knowledge of
S(p1 , p2 ; q1 , q2 ), the probability P(k1 , k2 ) is then calculated
by doing the integration in Eqs. (11) and (5).
C. Relationship between transmission probability
and participation ratio

In this section, we will discuss the relationship between
the two-photon transmission probability, T (2) , and the participation ratio, R, by looking at the resolvent operator Ĝ(E ) :=

(16)

(17)

−1

(E − Ĥsys ) . In [55], the authors defined the localization
length of two-interacting particles (TIP) as
1
1
= − lim
ln |⟨N, N|Ĝ|1, 1⟩|2 ,
N→∞ 2(N − 1)
λ2

(18)

1
1
= − lim
ln | ⟨N|Ĝ|1⟩ |2 .
N→∞ 2(N − 1)
λ1

(19)

*
where |i, j⟩ = âi† â†j / 1 + δi j |0⟩ with i ! j is the Fock state
defined previously. This definition is a direct generalization of
the linear case where the single-particle localization length is
defined as [52]
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Here, we show that for TIP, the two-photon transmission
probability T (2) defined in Eq. (8) is approximately proportional to the matrix element in the definition of TIP’s
localization length, i.e.,
T (2) ≈ C| ⟨N, N|Ĝ|1, 1⟩ |2 ,

(20)

where C is a constant. For U = 0, the four-point Green’s function vanishes and one can evaluate T (2) easily and compare
it with | ⟨N, N|Ĝ|1, 1⟩ |2 expressed in spectral representation.
For U ̸= 0, note that T (2) is defined for very specific input
states, namely states that satisfy the resonant condition (7).
The resonant condition (7) guarantees that the two-photon
scattering events are fully resonant and thus have the largest
contribution to the transmission probability. In other words,
T (2) will consist mainly of contribution from fully resonant
two-photon scattering processes corresponding to Eq. (17).
The other terms, Eqs. (14) and (16), in its expression correspond to off-resonant processes and hence have small amplitudes. The argument is laid out in more detail in Appendix A.
Using Eq. (20), one can estimate the TIP’s localization length
using T (2) by
1
1
1
ln T (2) ,
≈
:= − lim
N→∞ 2(N − 1)
λ2
-2

(21)

where we have defined the quantity -2 as an effective TIP’s
localization length derived from the two-photon transmission
probability.
Following the line of reasoning above, it is clear that when
U ̸= 0 the connection between T (2) and | ⟨N, N|Ĝ|1, 1⟩ |2
relies heavily on the dominance of two-photon resonant paths,
achieved by choosing appropriate input states. This justifies
the choice of the input states in the definition of T (2) and
one can see how the argument will fail if different input
states are chosen instead, where the term describing twophoton scattering events [Eq. (17)] that is closely related to the
resolvent operator’s matrix element no longer has the largest
contribution.
On the other hand, the participation ratio is approximately
inversely proportional to the sum of the squared of the diagonal elements of the TIP’s resolvent operator,
!)
)
&
'
) ⟨i, j|Ĝ E (2) |i, j⟩ )2 ,
(22)
R−1 (α) =
α
i! j

where the sum is taken over all d2 two-particle Fock states.
Quantitatively, T (2) is very different from R. However,
both quantities are intrinsically related to the delocalizationlocalization transition. Since T (2) can be used as an estimate
for TIP’s localization length, it characterizes the asymptotic
behavior of an eigenstate. R on the other hand, corresponds to
the volume occupied by an eigenstate. Therefore, one would
expect both quantities to behave similarly as the system transitions from delocalization to localization. In the upcoming
section, we show that they indeed exhibit qualitatively good
agreement in the characterization of the transition by considering different strengths of quasiperiodicity and interaction.
We also provide numerical evidence in Sec. III E on how input
states which do not satisfy Eq. (7) are unable to correctly map
out the delocalized/localized properties of an eigenstate.

FIG. 3. U = 0: Participation ratio vs transmission spectra.
(a) The participation ratio logd2 R(α) and (b) the two-photon trans√

mission probability T (2) (α), for U = 0. Here, N = 15 and b = 5−1
.
2
Both diagrams show a transition from finite value to zero at h/J = 2,
with the latter being an open system with a realistic waveguide
system coupling of κ = 0.25J.
III. SIGNATURES OF LOCALIZATION TRANSITION
IN THE TRANSMISSION SPECTRA
A. Localization due to quasiperiodic potential
in the absence of interaction

In this section, we apply the methods discussed in the
previous section to calculate the two-photon transmission
probability. This will allow us to unveil signatures of localization of interacting photons. For all the results in this paper,
we will be using a system-waveguide coupling strength of
κ = 0.25J. The rationale behind this choice is that if κ/J is
too small, the two-photon transmission will be weak. If κ/J is
too big, the probe will not be able to resolve each eigenstate,
which goes against our intention of studying how interaction
and quasiperiodicity affect different eigenstates. Hence, we
have chosen the coupling strength such that it is smaller than
the typical separation of the energy levels, which is equal to J
but large enough such that there is sufficient transmission.
We first study how the two-photon transmission probability
T (2) (α) changes as h/J is varied when U = 0, i.e., the AA
model. As mentioned previously, the AA model exhibits an
MIT when h/J = 2. This is evident in Fig. 3, which shows
how the participation ratio and the two-photon transmission
probability change as h/J is varied for N = 15 lattice sites.
In Fig. 3, density plots of T (2) (α) and logd2 R(α) show similar
behavior where they are close to zero in the localized phase
(h/J > 2) but are nonzero while in the metallic phase (h/J <
2). For both quantities, the transition happens roughly at
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FIG. 4. U = 3.5J: Participation ratio vs transmission spectra.
Comparison between (a) the participation ratio logd2 R(α) and (b) the
two-photon transmission
probability T (2) (α), for U = 3.5J. Here,
√
5−1
N = 15 and b = 2 . For (b), κ = 0.25J. Both quantities show
similar behavior. The delocalization-localization transition happens
at different values of h/J for different eigenstates.

FIG. 5. U = 10J: Participation ratio vs transmission spectra.
Comparison between (a) the participation ratio logd2 R(α) and (b) the
two-photon transmission
probability T (2) (α), for U = 10J. Here,
√
5−1
N = 15 and b = 2 . For (b), κ = 0.25J. Both quantities show
similar behavior. The delocalization-localization transition happens
at different values of h/J for different eigenstates.

h/J = 2 for all eigenstates. This is no surprise since, in the
linear case, the two-photon transmission probability is just the
product of one-photon transmission probabilities, which are
directly related to the localization length [52].

sists of N (N − 1)/2 singly occupied (one particle per site) and
N doubly occupied (two particles per site) Fock states. In the
strongly interacting limit where U ≫ h, J, the space spanned
by the singly occupied states, S = {|i, j⟩ ; i < j}, is almost
disjointed from the space spanned by the doubly occupied
states, D = {|i, i⟩}. This causes the eigenstates of the system
to be dominated by either the singly occupied or the doubly
occupied Fock states, with the latter having higher energies. In
this regime, one can decouple D and S using the SchriefferWolff transformation to find an effective Hamiltonian in D
which describes the behavior of the N high energy eigenstates
(Appendix B). It turns out that the effective Hamiltonian
in D to the lowest order resembles that of the AA model
with a delocalization-localization transition at h/J = 2J/U .
In contrast, the effective Hamiltonian in S to the lowest order
equals the original Hamiltonian, Hsys . Hence, in the strongly
interacting limit, interaction alters the behavior of the high
energy eigenstates such that they localized significantly faster
as compared to the other eigenstates. Our numerical results in
Fig. 5, which has N = 15 and U = 10J, agree perfectly with
the theoretical analysis where the 15 high energy eigenstates
have a transition at h/J = 0.2.

B. Localization due to competition between quasiperiodicity
and interaction

Next, we study how on-site interaction (U ̸= 0) changes
the transition. Again we will be looking at the same quantity
T (2) (α) as defined in Eq. (8) and comparing it with the known
behavior of the participation ratio, logd2 R(α) [Eq. (9)].
For N = 15 lattice sites, Figs. 4 and 5 show the comparison
between the participation ratio and the two-photon transmission probability for U = 3.5J and U = 10J, respectively. It
is commonly believed [56,57], though debatable [51], that
the presence of interaction between particles causes different
eigenstates to localize at different values of h/J, forming
what is called a mobility edge. This is observed in both
quantities at two different interaction strengths in Figs. 4
and 5. Furthermore, the two-photon transmission probability
T (2) (α) produces very similar behavior as logd2 R(α).
Interestingly, when U = 10J, 15 eigenstates (α " 106)
localize almost as soon as h/J > 0. Notably, the two-photon
transmission probability T (2) (α) produces the expected behavior of R in this scenario. To understand why this happens,
consider the two-particle manifold in Fock state basis: it con-

C. Scaling with N

In this section, we study how the participation ratio, R and
the two-photon transmission probability T (2) scale with the
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system size, N. Following the discussion in previous sections,
we will be comparing the quantities, logd2 R and -2 [Eq. (21)],
instead of the participation ratio and the two-photon transmission probability for ease of analyzing the significance of the
results. In the limit of large N, logd2 R approaches the fractal
dimensionality of a state. It is equal to 1 when the state is
fully delocalized and is equal to 0 when the state is localized
[52]. On the other hand, -2 as a measure of localization
length should increase with N when a state is delocalized but
should approach a small finite value when a state is localized.
Furthermore, when U = 0 in the AA model, one can show
that (Appendix A)
)
)
)
1 ))
1 ))
1 ))
≈
+
,
(23)
-2 )E =Eα(2)
λ1 )E =Eα(1) λ1 )E =Eα(1)
1

2

where Eα(2) = Eα(1)
+ Eα(1)
. In the original paper by Aubry and
1
2
André [48], they showed that when h/J > 2 all states are
localized and the single-particle localization length 1/λ1 =
ln(h/2J ). Combining this with Eq. (23), we get that, in the
noninteracting regime where U = 0,
# $
1
h
,
(24)
≈ 2 ln
-2
2J

for h/J > 2.
In Fig. 6, we show how logd2 R and -2 scale with the
system size N for three different eigenstates |Eα(2) ⟩, where
α = 1, ⌊d2 /2⌋, and d2 correspond to the lowest, middle, and
highest energies, respectively. Magenta dashed lines indicate
AA model’s predicted transition at h/J = 2. For plots of
-2 , gray dashed lines labeled AA represent the expected
behavior in the AA model as in Eq. (24). For the highest
energy eigenstate α = d2 , cyan lines indicate the theoretical
transition of h/J = 2J/U in the strongly interacting limit of
U ≫ h, J.
When U = 0, logd2 R shows a transition for all three
eigenstates, with a finite nonzero value when h/J < 2 that
approaches zero after h/J = 2. The plots become more steplike around the transition point, h/J = 2, as N increases.
On the other hand, -2 also shows a transition for all three
eigenstates with an N dependent large value when h/J < 2
which approaches the same small finite value after h/J = 2. In
the localized phase, h/J > 2, the behavior of -2 approaches
the linear case described by Eq. (24) as N increases.
When U = 3.5J and 10J, we observe that the behavior of
the lowest energy eigenstate, α = 1, is very similar to that
when U = 0 for both of the quantities. This is unsurprising
as the lowest energy eigenstate is most likely made up of only
Fock states in the singly occupied subspace, S. This results
in a behavior that is “linear,” similar to the one when U = 0.
For α = ⌊d2 /2⌋, the quantity logd2 R shows a transition around
h/J = 2 similar to that described for U = 0. -2 in Figs. 6(e)
and 6(h) displays a more step-like drop around h/J = 2 as
compared to Fig. 6(b), but both approach the same linear case
as the latter when N increases.
For the highest energy eigenstate, α = d2 when U ̸= 0,
both quantities in Figs. 6(f) and 6(i) show a transition at
h/J = 2J/U , which is predicted using the Schrieffer-Wolff
transformation. This is expected for U = 10J, as we have
already seen the appearance of the transition when looking

at the full density plot in Fig. 5. However, what is also
interesting is the reasonably good prediction of the transition
even for U = 3.5J ̸≫ J. If we look at Fig. 4, there are a few
highly excited eigenstates that localize much faster than the
rest at roughly the predicted transition point of h/J = 2J/U .
The number of such states is smaller than N although the
effective Hamiltonian that gives rise to the predicted transition
describes the whole doubly occupied subspace D, which has
dim(D) = N. This seems to suggest that the N highest energy
eigenstates are not only coming from D, but are also having
an increasingly non-negligible contribution from S as the
energy decreases. The assumption that S and D are almost
disjointed such that all the N highest energy eigenstates have
dominating contribution from D hence breaks down. In spite
of that, the effective Hamiltonian for D from the SchriefferWolff transformation (Appendix B) still seems to describe
the behavior of high energy eigenstates which have majority
contribution from D, just that there are fewer such states when
U > J but U ̸≫ J.
Further evidence to support the deduction that the α = d2
eigenstate has non-negligible proportion in S when U = 3.5J
(but negligible in S when U = 10J) can be found from the
value of logd2 R when the eigenstate is most delocalized, i.e.,
when h = 0. If an eigenstate sits in D and is fully delocalized,
logd2 R = logd2 N →

1
2

as

N → ∞.

(25)

In Fig. 6(i), when U = 10J, logd2 R = 1/2 when h = 0 for all
the values of N investigated, whereas in Fig. 6(f) where U =
3.5J, logd2 R > 1/2 when h = 0 for all values of N. Although
in Fig. 6(f) logd2 R decreases as N increases, it is unlikely that
it will approach 1/2 in the limit of infinite N since the value at
N = 15 almost coincides with that of N = 20. This supports
the suggestion that there are indeed more than just the Fock
states from D that make up the highest eigenstate, α = d2 ,
when U = 3.5J.
Additionally, in the interacting regime, the behavior of
logd2 R is different from -2 as h/J increases. As shown in
Figs. 6(f) and 6(i), logd2 R shows a drop from a finite value to
zero at h/J = 2J/U , whereas -2 shows a drop at h/J = 2J/U
but plateaus in the range 2J/U < h/J < 2, which eventually
falls off to a value independent of N when h/J > 2. When
h/J > 2, -2 also seems to approach the linear case, given by
the gray dashed line, as N increases. From the plots of -2 , it
appears that there are two different transitions corresponding
to two different mechanisms: one due to interaction at h/J =
2J/U , another due to quasiperiodicity at h/J = 2. However,
this feature is completely absent from logd2 R, where only the
transition due to interaction is observed.
To summarize, the proposed two-photon transmission
probability is clearly capable of capturing the delocalizationlocalization transition, and we show this by studying the scaling of its derived quantity, -2 , an effective TIP localization
length, with the system size N. We compare the scaling of
-2 with that of the participation ratio logd2 R. When N increases, logd2 R approaches a finite value when the eigenstate
is delocalized while dropping more step-like to zero around
the transition point, and it remains zero deep in the localized
phase. -2 , on the other hand, is N dependent as long as the
eigenstate is delocalized but converges to be N independent as
the eigenstate transitions from delocalization to localization.
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(b)
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(e)

(f)
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hJ

hJ

hJ
(h)

(i)

hJ

hJ

hJ

FIG. 6. Scaling with N: Participation ratio vs effective TIP’s localization length.
(a)–(c) U = 0 (AA model), (d)–(f) U = 3.5J, and (g)–(i)
√
and
κ = 0.25J. Both quantities logd2 R and -2 , approach
U = 10J for three different eigenstates: α = 1, ⌊d2 /2⌋, and d2 . Here, b = 5−1
2
the same transition point as N increases. Magenta dashed lines indicate the AA model’s predicted transition at h/J = 2. For plots of -2 ,
gray dashed lines labeled AA satisfy the equation 1/-2 = 2 ln(h/2J ) for h/J > 2. It is the infinite N limit of the effective TIP’s localization
length in the AA model. For the highest energy eigenstate α = d2 , cyan lines indicate the theoretical transition of h/J = 2J/U in the strongly
interacting limit of U ≫ h, J.

The convergence of -2 with N around the transition point
also appears to mimic the linear case of the AA model given
by Eq. (24). Notably, both quantities capture the theoretically
predicted transition point at h/J = 2J/U when the system is
in the strongly interacting limit, but -2 appears to have an
intermediate phase at 2J/U < h/J < 2 which is not observed
in logd2 R. The difference in behavior for these two quan-

tities can be understood from the fact that R measures the
volume occupied by an eigenstate whereas -2 characterizes
the asymptotic decay tail of an eigenstate. Both give a clear
change when the system transitions from delocalization to
localization but they do so by displaying different aspects of
the system.
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FIG. 8. Coherent state input: Plot of the two-photon transmission
probability with identical photon momenta input
(a small coherent
√
(2)
(α). Here, N = 15, U = 3.5J, b = 5−1
, and κ = 0.25J.
state), Tcoh
2
(2)
Tcoh
behaves very differently from T (2) and logd2 R.

FIG. 7. Effect of local losses: Plots of two-photon transmission
probability, T (2) (α), for two different local loss rates of (a) γ =
0.0001J and (b) γ = 0.1J for the same waveguide
system coupling
√
. The presence
of κ = 0.25J. Here, N = 15, U = 3.5J, and b = 5−1
2
of local losses washes out most of the features observed in the
lossless case. However, when the loss rate is much smaller than the
coupling strength, γ /κ ≪ 1, the mobility edge is still clearly visible.
D. Effect of local losses

The waveguide QED system that we considered is inherently lossy. To take local losses into account, we couple each
site to a harmonic bath. These baths are treated as virtual
waveguides that cannot be tracked. If all the sites have the
same loss rate γ , following Sec. II B, the scattering elements
can be calculated by considering the effective Hamiltonian
Ĥloss = Ĥeff − i

N
γ ! †
â âi
2 i=1 i

(26)

with Ĥeff as defined in Eq. (10). The steps for computing the
two-photon transmission probability are exactly the same as
outlined in Sec. II B, but now with the effective Hamiltonian
Ĥloss instead of Ĥeff .
Now, let us consider an interaction strength U = 3.5J and
look at the density plots of T (2) in the presence of local losses
and consider two cases, where γ = 0.0001J (γ /κ ≪ 1) and
γ = 0.1J (γ /κ ∼ 1) as shown in Fig. 7. Comparing the lossy
case of Fig. 7 with the lossless case of Fig. 4, it is clear that
the absolute value of T (2) is reduced when the system is lossy.
This effect becomes more prominent with increasing loss
rate, and when γ /κ ∼ 1 previously observed features almost
completely disappear, as shown in Fig. 7. This is unsurprising
because the sum of all probabilities of two-photon outputs,
including ones through the virtual channels that cannot be

tracked, has to be 1. The existence of losses through the
virtual channels thus greatly reduces the probability that two
photons are transmitted through channel WN, hence washing
out the appearance of mobility edge. Although losses break
the conservation of photon number, they do not change the
intrinsic characteristics of the two-photon transmission from
the ideal scenario. This is because if, for example, one photon
is transmitted and the other is lost, it does not contribute to
the measurement of the two-photon transmission probability. Furthermore, the losses we consider are homogeneous,
which makes these lossy processes homogeneous as well.
This results in the reduction of the two-photon transmission
probability, but not a change in its characteristics.
Fortunately, even though the two-photon transmission
probability is suppressed by losses, for small loss rate in the
strong coupling regime, γ /κ ≪ 1, the mobility edge is still
visible. The strong coupling regime where γ /κ ≪ 1 is within
current experimental reach, where ratios of γ /κ ∼ 10−4 –10−6
have been achieved [58–61]. Similar arguments can also be
made even for the general case of an N-photon transmission
probability.
E. Scattering of coherent light

The two-photon transmission probability T (2) (α) defined
in Eq. (8) consists of all scattering processes that are fully
resonant. Is the fully resonant condition (7) necessary and
justified? For instance, if one considers a weak coherent laser
field as an input, the two-photon sector of a coherent state
produced by a laser corresponds to the scattering process with
an input of identical photon momenta. Will the signatures of
the underlying localization transition still be apparent in the
transmission spectra or does one have to scatter photons with
different frequencies as in the previous section? To answer
this, we need to redefine the two-photon transmission probability as follows, with an identical photon momenta input:
&
'
(2)
(α) := P Eα(2) /2, Eα(2) /2 ,
Tcoh

(27)

where P(Eα(2) /2, Eα(2) /2) is as defined in Eq. (5) with k1 =
k2 = Eα(2) .
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(2)
Figure 8 shows the density plot of Tcoh
when N = 15
(2)
(2)
and U = 3.5J. By comparing Tcoh and T
from Figs. 8
and 4 respectively, it can be seen that the coherent-state-like
input that does not fulfill the resonant condition gives rise
to a qualitatively different behavior. It can be seen that the
(2)
density plot of Tcoh
does not resemble that of R. The choice
of input state therefore affects the transmission probability
greatly. The numerical evidence presented here together with
the quantitative argument in Sec. II C support the need to
impose the resonant condition (7). Advantages of the fully
resonant scenario over the coherent input scenario were also
previously investigated in the Bose-Hubbard dimer [9].

in the highly energetic eigenstates, which is not seen by
just observing the participation ratio. We also discussed how,
in experimental situations where the local emitters might
exhibit additional local losses, the two-photon transmission
still performs well as long as the loss rate is much smaller than
the waveguide-system coupling rate. As future work, it would
be interesting to study the scaling of the method for larger
numbers of photons, aiming at resolving more eigenstates and
probing other exotic phenomena. For that, the development of
an approximate method to deal with the cumbersome nature
of the scattering approach will be needed.

IV. CONCLUSION
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APPENDIX A: QUANTITATIVE DETAILS OF THE RELATIONSHIP BETWEEN TRANSMISSION PROBABILITY
AND PARTICIPATION RATIO

If we approximate the two-photon input as delta pulses, i.e., χk (q) = δ(k − q), the two-photon transmission probability (5)
for a given input |in; k1 , k2 ⟩ can be expressed as
P(k1 , k2 ) = |G(k1 ; k1 )|2 |G(k2 ; k2 )|2 + 2 Re[G∗ (k1 ; k1 )G∗ (k2 ; k2 )G(k1 , k2 ; k1 , k2 )] +

1
2

"

d p|G(p, k1 + k2 − p; k1 , k2 )|2 , (A1)

where we have used G(p1 ; k1 ) and G(p1 , p2 ; k1 , k2 ) to represent the two-point and four-point Green’s functions defined in Eqs.
(14) and (15) without the delta function factor in them.
In the linear case when U = 0, the four-point Green’s function, G(p1 , p2 ; k1 , k2 ) vanishes, as it describes only nonlinear
effects. Hence, Eq. (A1) will become P(k1 , k2 ) = |G(k1 ; k1 )|2 |G(k2 ; k2 )|2 . The two-photon transmission probability of eigenstate
|Eα(2) ⟩, T (2) (α), is then given by
T (2) (α) =

d1
'
&
1 !
P Eµ(1) , Eα(2) − Eµ(1)
d1 µ=1

d1
) & (1) (1) ' & (2)
')
1 !
)G E ; E G E − E (1) ; E (2) − E (1) )2
=
µ
µ
α
µ
α
µ
d1 µ=1
"
) &
' &
')2
1
≈
dk )G Eµ(1) ; Eµ(1) G Eα(2) − Eµ(1) ; Eα(2) − Eµ(1) )
2π
.
/.
/
) ,- )
) ,- )
!
⟨0|âN )ξν(1) ξ¯ν(1) )â1† |0⟩ ⟨0|âN )ξµ(1) ξ¯µ(1) )â1† |0⟩
i
i
4
≈ κ
+ (1)∗
ξν(1)∗
− ξν(1)
ξµ′ − ξµ(1)
Eα(2) − ξµ(1) − ξν(1)
′
µ,ν,µ′ ,ν ′
.
) ,∗ - (1) ) † ∗
) ,∗ - (1) ) † ∗ /
ξ¯ν ′ )â1 |0⟩ ⟨0|âN )ξµ(1)′
ξ¯µ′ )â1 |0⟩
⟨0|âN )ξν(1)
′
×
,
Eα(2) − ξµ(1)∗
− ξν(1)∗
′
′

where we have approximated the summation in the definition of T (2) by an integral.
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When U ̸= 0, the four-point Green’s function is nonzero. However, due to the resonant condition in Eq. (7) where only fully
resonant two-photon transitions are considered, we only have to evaluate the expression
"
"
) &
)
' 1
')2
&
')2
&
1
P Eµ(1) , Eα(2) − Eµ(1) ≈
d p)G p, Eα(2) − p; Eµ(1) , Eα(2) − Eµ(1) ) ≈
d p)G(2) p, Eα(2) − p; Eµ(1) , Eα(2) − Eµ(1) ) . (A3)
2
2

The first approximation comes from the fact that the amplitudes of the first two terms in Eq. (A1) are much smaller compared
to the third term, since the former contain a factor G(Eα(2) − Eµ(1) ; Eα(2) − Eµ(1) ) which corresponds to one-photon transition that is
off resonant as long as U ̸= 0. Next, notice that the four-point Green’s function is a sum of two diagrams: G(1) which describes
two one-photon transitions and G(2) which describes a single two-photon transition (Sec. II B). By the same argument that the
off resonant one-photon transition factor in G(1) will make its amplitude much smaller compared to the fully resonant G(2) , we
make the approximation in the last line of Eq. (A3).
By using (A3) and approximating the summation by an integral, we have
T (2) (α) =

d1
'
&
1 !
P Eµ(1) , Eα(2) − Eµ(1)
d1 µ=1

d1 "
)
&
')2
1 !
d p)G(2) p, Eα(2) − p; Eµ(1) , Eα(2) − Eµ(1) )
2d1 µ=1
"
"
)
&
')2
1
≈
dk d p)G(2) p, Eα(2) − p; k, Eα(2) − k )
4π
) ,- ) ) ,- ) ) ,- )
.
/
!
⟨0|âN )ξν(1) ξ¯ν(1) )âN )ξβ(2) ξ¯β(2) )â1† )ξµ(1) ξ¯µ(1) )â1† |0⟩
κ4
i
≈
(2)
(2)
(1)∗
π µ,ν,β,µ′ ,ν ′ ,β ′
Eα − ξβ
ξν ′ − ξν(1)
) ,∗ - (1) ) ) (2) ,∗ - (2) ) † ) (1) ,∗ - (1) ) † ∗ /
.
ξ¯ν ′ )âN )ξβ ′
ξ¯β ′ )â1 )ξµ′
ξ¯µ′ )â1 |0⟩
⟨0|âN )ξν(1)
′
i
×
.
(2)
(2)∗
(1)∗
Eα − ξβ ′
ξµ′ − ξµ(1)

≈

Next, we write the matrix element of the resolvent operator, Ĝ(E ) := (E − Ĥsys )

(A4)

−1

in Eq. (18) in spectral representation as
)
)
,†2
! ⟨0|âN2 )Eβ(2) Eβ(2) )â1†2 |0⟩
a
aN2
⟨N, N|Ĝ(E )|1, 1⟩ = ⟨0| √ (E − Ĥsys )−1 √1 |0⟩ =
.
(A5)
'
&
2
2
2 E − Eβ(2)
β

When U = 0, it can be expressed in terms of single-particle eigenenergies and eigenstates as
)
)
)
)
,,! ⟨0|âN )Eβ(1) Eβ(1) )â1† |0⟩ ⟨0|âN )Eβ(1) Eβ(1) )â1† |0⟩
1
1
2
2
⟨N,N|Ĝ(E )|1, 1⟩ =
.
E − Eβ(1)
− Eβ(1)
β1 ,β2
1
2

(A6)

Comparing Eq. (A2) with Eq. (A6) and Eq. (A4) with Eq. (A5), we see that the transmission probability is roughly proportional
to the modulus squared of the matrix element of the resolvent operator as given by Eq. (20), i.e., T (2) ≈ C| ⟨N, N|Ĝ|1, 1⟩ |2 .
Similarly, the relationship between the participation ratio R and the resolvent operator Ĝ can been seen by expressing the
diagonal of Ĝ in spectral representation,
) ,
) )
- )
,! i, j )Eβ(2) Eβ(2) )i, j
! )ci,β j )2
−1 † †
⟨i, j|Ĝ(E )|i, j⟩ = ⟨0|ai a j (E − Ĥsys ) ai a j |0⟩ =
=
.
(A7)
E − Eβ(2)
E − Eβ(2)
β
β
(
2
Finally, comparing Eq. (9) with Eq. (A7), we deduce the relation Eq. (22), which is R−1 (α) = i! j | ⟨i, j|Ĝ(Eα(2) )|i, j⟩ | .
Another natural question one would ask when looking at Eqs. (A2) and (A6) in the linear case of U = 0 is how similar they
are with the matrix element in the definition of the single-particle localization length λ1 in Eq. (19). From Eq. (A6), it is obvious
that
'
&
'
&
'
&
|1⟩ ⟨N|Ĝ Eα(1)
|1⟩ ,
(A8)
⟨N, N|Ĝ Eα(2) |1, 1⟩ = ⟨N|Ĝ Eα(1)
1
2

where Eα(2) = Eα(1)
+ Eα(1)
. Hence,
1
2

)
&
'
&
' )2
T (2) (α) ≈ C ) ⟨N|Ĝ Eα(1)
|1⟩ ⟨N|Ĝ Eα(1)
|1⟩ ) ,
1
2
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where C is a constant. Combining Eq. (A9) with the definition of the effective TIP’s localization length, Eq. (21), and the
definition of the single-particle localization length, Eq. (19), one will recover the relationship
)
)
)
1 ))
1 ))
1 ))
≈
+
,
(A10)
-2 )E =Eα(2)
λ1 )E =Eα(1) λ1 )E =Eα(1)
1

2

as in Eq. (23).

APPENDIX B: SCHRIEFFER-WOLFF TRANSFORMATION

The two-particle manifold of Ĥsys in Eq. (3) is made up of
singly occupied Fock states, S = {|i, j⟩ ; i < j}, and doubly
occupied Fock states, D = {|i, i⟩}. In the strongly interacting
regime where U ≫ J, h, the two subspaces, S and D, are
almost disjointed from each other. In this regime, the hopping
term can be treated as a small perturbation, which allows us
to apply the Schrieffer-Wolff transformation [62]. Under the
unitary transformation, we can decouple the two subspaces in
the resultant Hamiltonian, Ĥ ′ = eiŜ Ĥsys e−iŜ , where Ŝ = Ŝ † is
a Hermitian operator. Our final aim is to obtain the effective
hopping (to the lowest order) within the doubly occupied Fock
states subspace, D.
We write Ĥsys = Ĥ0 + λV̂ with
$
N #
!
U † †
†
ϵ j â j â j + â j â j â j â j ,
(B1)
Ĥ0 =
2
j=1
which has Fock states |i, j⟩ as eigenstates with eigenenergies
Ei0j = ϵi + ϵ j + U δi j and
λV̂ = J

N−1
!
j=1

(â†j â j+1 + H.c.),

(B2)

∀ |l, m⟩ ∈ S and ∀ |i, i⟩ ∈ D. Besides this constraint, there
are no restrictions on the other matrix elements, and hence
without any loss of generality we can set the rest to zero.
Since the only relevant nonzero matrix elements of λV̂ are
√
⟨i, i + 1|λV̂ |i + 1, i + 1⟩ = ⟨i, i + 1|λV̂ |i, i⟩ = 2J, (B10)
for i = 1, . . . , N − 1, the first order term of Ŝ is
! # |i + 1, i + 1⟩ ⟨i, i + 1|
√ N−1
iλŜ1 = 2J
ϵi+1 − ϵi + U
j=1
$
|i, i⟩ ⟨i, i + 1|
− H.c. .
+
ϵi − ϵi+1 + U

Similarly, we can use Eq. (B8) together with the secondorder equation (B7) to find the constraint for Ŝ2 such that S
and D are decoupled. Since the constraint will only involve
cross terms from those two subspaces, the other matrix elements can be set to zero as before.
As we are mainly interested in obtaining the effective hopping term within D, the relevant matrix element to consider is
⟨i, i|Ĥ ′ |i + 1, i + 1⟩. To the lowest order, it is given by
⟨i, i|Ĥ2′ |i + 1, i + 1⟩

= ⟨i, i|[iλŜ1 , λV̂ ]|i + 1, i + 1⟩
1
+ ⟨i, i|[iλŜ1 , [iλŜ1 , Ĥ0 ]]|i + 1, i + 1⟩
2
2J 2U
= 2
,
(B12)
U − (ϵi+1 − ϵi )2

which is the small perturbation.
Using Baker-Campbell-Hausdorff formula for the resultant
Hamiltonian,
Ĥ ′ = Ĥ + [iŜ, Ĥ ] + 21 [iŜ, [iŜ, Ĥ ]] + · · · ,

(B3)

and writing Ŝ in increasing order of λ,
Ŝ = λŜ1 + λ2 Ŝ2 + · · · ,

(B4)

Ĥ0′ = Ĥ0 ,

(B5)

Ĥ1′ = λV̂ + [iλŜ1 , Ĥ0 ],

(B6)

the resultant Hamiltonian in increasing order of λ is given by

2

Ĥ2′
..
.

= [iλŜ1 , λV̂ ] + [iλ Ŝ2 , Ĥ0 ] +

1
[iλŜ1 , [iλŜ1 , Ĥ0 ]],
2

of order λ and the zeroth order of Ŝ is set to zero
where
so that Ĥ = Ĥ at zeroth order.
In order to decouple S and D, we require that
⟨l, m|Ĥ ′ |i, i⟩ = 0,

∀ |l, m⟩ ∈ S,

∀ |i, i⟩ ∈ D.

(B8)

Combining Eq. (B8) with the first-order equation (B6), we
have
⟨l, m|iλŜ1 |i, i⟩ =

⟨l, m|λV̂ |i, i⟩
,
0 − E0
Elm
ii

where ⟨i, i|[iλ2 Ŝ2 , Ĥ0 ]|i + 1, i + 1⟩ = 0 by the choice of Ŝ2 .
Therefore, to the lowest order, the effective Hamiltonian for
the subspace D is
ĤD′ =

(B9)

N
!
j=1

+

(B7)

n

Ĥn′ is
′

(B11)

(hD cos(2π b j) + U ) | j, j⟩ ⟨ j, j|

N−1
!
j=1

JD j (| j, j⟩ ⟨ j + 1, j + 1| + H.c.). (B13)

where the effective quasiperiodicity strength hD = 2h and
effective hopping strength JD j = 2J 2U/[U 2 − (ϵ j+1 − ϵ j )2 ].
Since U ≫ h, the effective hopping strength within D is
approximately constant, i.e., JD j = JD := 2J 2 /U ∀ j. Under
this condition, ĤD′ resembles the AA model with a constant
shift of U on its on-site energy which can be ignored. Applying the same argument as in the AA model, the delocalizationlocalization transition should happen at hD /JD = 2, that is at
h/J = 2J/U .
If instead U ≪ h, it becomes inappropriate to consider
S and D as almost disjointed subspaces, and the above
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transformation will be invalid. In this situation, the dominant
effect will be coming from the strength of the quasiperiodicity
h and the interaction strength U will become negligible,
which implies that the system will be localized. Hence, after
the transition that is due to interaction happens at h/J =
2J/U for the subspace D, the system remains localized as h

increases, where the dominant effect changes from interaction
to quasiperiodicity.
Note that for the subspace S the effective Hamiltonian
to the lowest order equals to the original Hamiltonian Hsys
projected into S. This is can be seen from Eq. (B6), where the
only relevant term that sits in S is λV̂ .
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